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i« design of this Treatise is to explain aU that is 
Icommonly included in a First Part of Algebra. Jix tie 
jarmngement of the Chapters I have fallowed the advice 
[)f experienced Teachers, I have carefully abstained from 
aaking extracts from books in common use. The only 
mrk to which I am indebted for any material assistance 
lis the Algebra of the late Dean Peacbck, which I took as 
[the model for the conunencement of my Treatise. The 
jExamples, progressive and easy, We been selected from 
JTJmversity and College Examination Papers and from 
^old English, French and German works. Much care has 
Ben taken to secure accuracy in thelAnswew, but in a 
collection of more than 2300 Example^ it is to be fearpd 
|ihat some errow have yet to be detected. I shall be 
jrateful for having my attention called^ to them. 
^ I have published a book of Misc^neous Exercisei 
lapted to this work and arranged ill a progressive order 
a« to supply constant practice for th^ student 
I have to express my thanks for the encouragement 
id advice received by me from many correspondente; 
ad a special acknowledgment is due from me to Mr. E. 
r. Gross of GonviUe and Caiut College, to whom I am 
^ l^ted tot assistance in many parts of this work. 



' \» 



Ji HA! 



^==^ 



O^MBBIDQl^ ISn. 



tiii 



"X 



."f. 



- » --ti.- 



I 



.%. 



4 



CONTENTS. 



OUUK 

' r. Addition and Subtractiom 



t' 






•tM» 
I 

a9 
33 
43 
57 
6i 



«. Multiplication .' 

II0-lNVOLyTION . . . ^ ' »•••;• 

IV. Division . . . i . • » * * • 

/ V. On the Rbsolution of Expressions into Factors . 

VI. On Simple Equations^. , s . . . 

VII. Problems leading to Simple Equations . 

VUL On the Method of finding the Highest Common 

Factor . . . • • • 

IX. Fractions . ,. ^ . . * * • •/ * • 

V X. The Lowest Common Multiple . ^\ %*■ . 

XI. On Addition AND Subtraction OF Fractions . 

* XII. On Fractional Equations . * • • 

XjlII. Problems in Fractional Equations . . • 

XIV. On Miscellaneous Fractions . . . . . 

XV. Simultaneous Equations of the First Degree . 

XVI. Problems resulting in Simul1>aneous Equations 154 

XVII. On Square Root . . Jf^ . . . > . i^ 

•XVIII. On Cube Root . ... .; . . .169 

XIX. Quadratic Equations . t* , i . . 174 

XX. On Simultaneous Equations INVOLVING Quadratics 186 

XXI. On Problems resulting in Quadratic Equations . 199 

XXII. Inbeterminate Equations ;# # . • • 196' 

XXIII. The Theory of Indices . , » • • . •ot 



XXIV. Cte SoiiM . . . * ^ 
XXV. On Equations involving Surds 



TIS" 



.. :: 



viii 



CONTENTS, 



* • 



■', k 



\i 



CHAR 

XXVI. On the Roots op Equations 
XXVII. On Ratio. ... 
XXVIII. On Proportion , ^ 
« ^^^X. _ On Variation . . . . _ 
XXX. On Arithmetical Progression . 
XXXI. On Geometrical Progression . 
XXXII. On HARMONICA!, Progression 

XXXIII. Permutations ^ 

XXXIV. Combinations . 

. ' * • • ■■ .•* ■•• . 

XXXV. The Binomial Theorem. Positive Integral 

\ " INDEX'.. . ■;.;-•, ;,.:'v,^:::.;-.^: .. . ^ 

XXXVI. The Binomial Theorem. Fr/ictional and 

Negative Indices . » . . 
XXXVII. Scales of Notation , 

XXXVIIL On Logarithms' . . , . 

' Appendix ♦».,.,, ^ 



PAGI 
834 

843 
048 

864! 

«73 
aSa 

S87: 

291 

2961 

307 
316 
32P 
t<4 



jf. 



1^' 



-«-- V 



• k 



\ 



ELEMENTARY ALGEBR^ 



3NAL AND 







■.. .'■ - ■';..7,.' ".- ,^- 


. '' 




":,'■;>. .-^/ ;... .J;- 






:' r.- ■ ■ .""■■"- .■■".'".■ ■ 

■ ' . 'I ■ - 


.^ 




•" 


...... 


- 


■ *■■■• 


—- 




■—-___ 









.^A 



I. ADDITION AND SUBTRACTION. 

...1:..^:':..., , ,......•■......:. ;:.,^:.^^..^<-- . "■■ : 

1. Algebra is the scieiLfSft V^fiich teacKes the rise of sip- 
soLB to denote nuinbeis and the operations to whicli numben 

ay be subjected. / 

2. The symbols employed in Algebra to denote numben 
are, in addition to those of Arithjaetic, the letters of some 

Iphabet 

Thus a, 6, c ...... i, y, » : a, p,y ...,..: o', h\e' ...... read 

1'4 a dcuhy b dash, c cftu^ : ^j, ftj, Cj read & on«f 

\^ b on«, c one .i..., are used as symbols to denote numWs. 
T^ - : ■■ 

3. The number one, or «wt<y, is taken as the foundation of 
all numbers, and all oth6r numbers are derived from it by the 
process of addition. 

I Thus two is defined to be the number that results from 
adding one to one ; ' 

Ikree is defined to be M^ number that results from 
adding one to tio^pr 

'/pur is defined to be the number that results fr^m 
adding one to (Aree; ; 
"so on. • 

4. The symbol +, read jplue,\& used to denote the opei»* 
tion of Addition. 

Thus 1 + 1 symbolizes that -which is denoted by 8, ' -« 

2 + 1 3, \ 

land a+& stands for the result obtained by adding h to Oi 



r the result is.'» 
[a.A.1 



stands for the words "is equal to,* 
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Thus the definitions given in Act. 3 may l^ presented iifraa 
«lgebiaical form thus : >. > . « ' • 

..^, 1 + 1 = 2, ■■■■.;•/;;■'.-"■<•■.'..: ::':^ 

■ • . a+i=3> ' " / . 

■'■ e. .Since \'-^ ■-■'-^■" ^- ^■■-'•-*^-'^ 

', , 2«= 1 + 1, where unity is written hrice, r 

3 «= 2 + 1 = 1 .+ 1 4 1, where^unity is written <^«e timee, 
4=3 + l = l.+ 11-l + t... .,;,»...... ; ^out;tinief 

it follows that- • ' (^; 

tor/ a-> 1 + 1 + 1 .,.,jr-f^l + 1 with unity written a times, 

■'^^■=1 + 1 + 1 +-14^1 with ufiity^Written 6 times/ 

7. The process of addition in Arithmetic ca^be presented 
in a shorter form by the us^ of the sigp + . Thus if we have I 
to add 14, 17, and/ 23 together we can represent ^e process 
thus: ■■ ■ '- . ;, ■: : ^ . ■ ■ ., ■ ■ C ' -"■:--■ ■* 
^^ /■■ J • : . ■.,. ..-■l4-|.l7+23«64'^:r- 



8, When several numbers are added together, it is iat^fife- 
tent in what order the numbers are taken. Thup^if 14, 17, s^id I 
23 be added together, thieir sum will be the iSame in whatev^J 
Older they be set down in the common imthmetical process : 



\^ 


14 


17 


♦17 23 


23 


17 


.:"'m-- 


14 '' ^ 


M • > 14 


17 


23 


, Vf 


23 


14 W 


V' 



54 



54 



54 



«l^^ 



64 



54 



So, also in Algebra, when any number of symbols are added 
•tdgether, the result will b« the same in whatever order the! 
symbols, succeed each other. Thus if we have to add together I 
tjie niimbers symboliaed by a and -6, the r^ult is represe^itedj 
by a+b, and this result is the same number as that which is] 
rcpreseiited by 6 + a. . ^ /' 

fl Similarly the result obtained by adding together a, 6, «| 
m^ht be expressed algebraically by 

a + b+e, or o + c^+6, or b+a + c, or 6 + c+a, or c+a-^b, 
. • ■4 ** . or c + b + a, / 



0. When a nurabw denoted by a is added to itself the] 
^ult is represented algebraically Tby a+^a. This result is 
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[the Bake of b«5vity represented by 8(»/the figora prefixed to 
Khe 'symbol expreadng the- number o|<. times the number"^ 
[denoted by a is repeated. - ' 

Similarly'a+o+tf is represented by 3a. . /^ _ 

Peidce it fbUonni that -^ ^ t^>;4- 

^. ^ Sa4ra willberepreseiLtedby 30^ * _ ^.t. i 
3oVa ,.^:...,.,..,;...; by 4a. ?, «. **" 

10. The8ymbol-,read-fii«m«, is used to denote the ope- , 
ration of Subtraction. - -. 

Thu^ Jihevppe^on of 8ubWtii>g, IS^from 26 1^ Web^ 
aettion with the'result may b» briefly expressed thoB ; 

11. The result of sUiitiCung the number 6 ftom tbennm- 
r^ is represented bj 



A -ft. 
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"^i[^in a-h-yc sttands for the nufliBer obtkl&Jed ^y taking • 

Also a-6-c-rf stahdsfor the nijimber obt4iied by tiiing 
fronia-ft-'c ' I* r i *^ 

Siuce»we cannot take awftjpa greater number froi^ smdl^, 
tie expression o-6, where a andJ represent mmbm, can 
lenote ^' pofsible result only when a is not less'tthan h. 

S© also the^expTeffljon&-6-c can denote aLssibie result 
[)nly when the number obtained by taking 6 Irom H is not 
Jess than ft ' -:-<'■ • ^ . , r» 

12v> A combination of aymbola is termed *«ji algebraical 

xpression.^ * • j 

The parts of ah expression which are oonntepted by the 
rmbols of operation + and ^ are called Term? 

[' Compound expressions are those which have nJpre than one 
Brm. .. 1 

Thus a-5 +c-i is a compoi^ld expression made up of foui 

When a compb^ ei^tessidn contains "^ 
terms it is crfted a BfeM^o^ 



^^ Trinomial,.. 

Mr or mart ..„„.j„.., MultinamiaL 
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Tenns ^'V<i^ «^ )ireceded by the ajmbol + are odled pm\ 

tint terms. \!rfBniia wliich ate jneeeded Vf tiie symbol — an] 

called fUffativB ^^inaB. Wben no sjnnbd pieoedSB » tem ^| 

i^bol + ia unde "''Stoo^ «. 

Thus in the ex|Nn'98ion a-(+e-4+<'^/ 

^ ^ O) ^ g .«ie called podtiye tenm^ 

hfdff.^f' ncffatiye ...... 

The syniliob of opemt5<ni + and - are vmuOj caHed 
five and n^ative SiG:Br8:. ^ 

^ir^lS. If the nnmbn 6 hb Jaded to the number 13, imd iff f | 
be taken fi^rihe leeoit, the final residt wiU phmlf be 13l 

80 also if a nnmb^ h be added to a munbera^ and if h bt| 
taken firom the result^ the final result will be a: tfait i^ 

Since the operationB of addition and sabtiaetion 
formed by the same nomber nentnliie each other, 
that we may obliterate the same aymb(d*when it paresentB : 
as a positi^ve term and also as an^ptkiTe tenn in tlw aami 
pression. ,^, 

Thus a-a-O^ 

and «-«+>«4i 

14. . If im %vr% to add the nnmbers 64^ 17, and.SS, vv: 
first add 17 and 83, and add their som 40 to the number i 
thus obtaining fhe^^ial resolt 94. This joocess anagr be lepe-l 
sented algebraically by endoaing 17 and SS in a 

^^ «4+{l7+«3)-54+40»94 

15. If we have to subtract firom 54 the som of 17 and 
the process may be represented algeluraically thotf: 

. 54-(lt;fS3)«64-40«14. 

16L If we have to add to 54 Om differaioe b et ne en S i 
17, the proceiB may be repreaetited algebraically thai: 
'^V 54V<(S3^l7)-54t6-0QL 

y|7 . '-Tf nt lii rttfH 



S3 and 17,;^||^poee8s nmy be ittpReented 
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18L Tbe use <^ Imekets is so frequent in Algebra, that 
! mkB fior thdr ranoval aa4 introduction must be carefully 

We ahaD int trait of the renunal of .brackets in cases 
^lieR.srmliols supply the places of numbera corresponding to 
: anthmelieai examples considered in Arts. 14, 15, 16, 17. 

Caso I. To add to a tiie sum of 6 and c 
\ ThiaiaexpraflBBiirtlias: a+(i)+4^ ' , ■ 

Fint |dd i to^ tAe result wiU be 

/ ^^ ^ . a + ft. -—-——, ----:^-^-. :. 

Tfck len^n fM wmiaSL, forire have to add to a a numbCT 
tihaa 1^ «a^ gv^ater by c. Hence pnr final result wiU 
ofalaioed by adding c to a^6, and it i^ be 

Case II. To taike from a the sum of i and t, 
TMaia euMtj— jd thoa; «-^4^c). ^ 

Fin* take i from a^ the result will be " , _ 

Tlimnilt k IBO tatyi^ for we have to take from a a numbe? 
Mte-thaa i^ and greato- by «t Hence our final result will 
t ofatanwd I7 taking c ^6m a~a^ and it will be 

Caise III. To add to a die difierence between h and ^ 
TUi is e^mnsd thus : a+(6-e). 
fSnt add ft |o«» the result wiU be ..; 

,-■■ ■ ';■' m^ . 

Thisnnilfc is las Isrfi^ for we have to add to a a number 
t thsK ^ jomI less by c Hence our final result will be ob- 
bytakingclronia4-A^andit willbe ' 

Case lY. To tiifce from • the difference between 6 and «» 
TluB la «K|mHed thna : a-((-c>. 
flnl tidbs i finm «^ the nsuU^ilj^^ 

HuswMteisiwsaMi^forwe have to tak e ficom a a unm- 



K «■* leas by ik He^ee our ftn^ v^i^ wUl be 
by adding c to s-ft^ and it will b^ 
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^oft. We assume that a, 6, c represent such numbers that 
ill Casi II. a is not leqp than the sum of 6 and d, in Cabb III. 
6 IS not leas thane, and in Casb IV. 6 is not less than c, and a 
is iiot kfls than & 

■■..'■ ,'■-••- '■"'-' 

lA Oollecting the results obtained in Art. 18, we have 
^ X o+(6+c)=a+6 + c, 



a-(6+c)s*a-6-.c, 
«+(5-<})=a + 6-c, 
a~(6-c)r»a-6+c. 



\. 



■ -fe 



From which we obtain the following rules for the removal of 

a brackets .:.: .^v..,; •■, ■;.;-... \---/ 

■ ■ ' s ■ ' ■ ' ' ' 

p 

Rule I. When a bracket is preceded by the sign +, 
iemove the hnoket and leave the signs of the terms in it 

Rule II. When a bracket is preceded by the sign -, 
itmove the Inacket and e&anjjftf <A0 n^n o/^oc^ eerm m it. 

These mles apply to cases in which any number of terms 
included in the bracket * 






thus 
and 



M, The rules given iii the preceding Article for the r»- 
mmnA of brackets furnish corresponding roles for the iiiiinf 
ibiciipit gf biackets. ^ 

" Thus if wo endoae-two or more terms of an expression in a 
Ineket, 

]• Thosign of each term remains the Huaa if 4* pie- 
- -^- - ^-i^idee the bracket — 



IL The sign of each term is changed if - precedes the 
htaeket. 

•-»+«-rf+i-/-a-ft+(«-d) + («-./), • 



he removal of 



iber of temui 
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21 We may now proceed to give rules for the Additkm 
ahd Subtraction of algebraical expreasions. 

S{ippose we have to oM to the expression a +i-ct^ er- 
prefiBiott-4-«M-/. 

TheSum »»a+fr-c+((i_«+/i^ ' ' 

-a+6-c+rf-.e+/(bj Alt 19,.ftnle I.^ 

Also, if we have to tuhtract from^e expression «+»-<- Hm 
expression tf-«+/. ««. 

The Difference ^^^^^^^_^_^^-^ ~^^^^^ 

-a + l^-.fl-rf+«-/(ly Alrt 19, Hnfelt), 

We might armnge the exprwrions in each case under eack 
t)Uier as m Anthmetio : thus ,^: - 

Toa+6-c Fromo+ft-« 

Add d-g-i-/ . Taked~a+/ 

Sum a+6-«+rf-tf+/ Difference a+6~c-rf+«-/ 
and then the rules may be thus stated. * , 

I. In Addition attach the lower line to thD npner with tli* 
tigns of both lines unchanged. ' "««prwunui« 

II. In Subtraction attach the lower line to the upper wik 

JA« *H)m« 0/ ^ fo^ «„« cAaTiflrid, the signs of the upper liU 
being unchanged. *^*^ ^ 

The following are examples. • 

(I) ' - Toa+6+9 

Adda~6-6 ^ 

Sama+&+9 + a^6~6 

•nd this sum «o + a + 6~6+9-.(| 
-2a + 3. 

For it has oeen shoivp, Art. 9, that a4.aw 
and, Art 13, that h - 6-a. 

W Froma+&+9 



». u 



„-^t;*.< I 



Talieft-fr.^.^ 



Eema{ndera+6+ 
- ^d this remain 







4|P ' 
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We have worked out the examples in Art. 21 at full 
length^hut in practice they may be abbreviated, by combining 
the eymbolB o^ (digits by a mental process^ thus 

Toc+d+10 Fromc + i+lO 

Add<5-d-7 Takec-<i-7 



23. 



Sum 2c +3 Bemainder 2d +17 

We have said that 

instead of a+ a we write 20^ 

......... a+a+a ....,..'7: 3a, 

and 80 on. 

The digit thusprefixed to a symbol is called the eoeffieient 
of the tenn in* which it appears. 

24. Sinee 3a=o+a+«j 

I and 5a=a+a+a+a + a, 

3a + 6a=a + o + a + a+a + (»+tf+.ei 

♦ ' ■• 

Tenns which have the same symbol, whatever their coeffi- 
cients may be, are called, like terms : those which have diffe- 
rent symbols are called unlike terms. 

Like terms, when positive, may be combined into on^ by 
adding their coefficients togethei^»and subjoining the common 
symbol : thus . . 

2a!-f 6x«a7a!, 
3y + 6y+8y«»lfly. 

26. If a term appears without a coefficient, unity is to be 
taken as its coefficient. 



Thus 



aj + Sx-fisB. 



26. Negative terms, when like, may be combined into one 
term with a negntive sign prefixed to it by adding the coefl|, 
cients and subjoining to the result the common symbol 



Thus 



2r-3y-5y-2x~8f, 
for 2x-3tf-5y»2jB-( .3 y + ft y) 
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27. If an expression contain two or more like teims, some 
being positive and others negative, we mnst first collect all the 
pbsitivft^terms into one positive tenn, then all the n^ativfr^ 
tenna inft one negative term, and finallj combine the twf 
remaining terms into one by the following process. Subtnujt 
the smaller coeffidmt from ^e greater, and set down the 
remainder with the sign of the greater prefixed and the com- 
mon symbol attached to it 

7«-4aj+6a5-3a;=»12!B-7«— 6«^ , 
a-26+66-46=a + 56-66=o-6. 

fia The rtiles for the combination of any number of like 
terms into one single term enable us to extend the appUcation 
of the rules for Addition and Subtraction in Algebiw, and we 
proceed to give some Examples. 

ADDITION; 
0) a-Sb+do . (2) 6a+7»-3c-4(l 

3a~46-5fl ^ ea^n+9ef4d 

4a-66-2c IS Te^ " 

I The terms containmg & and din Ex. (2) destroying one anoUnR 



(3) 7a!-6y+ 4s 

«+2y-ll» 

3«- y+ te 

5as-3y- • 

10a;~7y- Se 



(4) 



. i»— n— p 



SUBTRACTION. 
(1) 5a-.a*+ 6c (2) 3a + 76- 8o 

^+6b- 4e 3a-76+ 4« 



3(1-86+108 
(3) 6a-66+2o 
2a-66+2g 

3a 
(fl ) 8 «l7 yil li 



146-180 
(4) «-lf+» 






< » ) 7g-ltfy^H» 
«+ 6jf- 
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. 29. We have placed the expressions in the examplA given 
in the preceding Article under each other, as in Arithmetic, 
for the sake of clearness, but the same operations might be ex- 
hibited by means of signs and brackets, thus Jlxa4plei (2) of 
each rule might have been worked thus, in Addition, 
6a + 76 - 3c - 4^2 + (6a- 76 + 9<j + 4iO 

-6a+76-3c--4rf+ 6(l~76 + 9c + 4i 
«lla+6c; 
and, in Subferaction, 

3a + 76-8(5-(3a-7lL+4c) ^ 

«:3a+76-8c-3a+76-4c 
-146~12<j. ' V 

Examples.— 1. • 

Simplify the following expressions, by combining like gym- 
hols iri eAch. 

t. 3a + 46 + 6c + 2a + 35+7c. 2. 4a + 664-6c-3a-26-4c. 

3. ea-36-4c-4a+66 + 6c. 

4. 8a-66+3c-7a-26 + 6(j-3a + 96-7c + 10(|» , 

5. 6a!-3a + 6+7 + 26-3aj-4a-9. 

6. «-6-c+6+c-d+(2— a, 

. 7. (^ + 106-3c + 26-3a + 2c-2a+4o. 

EXAMPLES.— 11. ABDmOK. 
Add together 

I. a+ajanda-jR. • a. a+Sajanda+aa, 

3. a -2a; and 2a -a:. 4. 3a;+7y and^'-^2y. 

5. a+36 + 6cand3a-26-3c. «> " 

6. a-26+3candtf+26-3c. 7. l+a:-y and 3~aj+if. 

8. 2aj-3y + 4«, 6a5-7y~2», and6x+9y-8a. 

9. 2a+6-33;, 3a-26+a!,a + 6-6a!, and4a-76+6«. 

Examples.— ill. subtraction. 

Froma+5 takea-6. 



i^ 



^ »»tti> W'f ll^ 



3. ...... 2a + 3c+4(2 

4* ...... Jr+y+t 



..iaB - y, 



...... a— ^43i^ 



^■ 
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II 



take m — n—f. 



'""A 



5. Flx)mm-n+r 

7. ...... 3a +46+ 6c 2o+76+.6c. 

8. ...... 3«+5y-4a ...... 3a;+2y-5a. 

30. We have given examples of the use of a bracket. The 

tethoda of denoting a bracket are various ; thus, besides the 

•ks ( ),,the marks [ ], or | (, are often employed. Some- 

les a mark called « The Vinculum " is drawn over the symbols 

hichare to be connected, thus a— 5+7 is used to.repiesent the 

le expression as that representisd by a-r (6 + c). - 
Often the brackets are made to e nclos e one another, thus 

a-[6+|c~(d-.«-/)|]. , 

In removing the brackets from an expression of this kind it 
best to commence with the tnTwmos^, and to lejiigve^the 
^rackets one by one, the outermost last of aU. ' 

Thug 

a-C6+|c-((«-r7)|] ^ 
.a^[6+|o-(d-«+/)j] ' 
-«-[&+ |c-rf+«-/{] 
.■«a-[6 + c-d+tf-/] 
i^^ Va.6-c+d.,+/ 

«i?5-(3«~'7)-{4-Ste-(6a!-3)f " 
-6a;-3»+7-j4-2a5--te+3] 
-5as-3a;+7-4 + 2x+6K-3 
• lOasL . 

Examples.— iv. brackets. 

I Simplify the following expressions, combining all like quan- 
Hties in each. 

I. a+6+(3a-26). 

8. a+6-(a-36). 

3. 3a+6J-^-(2o + 46-2c). 

4s j»+>r-c-(a-6-c). 



ii 4af-|3x~(afl8-»-a)|. 
t \tm^ \ 7aB + (3ic + i^) (, 



IS 
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8. a-[6 + |a-(6+a)(]. 

- 9. 6a-j-[4a-{a^-.(2a+46)-226|-761::[76+l8a 

'•* r(36+4a) + 86j-f6a]. 

la a-[6-(a+6)-j6-,(&_a_6)|j. 

11. 2c-(6a-"6)-jc-(6a + 26)-(a-36)[. 

12. 2a;-|a-(2a-[3a~(4a~[5a-(6a-a!)])])|. 

13. 25<i-i96-[36-j4a-(66--6c)(]r ■ 

31.^ We have hitherto supposed the symbols in every ex- 
pression used for illustration to represent ixuck numbers that 
the expressions symbolize results which would be arithmette- 
ally; possible. ® :, 

Thus a^6 symbolizes a possible result, so long as a is not 
less than 6. 

If, for instancSj a stands for 10 and 6'for 6, . 

a-6 will stand for 4. . • 

But if a stands for 6 and 5 for 10, 

a- 6 denotes no possible result, because we cannot 
take the ijumber 10 from the number 6. t 

But though there can be no such a thing as a -Mgatvot 
tium&er, we can conceive tiie real existence of a negative 
putfUity. 

To explain this we must consider 
/ I. What we mean by Quantity. •; ^ 

II. How Quantities are measured. <, 

82. A Quantity is anything which may be regarded as 
being made up of parts like the whole. 

Thus a distance is a quantity, because we may regard it as 
made up of parts each of themselves a distance. 

Again a sum of money is a quantity , because we may regard 
it as made up of parts like the whole. 

33. To nuamrt any quantity we fix upon qome known 
quantity of the sam e kind for our standard, or unitf and^i 
«qr quantity t>f^fatttHktnd^i8T nei i8u wd tqrgiyiiig~i[^^ 
times it contains this unit, and this number of times is eiyUe4 
^e fl»«aMir# oif the ^uantit^. 
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Be we cannot 



_>____ ^^ 

For example, to meaahre any distance along a road we fix 
upon aknown distance, suck^as a mile, and express aU distances 
\>j saying how many timea they contain this unit Thus 16 is 
the measure of a distance containing 16 miles. 

Again, to measure a man's income we taie one pound as our 
unit, and thus if we said (as we often do say) that a man's in- 
come is 600 a year, we should mean 600 times the unit, that i& 
;£bOO. Unless we knew what the unit was, to say that a man's 
income was 600-%ould convey no definite meaning • aU we 
should know would be that, whatever our unit wa*., a pound, a 
doUar, or a franc, the man's income would be 500 times that 
unit, that is, £600, 600 dollare, or 600 franca. . 

N.B. Since the unit contains itself wm, its measure is 
un%, and hence its name. 

34. Now we can conceive a quantity to be such that when 
put to another quantity of the same, kind it wiU entirely or in 
part neutralize its eifect. 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 nril^ I may say that the Utter 
distance is such a quantity that it neutralizes part of my first 
journey, so far as regards my position with respect to the point 
from which I started. 

Again, if I gain ;£500 in trade and then lose £400, 1 may 
say that the latter sum is su6h a quantity that it neutralizes 
part of my first gain. 

If I gain £600 and then lose £700, 1 may say that the latter 
sum 18 such a quantity that it neutralizes all my first gain and 
^***^ ^**' ^^* *^^ a quantity of which the absolute value 
18 £200 remains in readings to nwiraliee some fuiun gimK 
Regarding this £200 by itself, we call it o quantity which will 
nave a «*6«raeftt;« effect on subsequent profits. 

Now, since Algebra is intended to deal with such questions 
Ml a general way, and to teach us ?iow to put quantities, alike ^ 
or opposite in their effect, together, a convention is adopted 
founded on the additive or 'ihibtractvve effect of the quantitie^ 
in question, and stated thus : " 

"To the quantities to be addsd prefix th a nigii x^ i.«J ^ 



Uie quantities to bOtftlroc^ prefix the sigh -, and 4h«i 
wnte down all the quantities involv^i such a question con 
uected with these siijna.'* ^T ^ ^^ 



m 



k 
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Thus, suppose a man to trade for 4 years, and- to gain a 
pounds the first year, to lose 5 pounds the second year, to gain 
e pounds the thkd year, and to lose d poiUids the fourth year. 

The (Mieit^iM quantities are here a aiid t^ Which we are to 
write /+a and +C, 

TJie tmhtrae^wn quantities are here h and (^ which we are to 
write -bimd -cL 

.*. Eesuttof trading «+a-6+c-d. ^ 

35. Let us next take the case in wMcH the gain for the 
fiorst year is d poundc^ and the loss for each of three subsequent 
years is a pounds. 

Besult of trading »+a-a-a-(» 

Thus we arrive at an isolated quantity of a ntfttroc^ 
nature* 

Arithmetically we interpret this result as a 2om of £2a. 

Algehraically we call the result a negative quantity. 

When once we have admitted the possibility of the inde- 
pendent existence of .such qufuitities as this we may extend the 
application of the rules for Addition and Subtraction, for 

I. A negative quantity may stand by itself^ and we may 
then add it to or take ib from some other quantity or expres- 
sion..., , 

II. A negative quantity naay OxdA.' first in an expression 
wlHch we may bave to add to or subtract from any other 
expression. 

The Rules for Addition and Subtraction givei^^in Art 21 
will be applicable to these expressions, as in the following 
Examples. ,* 



(1) 
(2) 

Ml 



ADDITION, 
5a-7a«=-2a. 

4a-3ft-6a + 76-«-2a + 45. 
To 4tt ^ 



Tb 5ft-^ 



Add -3a 
Sum '^a 



Add -2o~26 

fr' . 

Sum 3a-^6fr 



irhich we are to 



ADDitlON A^D SV^TkACtlOfr. 



t% 



(4) 6a-5i- 4<j+ t 

. -6a+76~12c-l7 

- a~854-19c+ 4 

-66+ 3c,-\7 



0) 7a-6y+ftB* 
-18x+93/-6a 



(1) 



, r 
SUBTRACTION. 

From « V , 
> Take -y 

Remainder a; -Fy 

or we might fepresent the operation thn% 

»«-(-y)=aj+y.* 



*>• 



(2) o+6--(-a+^=a+6+a~6=2<«, 

<4) -3a+ 46- 7c + 10 

' ^a--96+ 8c+19 

^8«i+ 136-160- 9 

(6)- a;-y-[8b5- 1 -6«-(-4y + 7i)|] 

=a?-y-[9a;-|-5x+4y-7«|] 
. *=a^-y-[3a5+5»-4y+7«] 
, > f»aj-y-3ac-6*'i4|^-7» — 
: '«-14fl[»+33^ ^V . 

(^ " 7a+ 66+ 9C-1&I 

-36-12C- U+ 6<u T 

' 7a+ 86 + 21C- 4(l-6« 



'Av 



■::-'^, 



ffi this example we have deviated from our previous prac 
pee of placing Wm Urm under each other. This arrange-' 
taeut is useful to facilitate the calculation, but is not absolutely 
accessary; for the terms which are alike can be combing 
Tidependently of it . 



♦ NoTE.-The meaning of Suttlractlon is here extended so that 
10 teault in Art 18, Cam IV, may he true when 6 is less thaa «, 



v> 
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. Examples.— v; .„^ *. > 

(I-) ADDITION. ^ 

Add together 

1. 60 + 75, - 2^ - 45, and 3a - 55. 

2. -6a + 65-7c, -2a + 135 + 9c, and7a-295+4fi. 

3. 2x-"3y+4», -6aj+4y--7a, and ~8a!-9«-3fc 

4. — a + 6~c + d, a--25-78c,+ d, -65 + 4c, and -6e+'4». 
f. a + 5--c+7, - 2a -35~ 4c + 9, and 3a + 25+ 5c- 10, 

6. 6aB-3a-45, 6y-2a, 3a-2y, and 55T7iC. ' 

7. a + 5— c, c— a45, 25— c + 3a, and 4a— 3e. 

8. 7a-35-5c+9(?,25-3c-6d,and"-4d + 15^ 

9b* -l$a5-5y + 4«,3a! + 2y-'38(, and9a;-3y+«, , 




(2.) SXpTRACTION. 

a+5take —a— 5. 
a-6 take t5+«s. ".^^ 
a— 5 + c take — a + S—c. ♦ 
6a; - 8y + 3 take - 2a5 + 9y is. 
6a - 125 + 17c take, - 2a + 45 - 3& 
2a+5-3a;take45x-3a+5as. , 
a+5— c take 3c-25 + 4a. 
0+5+C-7 1^ 8-c-5+a.. 
12sc-3y-» take 4y-6»+ft. 
8a- 55 + 7e take 2of- 45 + 2«k 
9p-«42+3r U^e ^(i-Z^\t, 




i-. 



/ 




I 




^ 



ijL MUIJTIPIJCLATIOif. 






— _ -operation of, finda^ the gam of a nnmben eaeh 
lo & ifl called Multiplication. 

iThc number ja i« called the Multipli^. . 
* b MtdtipUcand. 

Thii Sum is called the PBomJOT of the niultipli(Jation of ( 
ro. • 

[This Pwduct jfi represented in Algebra by three distinct 
knbolfl : k . *^ 

L By writing the symbols side by side, with no sign 
'between4hem, thusjoi; - ' 

I II. By placinga small dot between the symbols, thus, a.b; 
UI. By piacii^ th^ sign x between the symbols, thus^ 
1 6 J and all these are read thus, "a into b," or « a times 6/. 

fn Arithmetic we chiefly use the th4rd way of expresaut, a 
Muct, for we cannot symbolize the product of 6-into 7 by 
; which means the sum of fifty and seven, nor can we weU 
bre«»n*at by 5.7, because it might ^ coi^oOndei with the 
Mon used for decimal fi»b|i(jn8, as 6-7, . / 

f7. InArithmetie ' / 

8x7 stands for the same as 7,+ 7. * 

3^* .V...».......... 4 + 4 + 4. 

|n Algebra . . 

a6 standsjor ^emme aa6+5+6+ ... with iwritte!t# 
,-ja.time a > - " . ' ^ ' "^C " 

(a + 6) c stands f or the same as fi + c + 0. . . withi 
a+b times. 



rritten 



Lii 



^f 
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u. 



■^%:i^^•/:t■■■■-^-.8'ti,^e8,4a■ 4+4+4 - 

l+l+l+l 



M 







l+l+l+l \ 
+ 1 + 1 + 1 + 1 > .....-.^.I. 
+1+1+1+1 ) 



ir^m^3» 3 + 3+3r+S 
-=1 + 1 + 1 



-=1 + 1 + 1 I 

+1+1+1 ( „ 

+1+1+1 { V — •"" 

41+l+i T 



Vow^e results obtained from L and XL innsC 1)e tlie 
for tbe horizontal colnmna of one axe idfiitittl with tW 
ad oohunns of the othoK ' si.^* 

a& means tha^ the som of a nnmbers eadi eqiial i» lis te 
betaken. 

.V 05- 5+6+. ••••.with ft wiitlen a time^ . ' 

..:lC ■^•_ . .- -■ > ■ ■■• 

■■ ' +1' ■' ; ; vp- .■,■■■' 

■'•••••••••••• 

-.,;,-',■ ^i^:-'>--' ■ - to a lines ,,'"■■ 

i * 1 + 1 + 1 + ...... to 5 tenM J 

+ 1 + 1 + 1 + tofttemiBf 






'W:'- 



*to«linea. ) > 



te« a+a+.>....wtth««iittai6tiii^ 

■■••'. 

: ♦■:■■:• . - ■■'.■ 

•••••••••••••a* 

to h lines 
«i , 1 + 1 + 1 + ..k..f to • teriMi 






4'l+l + l + .....,toawcDa6i •• 

. |o ft linea. -^ --i_- 



\rl 



- ■ ■" - . 


* 


eqiiftl tolkto 
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Now Uw Rsnlts obtained from L and II. must be the same, 
iw tiw borinntel oolamns of one are clearly the same as the 
vatial ootnmns of the othei: / 

4a Since the ezpesdons 06 and 6a are the same in mean- 
ing, ve may n^gud either a or 6 as the multipiier in forming 
theprodnetof sand i^and ^o we may read ab in two ways : 

(Q cjntbA, . 

pS^ • multiplied by JL:-^^, 

€L Tlie expranioni iAc,wh,hac, hea^ «a6, e&a aie all the 
aac in mining , denoting that the three numbers symbolized 
i >y «» ^ and e are to be mnltiptied together. It is, however 
gffeallyderinUe that the alphabetical order of the lettew 
Kqweaoiting a prodnct ahonld be observed. 

SMh oi the nnnOwEa mt\»h oiUed a J'aotob of the 

4X^ When a nnmhiBr e tjn is ^ of the 

Mfara of a prodoct it always stands first in the product. 

lliaBdia faOm^ iha&cto^ x» y^ a and 9 is represented 

[liyflbtyi. ■■:■ "• ^ ^^W'f "■' '*' 

44. Any one or more of the fiMstOTBtJiat make up a product 
taalled the OoofviczKirr of the other factors. 

nag in the ezpre«ian Soa^ Sa ia called the coefficic^ of m,, 

45. When a &ctar • Is lepeited time$ the product w>uld 
lepieaent^ m aooordanoe with JLrt 36, by aa ; when three 

■M»>f« m Im aach caaea the* products are, for the sake 

^w^, «^t«ned by writing the symbol with a number 

"* ittmlk* f^jhi, expressing the number of times th« 



* thna 
instead of 



;" " <il »i» « » ««.«»»- 



iBM we write o!* 

V4Hv a'AAttABAAa - ^^^ 



•'•••••*•• 



.•••«••••• 



.J^vusof 



^ < ^«... are -called the second, l^li^, 



k ayMbol ia called tin Immx or Exponent, 
\ ^ iegaiendly called the i^uarvof ok 
w«M**|«M«.«*..,,M«.,,, the eiill^ offl^ 



u>eipiiw OppcnvirQl 






1» 
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46. The product ofy and a*»=a*xo» 

Thus tihe hidex of the lesultiiig power ia the tifm of the 
indices of the two fjACtonu. 



Similarly 



a* X a*^aaaa x <uuumm 



tacuuuuM0UM*^a 



10. 



Hone of tike ftotors Bra qn^^bol without an index, we ttis) 
aaniim e it to have an index^ that is 

. : __!_ ^^..a* 



MkK 



a XV 



j+«= 



.a» 



Examples in mnlti^lyiiig powers of the same sjrmhol aie 

a) 

(8) 
(3) 



7a» X 6ar=7 x 6 x a? x a^=36aW^=35aW. 
1^ X 0^ X o* »= o*+*** = a' 
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(4) ' :^xaB^-«^.y.xy-;.a!«.a;.y.y««a^^y»-«=arV. 
0) i«xa^xa^-a'+»-w.6»+«^=a8.6". 



Examples.— vU 



Multiply 

tk^intoSy. 
4. Softeintooa, 
7. 3a%into4a^. 
la 7ay by 4««ftc». 



2. Sac into 4y. 
5. <^ into a^ 
8. 7aV into 6a^M. 
II. o^by So*. 



3. 3(0y into 4a9y. 
6. a' into a. 
9. 16o6*c»byl2*'^ 
13. 4a'fo by 6afi^ 



13, 19«Vby4a!yV. 14. 17oWby85cV. i5- eofii/hfihj8a^, 
16. 3aieby4aaBy. 17. <iT&*e by 8a'&>0. 18. Om>pbym"A*. 
I^«y%byWV. y-20. lla%8 by 8(i»'ft>*ni». f 

^; The nilea for the addition and subtraction of poneis 

axe nmflar to those l«id down in C9iap. I. for simple quantkies. 

TliQB the sum of the second and third powers of s is repie- 

- ._. ■ _ _ :_Z. c — , — ^^. ^ : „! H — -pi* . 

IRlipoweroff israpiesentedby 
aiiitteieeipiiWiliiiimonHyt be abridge ,^^^^ 



.-^ 
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But when we have to add or suhtract the sanra 'poweiB <il 
the same quantities the terms may be combined into one : 
thus 

' 8cb«-6sb4=3««, 

Again, wheneyer two or more terms are entikly the same 
with regpeiut to the symbols they conftain, their sum may be 

abridged. j% 

Thus - ^ ai-{-ad-^ady 

7a%E - lOafe - 12a5te== - 16a% ^ ^ ;/ 

48. From the multiplication* of sim/pU expressioni we ^ 
on to the case in which one of the quantiti(^ whoee product 
to be found is a (impound expression. 

To «fc«b <^ (a + 6) c = oc + 6c. 

(o + 6) c« c + c + c + ... with c written a + 6 times^ 
f '-•(C+C + C+ ... with c written a times) 

+ (c ■{■c-^-c, with c written 6 times), 

■«ac + 6c. . . 

49. ro«fc«u;<^(a-6)c=ac-ftfl. ^ 

(«-6)c»c+c+c+ ... with e written 0-6 tinre^ 

- (« + c + + ... with c written a tiroes) 
_. 1 -(c+c+c... withe written ft times)^ 

NoU H^e assume that a is greater than 8i. 

60. Similarly it may be shewn that x 

(o + 6 + c) rf-od + M + ed; 

{a-h-c)d'=:^ad-bd^edf 
•nd hence we obtain the following general rule for Bnding the 
product of a nngU symbol and an expression consisting of two 
or more tenna. 

^MttHiply eaoh «f the terms by the single symbol, anT 
nect the terms of the result by the ligna of Ibe 
of the compotUMJ expit^on." — IL^ 1 



%>^ 
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FXAMPLKS.— VlL 



,n^'. 



Multiply 
I. a+^cby o, 
8. a-f3&--46by 2a. 
3. a" + 3a» + 4aby a. 



. 7. -8m? + ^rtm + 10»» by ma 

8. 9a» + 4a*6 - 2ay + 4a«6« by 2a& 
, 9. a^-5c*y« + a5y-7by oBy. 

4. 3a»-6a«-6a + 7by3a«. lo. f»»-3m«» + ^nin"-n3 byti.i 

5. a« - 2a6 + 6> by 06. 11. 12a'6 - 6a«6« + Boja by 12tt26». 

6. a'-3a«J« + 6«by 3tt4 li. iaa^-ltaj^ + 8a5y»-y» by 8»y. 



51, We next proceed to the case in which both multiplier 
and multipUcand are compottfu^ ea^resOTOfw. 

Fiirt to multiply a f 6 into c + d 

Bepresent c + (l by od; 

Then (a + 6X« + <^)-(« + 6)« 

',,»;;-:'. .. tt;;/-^ ;-■.." y' waas+te/by Art; 48, _- 

w* ? ■ -oc + od + ftc + M, by Art4a 
Hie same result Is obtained by the following procew : 

^. , ■-:-■■ ^ ^- + d ' '-^ 

V, ■■■■■■,■ a + 

r- /,■■'■ ^ / 

;-,■-..«■ ^:':. ,,,*;'., ^' oo + oa , ■ ■ 



* ^f ac+ad + 60 + M ^ 

which inay be thus described : i*^ 

Write a + & considered as the mu/ttp^Mr under o + d eon^ 
■idered as the muXHplicandj as in common Arithmetic. Then 
l^nltiply each term of the multiplicand by a, and set down the 
^result Next multiply each term of the multiplicand by 6, and 
Mt down the result under the result obtained before. The 
(mm of the two results will be the product requ^Bad. 



NoU, The second result is shilted one place to the right 
The object of this will be seen ia 4^ Mb 



MUL Tl PLICA TION. 
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62. Next, to midtiji^ a-i^iiito c-A t 

Be^resente-iZb^ie. "* J 

Then (o + 6)(c-d>=(a + B)iB ./ . 

• - 

•» oc r 'w' + 6c - 6d^ by Art 49t 

From a , comparison of this result .with the SeMstors £rant. 

which it is produced it appears that if we regard the terms of 

I the multiplicand e^ct as imdjtipvn/duimX quantities, and call them 

i +efmd -rrf, the effect of multiplying the positive terms i|># 

and +6 into the positiye term +c is to produce two positive 

terms •\-a(i and +&c, whereas the effect of multipljying the 

I positiye terms 4- a and +& into the n^fUivt tix^ -^d ia.to 

I produce two negative termB — adfand —ML ■■■..* 

The same result is obtained by the following prooMi 2 

ac-ad 
+6c-M 



ac—ad-^hc—bd 



Thifl process may be described in a similar mannw to that 
in Art 51, it being a.<)8umed th^t a positive term multiplied 
into a n^ative term gives a negative result 

Similarly we , may shew that a-h into c+d ^vef . 

I \ ae+ad-ho-hd, 

-■'■-■. ' _ -^ ■ . 1 

63. Nezttojmultiply a— &into0— d» 

Represent o-d by as. ^ • . 

Than |i-J)(«-d)-(a-W« ' 

-(a<!i-ad)-(6c-6d), by Art «9^ 
^Cic-ad-ho-¥H»^ ^^ ^ 

When we compare this result with the fiftctors from which 
is produced, we B^ that 



The product of the positive term a into the positive 
term e is the {loeiiive term oet . -. 



Multiplication. 



<t I I l |iW» ■ 



.. The product of the positive term a into the negative, 
tenn ~d is the negative tena -od. • 

1 . llie product of the negative term -6 into the positive 
term c is the negative term - 6c. . 
The product of the iiegative term -6 into the negative 
term — d is the positive t&rmbd. ^ ' 

The multiplication oie-dhy a—b may be written thus : 

■■-^ . ■ C-d •-:'-; . :. ,<■' 

, ■' t ■ '^ ^- > ' ' ' 

- -.•... ■ . I ■."■■■ 

'V'' -hc + hd ^ " : 



ac~ad-be + hd 



64. Th6 results obtained in the preceding Article enable us 
%o state what is called the EiiLB of Signs in Multiplication, 
which^is /■>■':■■ Z,^' ■■.-::'■.. ■-■ -■ , ," . — ■' 

"2'he ^product of two. positive terms or of two negative terms 
is positive : the pi'oduct of two termS) one of whidi, is positive and 
the other negative, is negative" •? 

55.. The following more concise proof may now be given of 
the Bulb of Signs. • v-n -u' .:.- ^'^ » -' :- •';,-'.,;..': 7?'t^' 
To shew that {a-h)(c-d)'=ac-ad-hc + bd. > i ^ ; 

First, (a - h)M= Af + Af + M + . . . with M written a - 6 times, 
"=(-Af + Af +Af+ ...with Af written a timefr) 
- (Af + Jtf + M +... with Af written 6 times), 
'--'-'%\' , ' '^aM-bM. , 

jtSText, let Af=c- A 
ThenaAf=o(c-6l) , ' 

'mca-t'da. ■ ^ Art.4d. 

Similarly, 6Af= c6 - dJ. 

:. (a-b)(c-d)^(ca-dAT-(d)-db). 
' Now to subtract ((J6-cK>) from (ca-da), if we take away cb 
we take away (tt too much, and we must therefore add db to 
the rfl H iilt, ', ' f . ^ . -i — 

.\ we get CO - cb - c& + d6, 
wlfioh is the some as ac-ad ~ 6(^+ 6({. > 



^ 



Art. 39. 



MVVPTPUCATrO^ 






So it appears that in multiplying (a--6)(c-d) we must 
multiply each term in one factor by each term in the other 
and prefix the eign according to this layr : — 

When ihe factors ^muUvplied ham like ngnt prejk +, whm 
\wiU1ce - to ths product. * -^ 

This is the RuLi OF Signs. . 



66. We shall now give some examples in illustration of tht 
[principles laid down in the lasitfive Articlea. "^^^^ - " 

Examples in iifwfttpliwrftdn ««>r^ 

(1) Multiply a? + 6 by a; + 7. (2) ' Multiply « - 6 by « + 7. 



«+ 6 
«+ 7 

+ Ta + sF 
{B^ + 12x+36 



SB — 6 ^ r. '.'■':'- 

x+7 

■ II* 

as* -Sob 
+ 7«-35 

a^+2x-36 



The reasbn for shifting the second result one place to the 
^ht is that it enables us generally to place Uke irnms und«r 
ch other.' 

'■\ ' "■ ■ ■ ' -'--'■ -■■ .■ ' ■ . » ■ ■ "*■'■' "■■>-" 

* ■ _ • .' . ■ » '"'.'■■ •"" - 

(3)iMultiply« + 6by»-7. (4) Multiply 05-6 by »- 7. 



tf+6a» 
: ~7!8-85 

iE^-2x-36 



1^- 0» 

- 7a?-t-3ft 



p)Midtiplya!^+y«byaj«-v». (6)Multiply3aa;-66yby7a<s-aj|t 






Sla*if:»36a6 ay^ 



- 6oto y-n06y 
I W - 41aoaf +10^ 



\ 
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67. The process in tlie maltiplication of factors, one or 
both of which contains more than two terms, is similar to the 
processes which we have been describing, as may be seon from j 
tha following exampl^: 



Multiply ' 

(1) flB"+{By+y»by«-f. 
o^+ajy + y* 

a' + JcV + ^'y* 
a?-y8 



(2) o« + 6af9 by a*-ea + 9. 

•#■■ o* + 6a8 + 9a'' 

+ 9a2 +54a + 8J| 



o*-18a2 + 81 
(^ Multiply 3aj* + 4ajy - y* by 3»* - 4ay + y*. 
335*+ 4ajy - y*"; 
3ac^ - 4a5y + y* 



^ ftB* + 12a58y- 3jcy 

~12a8y-16!«y + 4a!jf» 

+ 3as*y*+4ay»-y* 

(4) To find the continued product of a!+3, « + 4, and] 
aj + 6. 

To eilect this we must multiply aB + 3 by a; + 4, and tlienj 
multiply the iwtilt by SB + 6. « 

■ «'+.3 ;>:-.. ^^V-: -;;•-■:■'■ , ■. ■ I,. . 

^" -'•-'^,./ :^' + 4a; +H ■*■ . ,:'' ; 

,.: ^!.f. ..,•-.,. ^>-\;^ af+ 7aj+lS V 



a^+ 7a?+ia» 
+ ftc' + 42a; + 72 

aB^+I3a;* + 64a5+7a 



^tf^i*-'- Th e num be raia and 5 4^are called th^^ 
a? nnd « in the expression x^4l3a;^ + 54R^||28i in accoixlanc 
»ithArt44, 



5«r^;s.iu 
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. (6) Find the continued product of a; •(- a, a; + 6, and 9 it, 






'Kit, 



sd^ + aac ^ 

tf+ax+bx+ab 
x+o 

afi + ax^ + hx^ + abx . 
+ cx^ + acx + hcx + abe 



<w 



Note, The coeflacients of x^ and x in the expression just 
l)tained are a + fr+ c and ab + aefbc respectively. 

When a coefficient is expressed ii»fo<<er«, as in thi» example, 
i is called a literal coefficient. ?v 

Examples.— ^11. -. 




[Multiply 

I. X +3 by SB +9. 
x~8byaj-7. 
rv««-4by»'+6. 



2. a; + 15by!B-7. 3. a- 12 by a; + 10. 
5. a-abya-6.. 6. y-6 by.y + 13. ' 
I 8. a8-6aj + 9bya|pete + 5. 

b. a«+5x~3 by a;8-6x-a ^^a a«-3a + 2 by o«-3a»+2. 
^. «!«-«+ 1 by #+sB-L ' 12. a;»+a^ + y«bya^-ay+y«. 
»'+a>|r+tf»%a;-y. 14. o^-«* by «*+aV+iB*. 

». 15. a!»-.8a^+3aj-lbya;a + 3aj+l. 

16. si? + dt^ + Qxy^+27fbyx-9y. 

17. a' + Sa^J +4a62 + 8&* by a - 26. 
, i&^8a«+4a«6+'2ai^+5' by 2a~6. 

19. a8-2a»6 + 3a6«+453l:^a««2a&-3Jt . 
a' + 3a«6 - 2o6» + 3^ by a« + 2a6 - 3W, 
a*-^iax + 4x^hya^ + ^ax-¥^^ 
9a«+3a«+ai» by 9a*-3aa;+a?. 
0* - 200!^ + 4a2 by a^ + 2a«« + 4a«. 
(»*+J8 + c2-.o6~oc*-6c by a + 6 + 6, ■ 
t5« + 4a^ + 5j? by «? ~ 3a;«y - Stey* + 3y». 



30. 

26. 



id the continued product of the following expressicsi : 4 



-1^' 
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29. I-'sc, l+SB, l+o*, 1+a!*. , 

3a x-y, a + y, x^-a^ + y*, x' + asy + y*. 

31. a— jc, a + «, a' + x*, a* + {8*, a^+x*. 

Find the coefficient of x in the following expansions : 
32. (x - 6) (x - 6) (x + 7). * 33. (x + 8) (x + 3) (x - 2> 

34'J«~2)(x-3)(x+4). 35. (x-a)(x-6)(x-c). 

^^1^6^ («' + 3x-2)(x«-3x + 2)(l«-l5). "■ , % 

u U 37- (a* -» + !) Ob" + 35-1) Ob* -«* + !)• ^ . „ 

38. (x?-nMc + l)(x^-mx-l)(x*-f»%;-l). 

58. Ouir proof of the Rule of Signs in Ajt 66 isfounclid 
on the supposition that a is greater than 6 and c is gre^t 
than d. ' . • ^ "_ ^^^ 

To include cades in which the mviXivpUer is an isolated tfbm> 
tive quantity we must toAmd our definition of Multiplicatibn., 
For the definition given in Art. 36 does not cover this case, 
since we caknot say that c shall he tt^en —A times. 

We give then the following definition. " Th» operation of 
Muttiplication is such tfud (he product of the fy^iors a— pond- 
e-'dwill be eqmvalent to ae-<id-bc + M,whwSIII^,iiMy 
values ofa,h, c, d." ' • . 

Now Binc6 ," 

{a-h){o-i^='ao-ad'-hc + hd, 
make a=0 and d=0. .^ . 



Then (O--6)(c-O)=Oxc-OxO-6c + 6x0t 
BimUaxly it may be shewn that 

'--.:r^^ -^^ -:•.-■ - ■ -- -^ Mx -d- +6A - - -.'; - ■ .- 






Examples.— ix. 

Multiply - 

I. a^by -6. 2. a* by -a*. 3. o^by -oft*. 

4. -4a«6by ~3a6*. 5. 6x5^ by -6xy«. 6, a«-a6 + 6«by -* 
7. 3a" + 4a'-5a by -2aK 8; ^-a^-a^-a by -a-L '- 
r ° 9. 3x*y-6xy* + 4y'by -2x-3y. 
la -5m*-6mn + 7n* by -m+n, 
' II. 13r»-17r-45by -r--3. 



^13. *-as^+«*y-x»y'* by -yia 
S4» -f* - «y* - a^ - »» bjr -' X - y. 



III. INVOLUTION. 



69. To this part of Algebra belongs the process called 
Involution. This is the operation of multiplying a quan- 
tity &y itee^f any number of times. ^ 

The power to which the quantity is mised is expressed by 
the number of times the quantity has been employed as a 
ffictor in the operation. 

Thus, as has been«already stated in Art. 46, \. .,. 

^ a^ is called the second power of o^ 
a' is ci^ed the third piSwer of a. 

60. When we have toiraise negative quantities to cpitatn 
powers we symbolize the operation by putting the quantity in 
a bracket with the letter denoting tlie index (Art. 46) placed 
over the bracket on the right hand. ' . 

Thus, (~(i)' denotes the third pdw« of -a, 
( - a*)* denotes the fourth power of - 2sb. 

61. The s^;nB of all 0twn powers of a negative quantity 
will be pogitwe, and the signs of the <x2dl powers will ber 

negative. ;^, 



^T 



Thus (-a)«-(~a)x(-a)=a», 

<-a)»-(-a).(-a> (-«)-«'.(-«)' 



-a». 



62. To raise a simple quantity to any power wq multiply 
I the index of the quantity by the number denoting the ppwer 
to which it is to be raised, and prefix the proper sign, . 



Thta — the squa t e o f a * i» a ^ , = 
the cube of a' is o*, 
- rii the cube of - sc'ya' is ~ 



30 









' »i 



63. We fonn the second, third and fourth powers of a+ J 
in the lollbwing maimer : ' ' 

: .. a + 6 • ' . • 

• a + 6 ' 



a +6 



': K 



a +6 



~\ 



+ o'64-3a»y + 3ay+y . 

(•+6)«-(i«+4a»6 + 6a«62 + 4aft»+6*.. 
5ere observe the following laws ; 

I. The indices of a decrease hj unity in each term. 

II. The indices of 6 inereaee by unity in each term. i 

IIL The numerical coefficient of the second term is always 

the same as the index of the power to which the 

binomial is raised. 

/ 64. We form the second, third and-^urth powers of a - ) 
m the following inanner : 



a -6. 



\ ■ 


-hf. 


a?. 


- a«6+2a6«- 

-3a86 + 3a6«- 
-6 




y- 


-3a'6 + 3aW- 


-a6» 


;•■■;. ■' ■;■;.. ■ ■(.. 


1 < 


.-■ «• 


- a^+3<i2&2. 


-3ai8 + 5* 


=:0«- 


-4a86 + 6aS^. 


-4at^+bK 



" J 



powen of a+il 



3owen of a-t 



iHVOn;TIO]M$if^ 
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Now observe tlmt the powers of a - fr do not differ from the 
powers ofa + 6 except that the terms, in which t^ie oU powers 
of 6, as 61, 68, occur havi the sign - prefixed. 

Hence if^any power of a+6 be qivm we can. write tha 
|corre8pondmg power of a - ^ : thus - •'• 

(« *- J)» « a» - 6a*6 + lOa»68 - I0a«6!» + 6aft« - 6»! 

«5. Since (a +6)«^= 0^+62+206 ^d (a-6)>-a»+J«-2aft. 
lit appears that the square of a binomial is formed by the 
ifollowing process :' 

"To the sum of the squares <rf eabh term add twice the 
Jproduct of the terms.'* 

(a5-6)«-»(B»+26-10a;, 
\ (2a?-7y)»=-4fl:» + 49ya-28a^ 

M. To foiin the square of a trinomial; 

a+6+c . 

>j * \ ' , 

, • a+d+c 



A 



0^ + 06 + 00 



v. 



a»+ 2a6 + 62 + 2ao +^60+ A 

Arranging this result thus a^ + 6«+c» + 2o6-f 2ac+26& we see 
ItJjat It is composed of t|ro sets of quantities : 
I. The squares of the quantities a, 6, c. 
II. The double products of a> 6, c taken two aiid twa 

^ow, if we f (»gijiejquare of a - 6 - c, w© get 
a—h-c 
a-h-c 

a^-a6-ac ^ , 
i ' -a6+6»+6c 

-ac+6c+«^ 



a^-2flt6 + 6«-2ac + 26c + A 
The law of formation is the same «s before, Ibr we have 



iNVOLonoir, 



L The sq^iuures of tihe qnantitieBi 

II. The double piodncts dp l^ -- 1^ -- 6 taken two by tini : 
the sign of each leendt bdng 4- or — , aeeosdfing M 
the Bigns of the algebraical quantitka eom^poiBiag it* 

ainlijkeorimli^ 

• ■ ■ *.. . ■ , ' . 

inr* Th0 aame law holds good for ezpreGBMna iscwtainhj^ 
inare than three tenns, thiiB ^ .. \ 

^2aft4-8ac-9iul-»e+8M-S0it 

.<A- ' ^ ■ ' " ' ' " ' 

And generally, the square of an ezpressLon oonUdning S^ 9^ 

4 or more tepis will be fi>rtaed by the following pfoeeaa : 

"To the sum of the squares of each term add twice dm 
product of each term into each of the terms that follow it,** 



' \ 



Examples.— X. 



•>;.*^Vv;- 



.^a^ . 



Form the aqluffe of each of the loiiown^ aqpnestonii : 
t. »+ «k . a. «-a. 3. «+J. 4. «-». 5. a^4-j|p. 

II. m+n-p-r. 12. x^+fiK-SL 13. ii^-^€k-i>7. 

14; 2x«-7«+9. 15. a^+f*-iR. ' fd #-'lii^+j^ 

17. a^+6*+A . 18. aB^-f*r«i^ ^ 19. «+%-*k 
aa »«-af«+«ia 

Expand the following ezpressionB : 
ai. (s+a)s. 2a. («-a)". 23. («+!/. >|. (i-lf. 
as. («+8)». 2d. (0^-6^. 27. (a+»+e)F. 28. f«-»-«/ 
,89. (m +»)».(» -n^. 3a (m>n/.(M^-i^ 



An dgebTateal product is odd to be of ^ S. 

, when the sum of the indices of the ^i 
il iM iM^ l iiii i in a ii 

vnOnp^^BtXQV IB Ji| 0.*«»***.n 



Thus oft is an etpresBion of 8 diDrandoii% 

0*6^ is an aK^jweioii of 6 diinensiiiiia 



\v. 



j>ivisroiK 



iconqpoBuigii*, 



ss 



L An dgelnueal fstpnaaxxa is called Jumogmeoui when 

o^ito tmns k of the suns dimensioiis. 
'Skm tfi+aif'i'i^ m hmuigaitaaM, fiv each eena is of 2 dimen- 
<■■. " e 

A]n^+4a^4>5gPii lifliiiogeiieoQs, for each teim is of 8 
tlie niunerieal ooeffiidentB not affecting the diinen. 



ta Aft expamkm Is W to be omm^id-accoiding; to 

I ef flono latter, when, the indices of that letter occur in' 

I ndtg of tiieir nagmtodes, either increasing or decreasing. 

Havdie ftHMw u iu tt a^-f qftc-t- aa^+a^ia arranged according 

' powoB of a^ and a§etkding powen of obi 

■it Qm eaqpfSHiott il said tn U of h high$r oider than 
' when tlw finmer eomtaina a higher power of some dis- 
"^ ; letter than tlM other. 
' ThH a^4fl%4-fli^-i-a^ is said to he of a higher order than 
I'l-Mt-I'^y wHb lefennoa to the index of Ok ^ 



*i;i tn. 



IV; DlYISIOBLs 

Blvlslon ii fiM proeea by which, when a product it 
I aM wwloMnr aiM of fl» fiMtoM^ the ott«r factor is deteiy 

lie prodaift % wiA xefaenoe to^thii prootH, eaUed the 



fiMlor la ealled the DiYisoB. 

which baa tohe found is calied the QnoThDm 



of IMviflioin is denoted by the sign +, 
signifies that •» ie to bo divided by A 
opentiaii is denoted by writing the dividend 

^ M"* ^frrr lmtw»«» *i>^j "^^^ 



chapiv we shall tieat only of oaiMS hi which tho 
I tika diviiw IB. osiot number of times. 



34 



mvisioiK 



Case I. 
74 When the dividend and diyisor are each included in 
a single term,, we can usually tell by inspection the ^tois of 
which each is composed. The quotient will in this case be 
lepresented by the factors which remain in the dividend, when 
those &ctoi8 which are common to the dividend and the di- 
viaor have been removed firom the dividend. 



Thus 



ab 

a a ^ 



:V 



i-H 'U 



«T' 



d^ tutaaa 



1? 



CUM 



mmoa^d^:' 



Tlni% when one power of a number is "divided by a smaller 
power ^ ihtt wsaa number, the quotient is that power of the 
number whose index is Hu diffwmce hetwem iht indica of the 
Mmdmid and (he dtviBor, 



Thm 






..#. 



15ay 



-5a% 



■^- 



70. Tha quotient is wiity vrhm the dividend and the 
divutff are equah 

Tii» 5-1; ^ 

and tida will hold true when the dividend and the divisor ai« { 
wmf pu mi quantftierv 

0+6 ,. g^-y* , 



■1; 



Thm 



a+ft 



-l| 



•"-v? 



Divida 
^ #Vyi^. 



EXAMPLES.— Xl. 
3. a" by a^. ' 



3. «*y' by ayr. 



4^ ^^ by ai%. S' *^g^ ^y ^^ ^ 72a«y(i^ by Oa» 



7. «66oWlir 16a6d«. 8. 1331m»n»y» by llm^'/] 

9. 60a%y by Oay. la 96a^&'c'>y ISbo. 



DtVISIOlf. 



3S 



ideud and the 



the divifioran 



^v Case II. 

76. If the divisor be a single term, while the dividend 
mtains two or more terms, the quotient will he found by 
ividing each term of the dividend separately by the divisor 
id connecting the results with thdr proper sigiiii r 

Thai - -^^^=0+^ . 



aW+i»*j?+a« 



oos 



"saV+oas+l, 



wy.^iy.V ^^^^_^ 



EX^^MPLES.— Xil. 
Bividt 

, x'+ 2a5"+x by flfc 4. tn|MC*+mVV+mV 1^ *V^ 

y»-y* + y»-y»byy». 5. 16a*ey-28aV+4«AB«by 4a%. 

8a^+16a«6 + 24a6«by8a. 6. 72aY-36aV^18xy byllB^ 

7. 81wi,*A'^-64i»*n*+27m*n^by 3i»V. 

8. 12{By - 8£cV - 4a5y by 4flj». 

^ ^ 9. 169a*6 - ll7a»6« -I- 9ia»6 by 13«A 
> » ia 361ft6c» + 228ftV-133ftVby Ift*^ 

77. A^nitting the possibility of tiie independoiit fiiintiiaiw 
a term affected with the sign - , we dn extoid the Bna- 

les in Arts. 74—76, by taking the first term of the dividend 
the divisor, or both, negaiivt. In such casee we aj^ly the 

^lUe of Signs in Multiplication to form a Rule of Signs In 

livision, 

Tbiis ahice -a X b- -a&, we condnde that -^^-i ^i^ 



.o5. 



-06 
ah 



^*«t *"flx —6' 
M henoe the rules 

I. When the dividend and the divisor have the 
j6^ t h e q uotient is pr>^i^^■»^ 



H When the dividend and the divitor have diffmmA 
•ifnu the quotient is n«(fa(tM. . 



X 



^ 



36 



division: 



78. The following Examples illustrate the conclusions just 
obtained : ~ . . * - 






(4) _-=_a+it 

* 



«B) 






T-T" 



EXAMPLBS.— xyii 
Divide 

,1. 72a6b7~0a6. ' 

i. -60a'by-4<A 

3. -84aByby4aY. 



4. -18mVby8mn. 



6b -afe^-oV"-««by^rtR 

7. -34a»+61a«- 170058 by 17a. " ^ 

8. -8a«^-24a«6»+32a'6«l>y-4aV. 

9. - 144b» h* 108xV _ OftBya by i2«. 



|. -laSaVc by -860. ia 6^«-6«a;V-6V»" l>y -6V. y 

Case in. 

lb 

79. The third cai^ of the operation of Division is that in 
"whicli the divisor and the dividendcontainniore terms than 
one. The operation is conducted in the following way : 

/ Arrange the divisor and dividend according to the 

powers of some one sjrmbol, and place them in the 
same line as in the process of Long Division in 
' Arithmetic. 

Divide the first term of the dividend by the first term 
of the divisor. 

Set dowii the result as the first term of the quotient. 

Multiply all ^e t«srms of the divisor by tiie first term 
of the quotient. 

• Snbtriit the reittltiiig pwdnet fawi tlit difli^ If 



^ere be a remaindei^considtf it as a iMio d/voidrnd^ 
and proceed as before. 



DIVISION. 



%i 



a*—ab 



p . . -'^-— ■ — — 

The process will best be tinderetood by a careful stuclv ot 
thefollbwingBxaniples: 

(l)Diyid'ea«+2a6-J^^a+ft. (2)Dividea«-2a6+ft«by»~6. 

.|^-:'-;;^' -■■ ^ '--^ «y-y« -' 

<4y Divide a^-4a%!«+4aV-a« by ufi-iO^, 

<B) Divide ary + aP + y» ^ 1 by y + « - 1, 
jArnaiging the dtvisor and dividend hj deLnding powm 

■^+«y*+2sBy+y»-l 



TT- 



— c : 



«f+»»-y 
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bivmoN. 



80. , We mtist now direct the attention of the student. to 
two points of great importance in Division. 

I, The dividend and^divisor must be arranged accord- 
ing to the order of the powers of on&of the symbols 
involved in them. Thiftorder'may beoMendinflf or 
immdmg. In flie Examples given abtive^we have 
taken the descending order, and on the Examples 
worked out in the next .Article we shalji take an 
amending order of arrangement. 

IL In each remainder the terms must? be amnged in 
the same order, ascending or descending, as thait in 
• whkh the dividend is arranged at first. 

81, To divide (1) l-*»by »»+(B«+as+l, 

arrange the dividend' and divisor by ascending pow^nof x, 
thus : > 

•< ^ ^, 

. -x-sc'-^a^-as' ' . • 

(2) 48»*+6-8Ba5»+68!»^-70a?-23«by6x»--5»+2-.7as», 
-Rnange the^dividend and divisor by ascending -powers of a^ 
thus : y 

a-6» +^ - 7a^; 6 - 23a5 + 48»^ - 70a!^ + 6^ - 3fias^ (3 - 4» + Bac" 
g-15a;j-18g*-21a^ 

-8a5+30x*-49x»+68tf* 
• -8{84'2(te'-24g»-t-28a^ , 

10as>-25x»+30a!*-36«# 
1ip!B«-2B«!"+30««*-3Bfl^ 



i'l 



. Divide 
t. a«+16«+B0b/«+ia 
2. a5*-l7«+70by«*7. 
J. a^fHg~iaby«^3. 



ExAH«a^.-:dv. 



5. 85^+ 13aj«+64»+72 by «+4| 

6. ai^+»*-«-lby«+l. 

7. #+2«^-i"lto+ll>y«-»-l. 



9. rf»-4«»+8«*+4a:+lbyi^~a»'^l. 
l<v V - V 4^ Cas* r 4flj + 1 by aB« - aa^+ L 



DIVISIOI^. 



39 




ll,.a*-aB«+48-l byx^+a;-!. 12. a;*.- 4*2 + 8a; +16 by x + 2. 
13. »»+4fl?y + 3xy« + 12i/3bya;+4y; 
X 14. 0^+4a56+6a2l^+4a6'+6*bya+6. ' / ., 

15. a» - 5a*6 + lOa'fta - 10a»6» + 5a6* - 6* by a -iT 

16. *♦ - 12x'4- BQa?^ 84a! + 46 by as* -6x + 9. 

17. al* - 4a<6 + ^^ + 4a'6' - 17ai* - 12&6 by a« - Sob - 36*. 

1 8. 40^ - 12aV+ 13aV -^Ba'x + ft^'yby 2aflB» - 3a^ + a«. 

19. jB*-ac^+2x-l l>y'a*+»-l*; . .r/: ''i''^l:\.i.X.. ii 
2aa*+a%'-2a«bya!?+2a«. 2j. aif-^byaj-^tf. 
ar. «»*- ISosy - 30y« by » ^ 15y. 24. o» - J* + 26<>- c»by a - 6 -»- c 
22.V+y»by«+y. 25. 6-36«+36»-&»by t-L 

26. a^-J^-e^+iP-SCod-ftc) bya+6-c^d. 
27. !«!»+y*+a»-3xy» by «+y +».„ "^28. s»»*+jf»« by a^+jf*. 
- 29- l»'+P2+2j^-%' + 73r-3r«byp-g+ar. 

'^ 3a o«+a«6» + a*6* +»*&• + 6^ by a*+a«6+a*6«+o6»-f 6*r 
• 31. aiS+aSV+ajy +aiV+3^ V »*-W+»¥--«^ + 
32. 4B^-a? + 4a;by2K»+3a;+2. 33. a* - 243 by a - 3. 
34. JfeW-fcbyJb>-l. 35. a:»-5a^-46x-40by4H-4. 

' 36. 48x»-76aai»-64<»*aj + 105a»by2a;-3a. I . 
v_ 37r, i8«»-45»»+*82a*%67as+40by3as«T4a+R. .v 

3$, 16«»-72a%5^+81a*by2«-3<». ". 

39.'81«»-256a*by3aj+4a. 41. aj'+2aa5«-a%-2a»by 3B«-a». 
40. 2a»+3a«6-2a6>-363bya«-6«. 42.a*-ft«6»-126*byo»+ai»«. 

43. a#-aa^-e^-!(fbya!«+3«+y. , 

44. *• - «^ + 9a^« - V by «« - Sojy + »|^. 

45. aJ*-81y*by»-%. 47,^81a*-166«by3a+«&, 

46. a»-l^by«-2^ 48. 16«*-81y< by 2« + 3i^i 
49. )fc^+8a6+4J*+10ac+.€l&c + 3c'bya.+ 26+3c ^i 
fa <^+4aV+l6x*byo» + 2^+4a59. ' ;- , 



.< 



si mt« 4- lto»y* 4- y* by ie«* + 4iy + y. 

$3. V + i*f * «V + "^ *-,**»' "^i^ ^^f + » -^fi 



liiiyiii-ilrr-" iiiwin. irti vmr^,-i>...*^-^ awm 




I>IViSIONi* 



S4. aa!»+3aW-2a«a;-2rt4bya;-a» 55. a'-a^bya-i^a. 

56. 2a;« + asy - 3y» - 4ya - a» - a« by 23;^+ 3j( + ». 

57. 9a;+3!B*+14B8+2>y l + Sas^-o*/ ' 

58. 12-3&B+82«»-112»8+10QjB«-70»6by 7a»-6x + a. 
59- «* + y* by ac* - «3y + a;V -bj/? + y4. 

60. (a^+6V»)-(a262+a;V)byaa;+6y+a6+ay. 

6i. 06 («;2 + y8)+ 2^(^8^.52) i^^+j^ ^ ; 

y 62. «*+(26»~aV+6* by a;«+a« + 6«. ' ^- ; * 

,82. The process may in some cases be shortened W^e use 
of brackets, as in the following Example. 

ocx+o&e - 

«i«B+a6c * , • 

- na;2 + ma: - 1 (a^ - (m - 1) a;8 






'^■. 



-(«i--l)aj*+na» 
~(m~l)a^ + (m- 1) sfi 



-<f»-l) a;?+fnaj 
.^ *(»»-l)«*+(m~l)« 
Z-l' ^ 

Divide ^ Examples.--^ 

1. ««-(a^-6-i5)a:»-(6_c)aar+6cbyfl;»-aa:+ft 

(r+m-dm)a;»+(cr+dn)i+<irby««..^ , 

4' g* -f (6 +a) g» ^ (4 - 5a t6)^,^4 r i + R fr) a? f 46 by rt> *+ fa ~ A. 
5. «'-(«+6 + c+d)a*+(ai^ac7ai+6cVM+c^ — -fw 



r'J 



/■ 



f..X 



S% ; tuvisioN, 



^ 



83. The fol]|iwiBg Examples in ^^Hifdision are of great 
importance. 



MA- 

Divisor. , 



DliriDBND. 



Quotient. 
«*-a5y+y* 



84. Again, if we arrange two series of binomials consisting 
respectively .of the sum and thci difference of ascending powers 
of a and «, thus ;' » A\ 

X fy,a^+y\ii^+f,a^+y*,ifi+y^,9fi+T/^, and e(p on, 
^ x-y, o?-y\ v?-y\ jb*-^/*, 9fi^y^, afi-f, and so on, 

«+y will divide the odd terms in the upper line, i 

and the even ....;. in the lower .*.... ' . 

ai -y will divide all the terms in the lower, 
^ , but non$ in the upper. 

)r we may put it thus : 

Hn stand for any whole number, 
;^af-t:y"isdivisibleby x+y whennisodd, ^ 



( 



>),'. 



by af-y never ;\ 

af - y? IS divisible by « + y when n(is even„ 
by «-y always. 



Also, it is to be observed that when the divisor is «~y all 
^he terms of the quotient are poeitiWi and when the divisor is 
!+y, the termij-of the quotient are alternately positive and 
negative. 

4 • 



gy+y^ 



«a^~a!^+a;«y«-gV+a Y~fl?|»'-i^^, 






»y-«y+xy«-^. 



4* 



Dtvisroj^. 



-mi*m 



^^86. These properties may be easily remembered by taking 
the four amplest cases, thus, «+y, «-y, »a+y>, «j«-y«, of 
which • -^ ■ 

the first is diyisible by «+y, 

^ , ' third neither^ 

' „ ^wth ..„.*^*,„„.., both. 

Again, since theaej^pOTlies are true for all values of mam 
If, suppose y=l, then w6 shall have, ' 



•«+l, 



A]m> 






/ 



^ • ( EXAMPLES.-~XVL 

Without going through the process of Division writG do^vll| 
the quotients in the following cases : 

1. When the divisor is m+nj and the dividend^ arel 
respectively 

«'-n^, TO»+n», m»+n», TO«-n«, f»»+n». 

^ X When the divisor is i»-n, an4 the dividends an 
iMpectively 

«** - n«, »» - n», m* ~ n*, m« - n«, m' - n^ 

3. When the divisor is o + l, and the dividends arsl 
lespectively, ^ 

^ »*-l,a'+l, 0^+1, 0^+1, a»-l. 

4* When t he divis or iff y -^1, H u d the dividandg aro 

lospectively 



m--': 



alues of s and 



v. OV THE RESOLUTION OtraiPRES- 
I SIONS INTO FACTORS. 



lapter 



lividende are] 



86. Wb„ shall discufls in this Chap^ an operation which 
is the opposite of that which we call Multiplication. In Mul- 

I tiplication we determine the product of two given fEictors : in 
I the operation of which we have now to treat the product-it 
i given and the factors have to be found. 

87. For the resolution, as it is called, %t a product into its 
component factors no rule can be given which shall be applio- 
abU to all <i!ases, but it is not difficult to exphun the process 

I in certain simple cases^ We e^l take these cases separately. 

88., Case I. The simplest xsase for resolution la that in 
[which all the terms of an ezpresfflon have one common factor. 
This &ctor can be seen by inspection in most cases, and thoe- 
fore the other factor may be at once determined. 

ThoB a^+ab'^a{a+b), . 

2a»+4a«+8a«2a(a^+2a + 4), , 

•a^ - 18aV + 64iBy =9a!y (x^ - 2ay + 6), 



lividends are 



Examples.— xviL 



Besolve into factors : 
I. 6a?-15aK. 

3. hf^l4y+r,l 



5- 






7' ^V + 108a«6^ - 243a»6«». 
4. 4»^-.iaa?|f«+&Bj». 8^'^Wf»-90xV-360a<^. 



<,'Jf\ , 
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^BSOWnoi/ INTO PAcrons, 



89. Case 1 1. The next case in point of simplicity is that 
' in which four terms can be so arranged, that the first two have 
a common factor and the last two have a common factor. 
Thus ^ ^ " 'j,: 

' -0:. , ■■« (x+a) + 6 (aj+a) 

. :-(a;+6)(«+a). v 

■ A^jam ■ ■■■■ _ ,^ 

a«-ai--6o+6d»(ac-ai)-(5c-6d) 

•«a (c-d)-5(c-(i) • • 



l.i 



I 






EXAMPLKS.— xviii. 
Eesolve into factors : 
I. aB'-oaB-6a; + a&. 



2. 

J. 

4-. 



> 



6c + ?>y-cy-y*. 



abx - dby + cdx - cdy. 



5- 
6. 

7. cdx^+dmxy-enxy-mny^ 

8. aftco! - 62(faj *- acdy + hdhf. 



00. B^ore reading the Articles that follow the student is 
advised to turn back to Art 66, and to observe the panner in 
which the operation of multiplying a binomial by a binomial 
produces a trinomial in the Examples there given. He will 
then be^prapared to expect t hat in certain cases a trviwmial 
w>n he r^wed iiUo two binomMi factors, examples of which we 
shall now give. 

91. Case I IX, To find the factors of 

a^+7a;-i-12r. 
Our object is to iSnd two numbers whose product is 12, 

and whose sum is 7« 
These will evidently be 4 and 3, 

.*. as* + 7a; + 12 = (as + 4) (» + 3). 
Again, to find the fitctok of 

Our ob|ect is to %d two niiinbe» whose pzo^net is 6S^, 

These vM dearly be 36 and 25, 

., ««^-5te;+9i*==(aj + 36)(x + 2fe). 



^ESOLUTIOfr INTO J^ACTCRS. 
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V 


EXAMPI-ES 


•— xlx. 


Jftcsolye into fifictors : * 




I» 


aj'+llaj+SO. V 9. 


y*+19ny+48n\ ;, 


i. 


aj'+lVaj+eO. 10. 


•|f+29pa!-f-100p«. 


3- 


y»+l5^p^a2. . II. 


a!*+6fl?+6; 


4. 


y«+21y+Uo\ 12. 


a«+4a^+a >i . 


5- 


m*+36TO+300,\ 13. 


a!«y«+18«y+32. 


- 6. 


m"+23w+102. V 14./ 


a^+7«V+12, 


7. 


o*+9flft+86*. 15. 


«»»»+10m«+ia 


8. 


a!«+13nMp^t36m^ 16. 


»»+^7n2 + 1402«. 



93. Case IV. To find the factors of 

a^-9a;+2a •*■ 

^^^bjeet is to find two negatim terms who^|>rbduct fs-^ 

^ and wbipwjttuais -*9. 

These will clearly be -5 and -4, 

• /. a? - 9a; + 20= (» - 5)^ - 4). 



EiAMFLES,-— X3C. 
Besolve into factors : 
I. a?-^*Ix+l(X, 
3. a?-29«+19a 
y«-23y + 13a, 
y*-302/f200. 
n*-43»+460. 



3- 
4- 
5. 



6, 

7. 
8. 

9-. 



»*-67it+5<l. 

a«6«-27o6+2a 
6*c«-116«c»+30. 



p. «*y%*-13ajy8+22. 



(92. 



.•* 



Case Y. To find the factors of 
a!^+6a!-84.^ 
object fe to find two terms, one positive and one negativQb 
ioseprodactis -84,andwhoseflumi8 6. " 

we cleaSiylf^itod - 7, ~~ ■ — - 

.*. aj« + 5a; - 84 = (a? + 12) (a; - TV, 



A 



'fi •■■■' t %tf( 
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RESOLVnOM INTO FACTORS, 



EXAMPLKS.— XXL 




Besolve into factois : ; 


• ;, 


K aj«+7a:-ea 6. i»+26ft-16a 




a. «« + 12x^46. / 7. i^-K3a<«-4. 




3. o«+iio-isi. ^ «. «y+axy-i6C 




4. o^+13a-l^ V m»+16m»- lOa 


n . 


5. 6»+136-300. la i^-|.17»-39a 


# 



94 Case YI. To fix|d the fiicton ft 



t"*!. 



Our object is to find two terms, one positive and one negatli 
whp«»>- product is -28, and whose biuu ia -3> 

Those vdll clearly be 4 and -" 7/ . ' -^ 



u . 



EXAMPtSSf-X*|l. 

Resolfe into fieustoit : 



%t% 



I. 
a. 

4- 
5- 







61 



AP-a4ecl-18QL* 



7. 

a. 



05. Thfi results of Ihe fsstsft preceding articles maj be ^1 
atalad^ in general terpis : a trinomial of one of tiie 

#-f:^a« + 5, ae* - a« -1^, ap* #a« - 1^ 1^ -«» - 1^ 

may be resolved into tvro simple factoif^ When ft lian be 
solved into two f<\cton, snoh that thei)r snm, in the ini 
forms, or their diiTerenoe, in the last two faai% ia M|Mi1 Id < 



*fc ^ — ' — !BM^^— -.*L » ^1 ■■■■ ■■■ I ■■ * ii I 

VOW TTvwiaii now giTo Bii 
the resolution into factors of expressions which come 
one or other of the cases already expUdued. 



JtJSSOLUTIOI^ INTO FACTORS, 



\ 



41^ 



BesdlTB ittlo focfcois: 



-xxiil. 



y 

5- 



S» a^+mx + nsc+mn, 

^ ^-4y»+3. 

la a^-a&c-cxy+oSc. 

It. a?+(a-6)»-aft. 

14. 4!B«-28aBy+48y*. 



97.. We luKfe Mid, Art 45, tbat when a number is mnlti- 
l»f itself tlm jceBolt is, called At Square of the number, ' 
tint the %iiie 8 placed OTer a; number on the light hand 
I that the number is multipli^ by itself. 

Thoa «^ la called the aqnaie of a> 
(s-fyis called the aqnaie of s-y. 

Hie Square Root of a giveir number is that number 
^hoae atpue ia equal to the given number. 

^Hhm thft ifiian not of 40 || 7, because the square of 7 

1 80 iibo tiw iqiiare root of a^ is a, because the square ol a is 
bandtiiAaqaaraioot of (■*f)' is SB- y, because the square' 
l-yia(«-yj». "^ 

aymiiml \/ jiMcoiL httan a number denotos that the 
root of that number ia to be taken : thus V^ ^ i^ad 

[Ht«$^ The aquaie root af s poeitiTe quantity ihay be either 
or BegatiYe. For 

liaee • multiplied by a gives as a result a", 
and ~« multiplied by -^ a gives as a result a*, 

ftom our definition of k Square Rooty that either a 

aqaare toot of o*. 



It thrwB^^ut tiiia chapter we diall take only H^potitiv 
tue of the aquam loot. 



r 



48 RESOLUTION INTO FACTORS, 

©8. We may now take the case of Trinomiala which are 
ftifw^ 9quare$, which are really isicluded in the cases dis- 
cuBsed in Arts. 91, 92, but which, from the importance they 
asBiune in a later part of onr subject, demand a separate- con- 
sideral^on. 



90. Case yil. To find the factors of 

i^+12a;+36. ' 

Seeking for tiie fiustors according to the hints given in Art 
01, we find them to be as +6 and x+ 6. '*---^- - - --— ^^^^^- 



J 



Beeolve into '&ctoi8 : 
1. a^+18x+81. 

% a^-i-sex+ied. 

4* f'-fay+l. 

5. iP-h 9001+ 1000a 



rr.-- — ■ 



^ ac*+l4a''+49. 7l 

7. a^+lOajy + 28^, , 

8. TO*+16m*n«+e4rt\ 

9. a^+24a!»+144. 
tp. «V-162aBy + 6561» 



't 



lOa Case VIII. To find the factors of ., 

agpT-12sB+36. 

Seeking for the &ctor8 according to the hints giyeii ift Art 
I, we find them to be x - 6 and 2-6. 

Thai i% «>- lte-i-36-«(s<- 6)>. 



Examples.— zxv. 

Beeolve into factors : ' 

I. X*- 8k 4- 16. a. J^-88»+19e. j. flB*-3(te+324. 

4. f>>40y+4 fla 5 . i^~1 0aL±2fi(X). ^ ^ -^ Jifl ^+tj il . 

7. a^-SOapy+SSSy*. 8. «i«-32m>^H266t»«. 

9. #-M«»+3Cll. ' 



HESOLUTION' Jlsn-0 FACTORS. 



101. Ca||p IX. We now proceed to the most importMit 
case of Resolution into Factors, namely, that in which the ex- 
pression to be resolved can be put in the foim of iiwo tq^amm 
\vyi^ a negpdive sign between them, * -. 



Sinee 



m^-n^i 



-■{m-\-fl){m-n)f 

Iwe can exjxress the difference between the sqnaies of two 
■quantities by the product of two factors, determined by the 
[following method : > . , 

Take the square root of the first quantity, and the aqiiare 

root of the secon^ quantity. , 
The sum of the results will form the first factor. 
, The (difference oLthe r^esulta will form the second &ctcii; 

For example, ^wBmkh^ be the given ei|>zeBsioik 



The sqU{ 



Fof o' 



ISO. 



The square root of 6^ is 6. 

The sum of the results is a +6. 

The difference of the resldts is a- 8t. 

The factors will therefore be a + & and a-h^ 
liatis, li«-63«(a + 6)(a-6). 

102. The same method holds good with nspect to 
juiid quantities. . 

Thus, let a' - (6 - c)' be the given expresdon. 
The square root of the first term is ck 
Tiie square root of the second term iB 6-& 
The sum of the results is a + 6 - c^ 
The difference of the results Ib a — 6 + a. 
, •.*. o"~(6-c)««(a + 6-c)(<i-6 + c). 

Agjun, let (a - 6)« ~ (o - d)^ be the given expretaioii. 
The square root of the first term is rt-fc. 

The square root of the second term ii o—dL 
The sum of the rcsultB k ct - ■ 6 + c -^^ 



$*i= 

'■'# 



The difference of the results is a - 6 ~ e -f cL 



'4 



ff I 



so 



RESOLUTION INTO FACTOHSJ 



103. The terms of an expression may often be arranged 
§p as- to form two. squates with the negative sign 'between 
them, aiid then the expression can be resolve^ into factois. ' 

' .: ,: |. -(a+6)3-(c-d)'". ': " 

Ex AMPLKS.— XXVi. 



Besolve into tinfo or more factors : 
I. x^-yK ; 2. »'-9. 

4. a^«*J 5. »"-l. 

7. «8-l. ' 8. wi<-16. 

10. 81«V - 121aV. 1 1^ (a - 6)> - c*. 

i> («+6)»-(c + d)V 

14. (a8+y)»~(aj-y)". 

15. !B2-2xy + y'-a*. 



^'<t' 



6. JB^-l. • 

■ 9. 36y»-4a8«. 
12. «"-(»» -n)*. 
«4.'l2ajy - ^ - y« + 1. ^, ; 

25. a;«-2y!-y*~s;«. 

26. «»-<&*- 9c«+lW^ 

27. a*-166». ' 

28. l-49c». 
29? a«+6»-c'-<P-2a6-2c«t 

19. 2xy+JB'+y'-8i'. 30. a>-6»+c»-(P-2ac + 2W. 

, 20. fTOn~i»'-n*+ft*+6'-aa6. 31. 3aV-27a«. 

2j. (aa! + 6y)'-l. ** 32. a^lfi-ifi. 

X, 32. (w+\/-(a«^6y)». . -^3. (5«-2)»~(«-4)». 

23. l-a»-58 + 2a6. . 34- ('7a;+4y)*-(2<»'+3y)«. 

. ,35. (75.3)«-(247)» 

104. Case X. Sinoe 



16. (a-6)«~(m + »)». 
w !7Jo'-2oc + c«-6*-2M-<P. 
n 18. 26<;-6«-^«+o«. ' 



Trrrr 



1»"-W 



we know the following important facts : 




X)WTI0N IN^TO /^ACTORS. 



St 



; (1) The wwt of the cu6e»< of two munben is divisible by 
the, «ttm of the numbers : '- . ' > , 

(2). The diff^mu betw^een the cuSm of two nlunbera li 
divisible by the differenct between. the numbers. / * 

Hence we may resolve into factors expressions in the form 
of the sum or differonce of the cubes of two numbers. 
.IThite a:'+27=a5?+3»=(» + 3)(a;»-3a:+9) 






- V 



£xAmI>les.— xxvii. 

Ezpreas in factors the following expressions: . 

J. a»+6». • 2. o*-6». ^ ' 3. a»-8. 4. «»+343. 

5. 6» - 125. 6. «».+ G4^. 7. a»w 216. ^ 8, 8«» + 27^. 
9. 64a?»-1000W. la 729x» + 512y». 

Express in /mr factors each of the followi|ig expression? :'^ 
ii.vfi-f.^ 12. a5»-l. ,13. a«-.W, 14. 7^ -y. 



106^ Before we proceed \> describe oth^r prqcefBscs in 
Algebra, we shall- giv6 a seriei of example^ iii illustration lit'f^ 
the principles already, laid down. -^ \ ^ ",- 

The student will find it of advantage to work e\^Biy exaiinple 
in the following series, and to accustom himself ta r^ ai|d to 
explain with facility those exampl^ in which ill^MJ^ons aija. \ 
given of whafrmay be call^ the ^t-luind.nuthf$.%t ^^iwm% 
' Arithmetical calculation^ by the symbol|t>f AlgdiniL 

nEXAMPL^S.--X36»4lL # ' 

of a and o. I , .t"?^^ 



I. 

3. 

4-: 



■l)U7€tl| 



Express the sum 

Interpret the expression Ik - & + c * .* '^\jf' 

How do you exprevs tlie double wf apt, ^ / *** 

By how much is a greater than 51' 

It « W a whole number, what is U^^j^njjjmlwt ttell 




:i 



■■iQM^ ■ 



X^ 



6. Write fiv« numbers in order of radgnitttde, so that • " 
■hall be the third of the fiva , 



S2 



kESOlUTjdH INtO FACTORS. 



i. ^ If jtt be multiplied into zero, what is the result? ^ 
%, If ^ero be divided by x, what is the result ? • 
9. Whiat is the sum of a + a + rt ... written d times? >. 

10. If the product be ac and the multiplier a, what is the 
multiplicand? . . , ' 

1 1. What number ta^:«hfrom>^ves y as a remainder ? 

12. -4 is ai yews ojld, and J5 is y years old j , how old was A 
when ^ was born ? 

13. A mtpjr works every day on week-days for x weeks in 
the year, and duriijg the remaining weeks in the year he does 
not work at all. During how many days (foes he res(t ? « ■ 

14. There are a; boats in a race. Five are bumped. How 

jmany row over the course ? 

« r ■ ■•;•.■ 

15. A mfcrchant begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at 
the end of Ei years 1, ' * - 

16. A and B sit down to play at cards. A has x slifllings 
and B y shillings at first. A wins 6 shillings. How muth has 
each when they cease to play ? 

1 7. There are 5 brothers in a family. The age of the eldest 
;i8 a; years. Each brother is 2 years younger than the one next 

above him in age. How old is the youngest? 

18. I travel x hours at thenUe of y milcis an hour. How 
many miles do I travel ? ( 

19. From a rod 12 inches long I cut off aJ inches, arid then 
I cut off y inch(» of the remainder. How many inches are 
left? . ' . • ' 

^20. If n men can dig a piece of ground in q hours, how 
many hpurs will oiie man take to dig it ? 

21. By how much does 25 exceed X ? 

22. By how much does y exceed 26 ?" * ' ^ •- 

23. If a product has 2m repeated 8 times as a faelor, huw 
do you expreqajbhe product ? - ■ 



24. By how muob does a + 26 exceed a - 26 ? 

25. A girl is X yean of age, how old was i^lie 5 joiirs sinoe ? 



RMSOLVTIOHINTO FACTORS, 



$$ 



' 26. A boy is y years of age, bow old ipll be be 7 years 
bence? ^ 

27. Express tbe difference between tbe squares oi two 
numbers. ; 

28. Express tbe product arising from, tbe multiplication of 
tbe sum of two numbers into tbe difference between tbe soma 
nuriibers. . . , 

■ 29. Wbat value of x vnXL make Sas equal to 16 ? 

30. Wbat value of « will make 2&i; equal to 56 ? 



31.. Wbat.value of x ^vtdll mlake -= equal to 4 ? 

32. Wbat value of su will make as + 2 equal to 9 ? 

33. What vaf ue of x will make « »- 7 equal" to . 16 f 
^ , What value of x will )nake a^+ d equa^ to 34 ? 
35i Wbat value of x will inake aj*~ 6 equal to 92 1 



EXAMPLES.-— XXlx. 

Explain tbe operatioiis, symbolized in tiie following expics* 
nous: > ^ :• ^ 

i. 0+6. 2. a"-J«. 3. 4a«+6». 4. 4(a* + 6«). 

J. a' -26+ 3c. 6. o+mx6-c. 7. (a+TO)(6-c). %.' JoF.' 
9. Va^+y*. " Id a+2(3-c), ' ii. <o+2)(3-c). 



la: 



, a»+6« 



?3. 



vft 



x-y 



14. 



/ !-• . 

vaj+y 



EXAMPLES.--X±X, * 

If a stands Br 6, 6 for 5, x for 4, and y foi 3, tnd the value 
of tbe foUpwing expressions : , » 

1. a+aj-6-y. 2. (i+y-fc-^as. • 3, 3a+4y-ft-2« 

4- 3(« + 6)-2(3B-y). 5. (o+a!)(6-y). 4 2o + 3(.v + y). 

;. ft * I y . 






8. lei-f aas+y. 
U. a*(»+|i). 



' a -SB 
12. 4iy{b-^itf^ 



5r 



RESOtUTWI^ INTO FACTORS. 



1$. ab{x-y)*. < 14. V6&. . 15- a^. 

cfi+l^+y 



20. 



21. 3a+(2aj-y)^. 



22. {a-(6-y)|{a-(a;-y)|. 24. 3(a+6-y)5+4/tt+ar)^ 

23. (a-6-y)«+(a-»+y)«.' 25. 3(a-6)>+(4a!-v*>'. 



1. 'Find the value of 
, >. 3a6c-a*+6* + c», whena=3, 6?=2, c=l. 

2. Find the value of *^ 
a^+i^-tfi + Zxyz, when 35=3, y=»2, S!=5» 

3. Suhtract a' + c* from (a+cf. ♦ / 

4. Subtract (as - y)* fiomia^ + y". 

5« Find the coefficient of x in the expression 

(a + 6)2a!-(a + 6a;)« 

6. F^d the continued product of 
2a! - m, 2a; + n, X + 2m, x-2n. r 

7. Diviae . f V 
ocf* + (6c+ a<Or* + (M + a«)r + 6e by ar + 6 ; 

and test jour result by putting * 

a^"&«:c=<2»«=»l, and r»10« 

8. Obtalli the product of the four factors 

\ (o+6+c), (5 + c-a), (c+a-^), (a + 6-c). 

;>^ >, What does this become when c is zero; when b + c^a; 

^,^^heiio«5»«fl? -.,.• 

Find the value of 

(a+6)(6+c)-(c+d)(<l+o)-(a+c)(6-d), 
where 5 is equal to d - 

la Find ^Jte^ value of 

3o+(26--c«)+jc«-(2a + 36)} + |3c-(2a+36)j«, 
when a«0, 6^2, c»4. 



•. ^ 



*-■ 



RESOLUTION' rmro factors. 
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11. If a-1, 6=2, c=3, fZ=4, shew that the numerical 
-values are Cijual of ^ • . 

' |i_(c_6+a)n(i+c)-(6+a)|-, / • 

and of ' i2-(c?+62) + a2 + 2(6c-ad). : 

12. Bracket together the different powers of a^ in the follow- 
ing expressions : ' 

' (a) aa?+ 5a? +<»+<&. 
. \ (/3) aar»-6sB»-C!B2-dic«4-2ap». . 

(7) 4a;' - aa^ - 3a;2 - Jx* - 5x - (jtRi 
- (8) (a+»)>-(6-a!)«. - ' ^ 

(e) (97ia*+ga + l)^-(wa!*+3a5+l)*. ' 

13. Multiply the three fectors a;- a, x-6, as-c tog^the^' 
and arrange the product according to descending powers of «. . 

44. Find the continued product of (as -^a){x + h) {x + c). 

15. Find the cuhe of a+S-l^cj tiience without fuither 
multiplication the cubes oi a+b-e; h + c-a; c + a-b; and 
subtract the sum of these three ciibes from the first. . ' 

^6. Fmdthdproductof (3a+26)(3a+2c-36). andtestthe 
resMt by making a=l,6=c=J. • 

17. H|[jd,thi« continued product of 

. a-a;, a+aj, o'+a^a*+«*, o*+aA 

18. Subtract ^ - a) (c - (1) from (ft -b){c-d). 

What is the value of the result when aa>2& and d=2e1 

"19. Add together (6 + y) (o + a;), ix - y, oos -iy, lUid a{z + y). 

>2a What value of x will makd the differen<k) betwe^i 
(« + 1) (x + 2) aiia (oj - 1) (« - 2) equal to 54 ? ■ 

i I. Add together ox - &y, x - y, x(x - y), and (a - x) (ft - y)^ 

22, What value of x will make the difference between 
(2»+^(3x+4)and(3«-2)(2te-8) e^ual to del 

23. Add together . : ', 

. 2mp;^3fty, g-t-y, 4(w-l'tt)(g-y), ind inx^wf* ' 



24. Prove that 

(x+y+«!)'+»*+y'+a*=(x+y)«+(y+«)«+(x+«)*. 



%r' 



!W 



RESOLUTION TN^TO FACTORS. 



25. Find the product of (2a + 36) (2a + 3c - 26), and test the 
TCBult by making a= 1, 6=4, c=2. 

26. If a, 6, c, rf, « ... denote 9, 7, 6, 3, 1, fina the values of 
^2=^; (66-a(f)(6d-ce); ^^; andi*-d«» • 

\VJ. Find^he value of 

3a66 - a^ + 6» + «5* when a = 0, 5 =i 2, c«- 1 

28. Find the value of 

2a6' c* 
. 3a*+-^ — pwhena=4, 6=1, c=2. 

29. Find the value of 



f 



J 
J 



J 



(a-6-c)2+(6-a-c)2+(c~a-6)«whena«1^6=2,d^a. 

30. Find the value of 

(a + 6~c)»-|-(a-6 + c)2 + (A + c-a)2 when a=l, 6=2, c=4 

31. Find the value of 

(a+6)» + (6 + c)* + (c + a)« when «« - 1, 6=2, c- -i . 

32. Shew that if the sum of any two numbers divide th© 
difference of their squares, the quotient 19 equal to the differ^ 
ence of the two numbers. . • 

33. Shew that the product of the sum and difference of «ny 
two numbers is equal to the difference of their squares. 

34. Shew that the square of the sum of any two consecu- 
tive integers is always greater by one than, four times their 
product . - 

35. Shew that the square of the sum of any two consecutive 
.even whole numbers is four times the square of the odd number 

between them. . 

36. If the number 2 be divided into a^y two parts, the 
difference pf their squares will always be equal to twice the 
difference of the parte. , .„, , .. 

37. If the number 50 be divided into any two parts, tlft 
difference of their squares will always be equal to 50 times the 
difference of the parts. 

38. If a number n be divided into any two |Milt0, the 
difference of their squares will ftlWays be equal to » times the. 
difference of the parts. . 
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39. If two numbers differ by a unit, their product, together 
with the sum of their squ^es, is equal to the difference of the 
cubes of the numbers. 

40. Shew that "the sum of the cubes of any three consecu- 
tive whole numbers is divisible by three times the middle 
munber. , ? , ^ 



YI, (y S IMPLE EQUATION^, 

106. An Equation is a statement that two expressions 
are equal. ' r ^ 

107. An iDBNTrCAL Equation is a statement that two ex- 
pressions are equal for all, numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter ip every part of the equation. 

Thus, {x + af^x^ + iax+a^ 

is an Idf^ntical Equation. 

108. An Equation of Condition is a statement that two 
expressions are equal for some particular numerical value or 
values that can be given to the letters involved. 

Thus, a;+l = 6 

ris an Equation of Condition, the only nufnber which x can 
represent consistently with this equation being 5. 
It is of such equations that we have to treat. 

109. The Root 0^ Equation |s that number which, when 

! put in the place of thl unknown quantity, makes both sides of 
I the equation identical. 

110. The Solution of an Elation is the process of find- 
ing what number an unknown letter must stand for that the 
equation may be true ; in other words, it is the method of 

inudingtheRoot 

The letters that stand for unknown numbers, are usually 
«, y, «, but the student must observe that any letter may 
[stand for an unknown number. 

111. A Simple E quation jg on e which rn i i li iinu 
ftr«< power only of an unknown quantity. Thjfl^ is also called 

m Equation of the First Demee^ " ' ' * 
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ON" SIMPLE EQUATIONS. 



112. The following Axioms form the groundwork of the 
sdlution of all equations. 

Ax. I. II equal quantities be added to equal quantities, 
the sums will be equal. ' 

Thus, if 0=6, 

Ax. II. If equal quantities be taken from equal quantities, 
the remaindeis will be equah - 

Thus, if gggy. 

Ax. III. If ec[ual quantities be multiplied by equal quan- 
tities, the products will be equaL ,,. , 

Thus, if a=&, 

* ma=m5. 

Ax. IV. If equal quantities be divided by equal quantities, 
the quotients will be equal. \ * 

Thus, il flcy=aa, v r^^^^^i } ■ 

' ■ ■ ' ^ ' ■ ^^■'. .■ . 

113. On Axioms Land II. is founded a propeMf^pf'^reat 

utility in the solution of equations, caviled TnB^T|^(i^^i[fc^| iqn 
OF Tbbms from one side of the equation to the'^fi^H^^nich 
may be thus stated : '-■■''''^''^'''^ii^M''' 

" Any term of an equation may be transferred from one^^f- 
of the equation to the other if its sign he chaffed.** , " 

Forlet * x-a=b. , ^ ; 

Then, by Ax. I., if we add a to both 8id^,'thp sides rwnaiik 
equal: • * 

therefore a»--a + a=5 + a, 

that is, sc—b-^a, '■■;:;';''""' «. 

A^ain, let -y -■.--■": "■^r:.g>^c-.j^^ ,^ 

Then, by Ax. II., if we subtract c from eachmde, the sides 
■leio a in ft 






therefore 
thatis,^ 






\, 



ON SIMPLE EQX/ATroNS, 



59 




rom one 



114. We may change all the signs of each side of an equa- 
bon without altering the equality. 
Thus, if 0-05=6-0, .4 .. j. 

118. /We -may change the position of the*' two eides of the 
juatioik leaving the signs, unchanged. 
Thus thfe^equation a - 6 = x - c, may be written thus, 
a;-c=a-6. 




for tliie solution 

tight hand side 
other, and com- 
le. 



116. We may now proceed to our 
' aSimple Equation. T 

Rule I. Transpose the known t 

■ the equation and the unknown tel 

[ine all the terms on «ach side as ftCr* 

Then divide both pides of the equation by the coefficient of 
ie unknown quantity. 

This rule we shall how illustrate by examples, in which » 
inds for the unknown quantity. - 

EXi 1. To solve the equatwUf • 

Tifftn8posingtheterni^-:^ger? # ^ V' ■ -/ 

%!-^=2+fL '■■ 
Combining like terms, we get * '*' 

2a5=8. 
[Dividing both sides of this equation by 2, we get 

aj=4, 
|id the value of a; is determined. 

|£% 2. To solve the equatimj 

7a;+4=25a;-32. 
[Transposing the terms, we get 

» 705-252;= -32-4. 

[Combining like terms, we get 

-18a;=-36. 
I Changing the signs on each side, we get 

18a;=36. 







the val^e of as is determine^ 



/■ 



/ 

iv 
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Elx. 3. To toht (he equation^ 

2a; - 3a6 + 120 = 4« - to + 15a, 
that is, V , 2«-3a6-4a;+6«=132-120, 
or^ 8a5-7«=12, 

thCTefoiB, "" V 2=12. 

■■■ -^ * ' ■ 

, KX, 4. rp «o{v0 t^ eguatwn, , ^'^ 

3x+6-8(13-«)»(\ ' 



i 



that ifl, ' 

MS 

Ex. 5. 

ft 

that ii^ I ' 
or, , 

or, 

or,* ^ 

thereforo,' , 



.'^" 



aas+8a5»104-6. 



m:. 



lo so2v0 (he equation, 

6»-2(4-3a5)=7-3(l7-«X 
6aB-8+ft«!«=7-61 + 3a^ 

6as+eiB-3a5=7-61+8^ 

^ a2«-3a8*16-5l. 



\ .'"^ r 



-K r 



'^J 






.'^J 



Examples.— zxztli 



I. 7iB+6-6aB+ll» ^ 
a. 12a5+7««8as+16. ' 
3.J)3&i;4-425-97as+6Q4. 
11. 6flB-7-3»+i^. :^ ^^ 

5. ia«-9"-8»-^ir' "^ 

6..124a5 + 19^11fi!e+4l . 

7. 18-2a;»21-5x. 

8. 126 -7»= 146 -12a. 



9^ 26-8q»«80>14& 
la 133-3aB»>s-8S; 
It^ 13-3aBaOee-3. » 
ti. 1274-9k-11»4»10(I 

13. 16-<i?B-6-4fc^ 

14. 3at-8S»7»+6L 

15. 84v4«->18i«-16.> 
i6( 6c - (3ae - 7)-4aB - (te 

17. e!H|^2(9-4«) + 8(8«-7>-|0»-(4+16ir)+3lk 

18. »aB-3(C^«>+30-a t" 
1%ltr p||||Jj)lff(7 nr)^-7R:^tft ^ 
|S|«-^(l»-nfui4(«'-6)-19(8-a^-.% "^"^ 






PROBLEMS tMADiNG tO $iMPtE EQt/AtldNS. 6f 

- > >- -i '^^ - r - ' " . 

JB. («-8)0[B^-12)=0B^^l)(«-4^ . *. 

23. (»-S)(7V«)+(x-6)(«+3>-2^-l)+12==4a. 

24. (2jir-7)(x+5)=(9-2x)(4-«)+229. 

25. (7-ei)(3-2x)=(^-3)(3iBV.^ ' ^^ 

26. 14-«-6(x-3)(x^) + (6-aj)(4^6x) = 45a; 78L 

28.5(x-2)«+7(x-3)«=(3i-7)(4«-19) + 42. S " -' 
29.(aB-17>«+(4«-26)«-(5x~29)«=l. - > # 

30. (»+5)(«-»)+(«+10)(x-8)-(2x+3)(a:-7)-Uai 



■» ■i1>ni n 



I. PROBLEMS LEADING TO SIMPLE 
EQUATIONS. 

117. Whkt we l»Te a question to fesollre by means of 
Igebn, we represent the number sought by an^nknown 
-nbol,a]id then consider fn what maimer the conditions of 
qa<stkii enable oa to assert (hat, two eaqn-psdons are e^uoL 

m we obtiin an equation, and by resolving it we determine 

i value of the number sought. ^ 

The whole diffieuU^^nnected w5th the, solution of Alge- 
Problems lies m the detennination/from the conditions 
the questMm tf Urn d^erent exprOnoM having the»am$ 



|*(> e^ilain thk 1«* us take the following Problem : 

tod a numb<^ such that if 16 be added to it, twice the soia 
eqQd|^4^ ^.^-^^ ' 

jMsRlvesenttiM number; i? 

[Tliea x-h 15 will represent the number i^creoscd by ^^ 
" S(s-I> 15) will represent twice the sum. ^ . » 

'^ will repreeenttwioa the null, +'"^ ^ — 

i(«+l6)-44. v^ 

tiieiefwi tke noiiiber sought ia 7^ -^-^- -- 



*^,... 



""%.■- 



te PROBLEMS LEADING TO SIMPLE EQUATIONS, 



*» 



jr» 



^18. We shall now give a series of Easy Problems, in 

-J^hicli the conditions by which an equality between two expres- 

eions cmi be asserted may be readily seen. The student dhould 

be tlioronghly familiar with %Jd, Esunples in set J^xviii, the uat j 

. of which hQ will now find. . j ^ - - 

We shall insert some notes to explain the method of rep^ I 
flenting quantities by algebraic symbols in cases where eomtj 
difficulty may arise. /" . ^ 



>. 



f _ EXAMPLEiS.— xxxiii. 

t. To the double of a certain number I add 14 and obtain] 
M 1^ leanlt 154. ^ What is the number! 

9. To four 'times a certain number I add 16 and obtain at] 
a result 188. What k the numbeyl **^- 

3. By adding 46 to a certain number I obtain as a result »j 
number three tim^ as large as the original number. Find the] 
original number. 

4. One number is thj^e*^ times as lai^ as another. If t] 
take the smaller frcnn 16 and the greater from 30, the feniain* 
den air&equaL What are the numbers ? 

5. Divide the number 92 into four parte, such that the firstl 
is greater than the secbnd by 10, greater than the third by 16y| 
and greater than the fourth by 24. 

6. The sum of two numbers is 20, and if tliree times the I 
oraoller number be added to five times the greater, the sum iij 
84. What are ihe numbers t 

7. The joiniages of a father and his son are 80 years. If] 
tha^ageof the son were doubled he would be 10 years o]det| 
than his father. What is th6 age of each i ^ 

8. A man hm six sons, each 4 yean older than Uie one | 
next to him. iVe eldest is three times as old as the younge 
What is th*oge of each ? . . 

1^ 9. Add ;£24 to a cermih |um, and the amount will Ikb mJ 
ibuch above j£80 as the sum is below j£80. What is tlM-siimt 



' VQ» T hirty ymrdg irf d oth a n d £i) r ty ya r ds of 

eost jS66, and the silk is twice as valuable as Uie cloth. 

thi oMt of a TM A of MMlh- 



Fi 



d 14 and obtain 



6 and obtain « ] 



tQUATIONS, H PROBLEMS LEADING TO SlJitPLE ^mATIONS. ^ 

11. Find the number, the doable of whicL being added to 
24 the tesult is as much above 80 as thenuinber itself is below 

^^ '■'■■:' ■ -■ ,;.,■'■•.':■ --^^ ''■ ^ ■ *^ ■ ■*■ . 

12. Tha-sum of ^eSOO ia divided between -4, B, C7and A 
A and B have together ^Caso, A and ^£260, A and 2> X22a 
How much does each receive % 

■•'■ '\" ■ ' # 

13. In a company of 266 pereoni^ coinposed olmen, women, 

an4 children, there are twice awoiany men aS thcSe^are women, 
and twice as many women as there ai« childrexu How many 
are there of each 1 ~ * ,_^,_ii . 

14. Divide ^1620 between il, 5 and CpBo that -4 baa 4100 
less than B, and B £^10 less than 0. * 

1 5. Find two numbers, differing by 8, such Uiat four times 
the less may exceed twice t\m Ifreater by 10. . ' r 

. 16. A and B began to play with eqiial sums. A won £l^ 
and then three times ^'s monejfcwas eqiml to eleven timcaJT'a 
mofney. What had each at firet I ^^j . 

17. A is 5d years ojder tfian B^ and ^*» ago is as much 
above 60 as Bb age is below 50. Fi^d the age of each. 

18. ^ if 34 years older than B, and Ajbub mudi above 50 
as 1? is >elow 40. Find the age of each. '^** 

19. A man leaves his prdperty, amounting to jCTdOO, to bo 
divided between his wife, his two sons anjd his three daugbtcre, 
as follows : a son is to have twice as much aa ^ daughter, and 
the wife £600 more than all the fiVe childrnMHoget^ Jf»w 
ranch did each get ? ' - . ' , ' - ; v, 

2a A Teasel containing some watw was iillediip by poniw 
ing in 42 gallons, and there was then in the vespel 7 times ts 
ranch as at first How many gallooB did the ¥e«^ hold f ' 

21. Three persons, A, B, C,,have p^ S htm £IQ mot% 
lir.an A, and (7 has as much as A and B togstiier^ Bow maeli 
has each! 

aa. What two numbers are those whose difference ia 14» 
i and their sum 48 f • 

[ ^3 - A an d B p lay 6 , i c ardy- A hm £n and -B has JM 
when Uiey begin. When they cease playing, A im tiuco ltm«s 
m much as a How mmji did A wju J ' 



# ," ** 



b4 PROBLEMS LE^INCf TO SIMPLE EQUATIONS, * 



J 



Note I. If we have to express algebraically two parts into 
whicji a given number, suppose 50, is divided, and we repre- 
sent one of the parts by 05, the dther will be represented by*. 

■60-J6. ■■!" ., : . .....,---.,• .,...*&y: ..■ 

Ex, Divide 50 into two such parts that ther double of onA 
part may be three times as great as the other part 

Let X represent one of the parts, * . ^ ,. '. 

Then 60 - « wiU represent thie other part "*- 

. ' ■ » • 

1 Now tKe dofible of the fifst part will be represented by 
2a;, and three times the second part lyiU be ^presented by 
3(60-a;). ' '. ■ 

Henc© 2a! =3 (50 -a),, 

or, y I ''2a!=150-3a^ 



''§» 



S'. 



or. 



535 «= 150 J 
.-. (C=3a 



#>■*' 



Efe^cci the parts are 30 and 20. t.^' . ''• * ' 

■ ■■---■ V 

24^ Divide 84 into two such parts that three times one part 
may be eoual to four times the other. . .. ; 

2* Divide 90 into two such parts that four times one part 
piay be equal to five times the otiier. , - ~^ 

26. Divide 60 into two such parts tb^t qne part is grd^Uff 
^ than the other by 24. ., .4 ' * >i# 



■.^' 



27. Divide 84 into two sucH p^to that one part is loss than 
the other by 36. ' i * v «; 

28. Divide 20 into two such parts that If thaw times one 
pMi be added to five timeB the other part the sum may be 84. 

Note II. When we havfe to compare the ages'of two per* 
sons at one time and also son^e years after or before, we inufrt _| 
1% careful to remember that'&(^ will be so uuuiy. years oldei 
oryoungeii/ . ., - 

Thus if « be the age of ii'at Ihe. pr6sen£ tiine, and 8e 
U ie age u f B at the proBcnl lime, , 

The age of A 6 ycM^ hence will Bfe a: + 6, - 
•tid'tbe age el^l^^ears hence will be fix-fft*-^ _ 



\ 



ouble of one 
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■ •" — ■ — ■ "' ' . ■ ' '- ■ " II 

Ex. ^' is » tiJgies ito old as P, and 6 yeara hence ^ wiU 

only >e airee times as old as A Wliat aw the ages trf ^ and 
J? at the present time? - 

\- , '/ . ■-,■ 

Then 50! wiH represent the age of\4. V . ' 

Now a +(iwiU represent JB's age 6 years henca^ • 
«jd 6» 4- 6 will represent il 'sage 5 yearn henofc 



'0^.; 



:«■■ I 



f 



1^ 6 • 6aj+5-»3(a:+6), 

^^ . ,v: '■ ... ..:.\.-,. " 2a;=10; -- ,, :^ 

Hence 4 i?^ and ^'irf 5 yeSs old, ^ 

a^. A is l^ce as old as JB, and 22 years ago he was thiw 
times aft old as ^. What is ^'s age 1 w««ii» 

ja A father i^^ ; his son is 6 years old. In how mai^ 
years will the age of the father be just twice that of the son I 

^' "* 1 1^« old as*, and SO yeais since he was tiirw 
limes as old. What is Fs age I , « "««8 

-."■■.■■''" * 

32. ^ifthieetfane8asoldasJ?,andl9yea«honoehowm 
beoiOytwiceasoWasA What! is the ag/of each I 

\Jt ^T'.^^ ^^'^ Jiephews. ^ His age is 60,, and uiiM 
joint ages of the nephews ai» 42afcw long vill i^be befo^ 

I^Xr*^'"''^ ^ nephaWs WiU be ejnal to the age of tha . 

* ■ ' ■ *i , ■ 



_^NoTB IlL In problems yivolving wei^M md meaftis. 

a^r ««itt«^„g. . ^bol to^p,«.ent onTof the u^UJ 
Iquwitities, we must be carefal to express the oth<» quantities 
}M^^UmM. II1US, if .represent a nnmW of «Z^ 

the sums mvolred in the problem miu< U reduced to pmZ' 



r and ri»« 



ences, and it amoimts to ^1. le,. 8dL The number of oolni 
> /o. Howifiany am there of each sortt 



^. 
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Let a; b^lw mimber ©tfourpeoliyi piecet, 
Then 4flj is their value *r^«nc«. 
' Also 75 r- a is the nmnbei^f sixpences. 



. - And Q ([78 - a;) i^^thebr yal|e in pm^ ) 




^^ . 



c'MaojBm. 8d. 18 eqnivaSp^ to 44®^ 

icfr „ 4a5+ 

\^ or 4fl! + ^8 r^6a; =440/ 

rt% _ . ■' ■ - .vis 1 



jm.. 



i^'i4 pT^ennfviiiBcea- ' *^ 
"x^eii#8i'-''' , ; 




ifaid with gnineia and Ijalf-cipowni, 
*ian guineas w.ere used. -iBLow.niany 



^ 35. Apenoafpaid a bill qf jC3.14f. with rt^ig^ and 
^ half-criNi»8. anci gav§ 41 pieces of money altogeth^. How 
many of ifch were paid 1 ' 







V .' 



y gji A man has a sum of money amounting to ;fiXl: lS«. 4d, 
'* " isJsting only of 8hilliii|fs' and fourpenny pieces, m has in 
30Q pieces of money. How; many has he of, each sort ? ^ 

t^7. A bill of £60 is paid ^th. sovereigns and moidores 6t 

^ 1(7 fhillings each, and 3 more sovereigns than moidores are 

* ^fdreiL How fiiany of each art used 1 
.- ♦*^«» , . '. ■;■■"'■ • ■ ,' ♦ ' ■ " 

^.' .'A fW of money amounting to ;£42. St. is made up of 

_^Jing8 and half-crowns, and there are 8i;t times as many 

lialf-crowns as there aw shilliUgB. s How many are there of 

each sort! ' ' , 




39. I have j£6. lU 3d in sovereigps, shillmgs 
Ihave twice as many shillings aiad tliijee times as 
m 1 have sovereigni^i^ow many have I of 



puiice ' 



;/ 
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in. ON Tta[E METHOD OF FINDtf^S 
^ THE HIGHEST COMMON!* FACTOR^ 

i^m ''■'■'' V"'' - ' ' ' ■ 

^^119. An . expression ia said to be a Factor of another 
^^Vwpression when the latter is divisible by the former, ■*? " 

'. Thus 3a is ar factor of 12a» 
6aoy\.^.; oflSasy. 

■^ 120. An expression is said t6 be a. Common Factor at two 
^* or more othcE expressions, when iaeh of the latter is divisible' 
by the former. ' \ :■ ■ "^ '• 

* ■ ' . 

Thus 3a if a common factor of ISa and 15a, 

3icy .'., ". of Ifticy arid 2I«'y", ^^~^ 

4a .........;...; of 8e, I2z* and 1^ 

. 121. The Highest Oorm^Mn Factor af^^o or more exj^res-. 
^ous is the expression of higheit digMnnom by which each at 
the former is divisible. » 

Thus ea« is the High^t Common Factor of 12a' and 18a», 
:',^ t^ ....^..................,..............^t>f lOmflji, 16ay 

V ' ■''"' * * ^ • and25a:^ 

. Nora. That which we call the Highest Common Factor is 

inmed by others the Greatest Common'Meatwri or the -Hi^^mI 

.ommon Dwisor. Our reasons for rejecting these names will 

be given, at the end of the chapter. ', 



t* 



v^ 122. The words Highejit Odthmon Factor aro abbreviated 
thu8,H.o.F. ; '^ .^ s\. , 

123. Td teke a simple example in Arithmetic, it will 
nadily be admitted^ that the highest nuli^bef which wjUl 
divide 12, 18, and 30 is 6.# * f- ■' 

yew, . 12-8xaxi. 



». 



18.«2x3x3, 
80«2x3xft, 




■^ 
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Having thus reduced th^ iumbera to their nm^Uist facton, 
it appears that we may determine the Highest Common l^actor 
in the following way. \, 

Set down the factors of 6n.e of Uie numbers in any order. 

Place beneath them the factors of the second number, i% 
such ord^ that factors Uk« any efthote of ih« first nvmber shcS 
9!tand uvMrf tKo»s.factora, / '' ^ 

Bo Jbhe same lb( the third number. 

Then the number of vertical columns in which the ntunben 
are alike will bo the number of factors in the H.O.F., and if 
we multiply the figures at the head of those columns together 
the result will be the h.cf. required. 

Thus in%he example given above two vertical columns arci 
alike, and therefore there are two factors ms^e h.o.f. 

And the numbers 8 an3 3 whidli stj^nd m the heads i^ 
those columns being nmhipUed together will give the H.o.t/ 
of 1^ 18, and 30. 

184. Ex. I. To^d t^e H.aF.^f a'Wc and a'6W. ' ' 
• .•. n.o.r.'mtiuMm 

* ■ 

iCZ. 2. To find the h.cf. of 34a*6Vjiid 61a>McP. 
34a%"c* » 2 X 11^ X aa . Nw6& . ceoo^' 
. 61a%V>°3y 17 xooa. ^666 .co| 
.*. h.o»f. — 17oo6666cc 
V «17o'*«A * 



m 



EXAMPLESa—XXXiV. 

1 

Find UiA Higjieat €k>mmon Factor of 



,.^7 



■i' 



9, «yi>|md a|>yM, 



4, 45m*n^ and eOm*!^. 



'-» 



amns M6 



\ 



mGimST COMMON FACTOR, 



5. i8a5Vi and 36a^(2>. 
'6. a»5«, a«6»-and a<ft«. 
jr. 4a&, lOao and 3O&0. 



8. 17p2«, 34p«g and 61jbV« 

9. 8ajy8«, 12a^V imd 20ajV^ 
10. 30xV, QOaV and 120aV. 

126. The student must be urged to commit to memory tho 
foUowing Table of forms which can or cannot be resolved into 
factors. Where a blank occurs after the sign ■- it signifiea 
that the form on the left hand cannot be resolved into simpler 
factow. 



«'+y'-(«+y)(a;*-a!y+y^ 

«»H^2ajy+y«-i(i8+y)i 
a!3-2ajy + y>«(aj-y)« 

0:5 + 3a% + 3ajy « + y» - (« + y )» 
as»~ 3»«y + 3a5y« - y»- (» . 



.,a!"+l-- ' 

«»-l-(a!-i)(a!«+»+l) 
«'+l-(»+l)(as«-«+l) 
«*-l-(««+l)(a^-l) 

«*+2aj+l-i(aj+l)» 
i8^-2a! + l«(a!-l^ 
aj»+3aj« + 3iB,*».l-(a5 + l)l 
«»^8a;»+3aj-i-(aj-l)l 



To find th^H.o.». of a>«-.l,y-JB+i, and 



The left-hand side of the table gives the genmiX forms, the 
nght-hand side the |>ar«tottZar oases in which y « 1. 

126. -£X 
x'-i^2ie-^3 ' 

- . , «'-tl-(«-l)(»4l), 

«^-2aj+.l-<a-l)(«-l), 

•"+a!e-.3=(as-l)(a + 3), 
.*. K.O.F.«ia!— 1, 



> EXAMPLES.~Xxiv. 
I. o»-:5« and a»-R 4. a*+a^ aij^ (•+«)». 

a. a«^ and «*-^ x5. ^^ 1 and (3»+ 1)«. 

|. a«-*»4nd,(|»., 6. l-26a»and<l-6a)». 

7- «*-J^SKy)» and «»+ Say + Sy*. 

8. g'?y»»a8»^y? andr4^»~-7gy t 6y ^ . 

9* a? - li|^ - 1 and as" + a; - 2. 



"■* 



-\ 







*!*■ 
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METHOD OF FINDING TBE 



\ 



127. In large numbers the factors cannot often be deter- 
mined by inspection, MdW^H^ave to find the h.o.f. of two 
such numbers we ^^^IMmF^ ?^® fbUowing Arithmetical 

" Divide the gi»ater of the two numbers by the less, and the 
divisor by the remainder, repeating^he process until no i©- 



mainder is left : the last divisor is 
Thus, to find the H.ar. of 68fli*) 

1378 




required." 




-,1 



W i' 



195; 689 (,3 
685 



•^•■^' 






104; 195(^1 
104 



S 



»i;io4U 



i 



i3;9H7 

M3 is the H.o|f. of 689 and IS^a 



4 



K 



% 



; EXAMB& 

Find the H.O.V. ^||^ 
t. 6906 and. ij^9. 

S. 1908 and 27||5^ 
'3. «»608 a^ 169%16L 



*fcf* 



t 



126025 ^ VI 40116. 
5. . 15^1?S;j^cl*16'758766. 
'6.^176 «]S 236615. 

^12a The Arithiieti^Btaais <il^d on the fbj 
% o^ion in Algebra, which i«edthe Rroof of the Ruk for 
fincU|i^tl|» Highest 9oipionylo#f two exprew^^ 

I^Letlimd 6 be t^o expres^Ons, arranged according to de- 
Iscending po^i^ers of some common letter, of which a is not of 
Mower din^ensions than & 

Let 6 divide o ynWp as quotient and remainder o, =— 

c<.*...... 6 ...... J • •'•• *'' 

i^>*»!Z ....... r .................. with no remaindeB. 



'# 



mGffEST COMMON MctOR, 



MC 



H 



i' % 



!nie fomi of tibe operation may be shewn thus : 

•- '■; pb ^ 

c)bi,q 

^ .. ,. , ; . „. :v .;^ 

'"■'■ '. ^^ «^ ■ - ■ ■ • "■■'"■' 

Then we can shew 

. » ■ , 

I. That (2 is a common factor of a and ft. 

II. That any other common factor of (t and ft is a factor of 
df and that therefore d lA file Highest Common Factor 
1^ %f aand 6. 

6*0^ (I.) to shew that d is a factor of a and ft : 

^'qrd + d ' 

°= (M+ ^)4> and •'. d is a factor of o , 

o=jp6 + c ' 

'^'=i)(2c + d)+o ^ 

, ^pqc+pd-i-c 
\Z^pqrd+pd+rd 
"W= (|>ST +1' + »■) <*> and .*. d ii a factor of o^ 

And (II.) to shew that any common factor of a and ft is a 

factor of d. . - 

Let S be any common factor of a and ft, such that 
as=m8 and fta-tiS. 

Then we can shew that 8 is a feu^tor of dL 

Fot , ** * d-6-gc *" * 

/> Bsh-q{a-pb) . ' 

msh -qa+pqb 

' mtn^-qmS+pqnS \ 

• ^(ii-g7»-t'j)$n)S, and .*. SisafaotoTofdk 

Now no expression higher than d Can be a factor of d ; 
.% d is the Highest Common Factor of a and ft» 





^ 
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METHOD OF FINDING THE 



Itt^ Ex. To find the h.o.f. of as* + Sob -hi and 

V4 8« + l/iK* ■♦- 2a!» + 205 + 1 (« 

^ 

' 'l ■'■ - »'• 05 + 1 . .;- ; 

(B+l 

ee c+l being the last divisor is the H.O.P. required "~^ 

lov. xn the algebraical process foidr devices are frequently 
useful These we shall now state, and exemplify e»ch in the 
next Article. 

1 If the sign of the first term of a remainder be n^a<»v«, 
we may ohange the signs of all the terms^ < 

II. If a remainder contain a factor which is clearly not a . 
common factor of the given expressions it may be 
removed. 

lIL We may multiply or divide either of the given expres- 
efens by any number which does not introduce or 
remove a common factor. 



■'M; 



17, If the given expressions have a common factor which 
can be seen by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which , remain. If we multiply this result hy 
ik9 ejected factory we shall obtain the EQghest Com- 
mon Factor of the given expression^ 

131. Ex.\I« To find the H.aF. of 2ai« - « - 1 and 

6x^-4flB-2. 

aa^rTa8-1^6x^~4a;-2^ a_ 

' ■ ... .'n-. ;■..;■.; -.»+i ■;.' 



fflGffiSST, COMMON fiACTon. 



n 



Change tlio signs of the remainder, and it becomes at- 1. 

. /'■'.,■ ■ ... .■■ 



2x«-2x 



The B.O.V. leqnired is «- 1. , 



> 



%X. I ii To find the H.aF. of(B*+3x4-SandaB*+ 5«>& 






2»+4 ■, ' ;;-\^. 

Divide the remainder by 2, and it bepomes »-¥% 

«^+2» 

, »+2.- ■.-;-:--■.• . ^^ 

« + S ; . ■'■■'' 

The H.a?. required is «+ 2, 

£x. III. To find the H.aF. of 12a^4 s-1 ftnd l&»>+aE^-l 
Multiply * 15ai« + 8!e+l 

- by 4 



\: 



12as? + » - 1; eOx* + 32x + 4 (5 
p - 60aB»+ 6»-6 

' Divide the remainder by 9, and the result is Sc-)- 1. 
8a;+i;i2aB"+a;-H^4a-l 
► 12x^+4« 



-3aj- 




The H.e.». is therefore 306+1, 

Ex. I Vi To find the h.o.p. of at* - 6a^ + 6* and 



Remove and reserve the factor as, whidi is common tq^jil^ 

expressions, '^ 



-^ »-i 



"■^ 



74 



METHOD Of FWmm THE 



Then we have i^emaming a^— 6« -f 6 and a^— 10B+ Sl« 

Tl(e H.aF.^ these ez^ressioiis is «--S* 

The H.ai^. of the oiiginal expiessionB Sb thibelore iB->| 



ij 



EXAMi^l^ES.— Z^XVU. 



«f.^ 



ibfrH.ogr. of th« following eyjirwimMii 

I. x* + 7« + 12andas^+»x + 2a 

a. 9B' + 129; + 20anda^ + 14aB-»^4iqi 

> A:»-17«+70anda^-13«thiii "' . 

*4. a^-yte-84anda!»4'2i«il08^ 

J. as' + a;-12andai>~Sx-^ ^^ " 

4 «* + 6xy + 6y*andal^ + 6aBy+9^. *' 

i #^l3af -8(y^andji?-Ji8a«f +4!%^ 
/J 9. a^-f'andaB*-2aBy'+i^ /»f, ,, 
^a «'+^andao^j-3a8^ + 3a5f«+|^^'* 

\\y. «>-y* and«"-2«ytlfl: ^ „, % 
ik^,^ff«andV+/. *:,, • "ig • 

^if«andai^+2«+#. ~ 

;1 



V, 









»^ **~f 






■4,: 



r. 



» : If «'-**+^-^<*■todV+««6^**- 
* ^ ' 1^. ' i2flB«+7a9y+y and 28«*-h3«y-^^f»,' ' ' • vv ' 
[•'. 'id 6flp'+ajy-yflMaJte«-22af"+8|^-' r > 

to::#+«^+y*anda^+W|;f|!Bi^^hliC^" 



■A' 



I 



^ 



r- ^■* — tttF" 






,^1 



44 T-lf* 









'.f ^ 



bigAest common factor. 



\:^;^5 



t ^ '"- ' ' ■ ' 



%. 






22. lV+10a%+4a*6»+€afi»-36«aiid6a«+19a86+8a6«-56». 

14. iUi?--83jBjr-27*+22y« + 99yandl2ac^-'§5an^-to 

-3V + 22y, 

j|6b IdiF^lMet 6ae^-6xs and ^Oo^- 75a» + 15i^. 

A e«'+a9(AE*+9a^andaE>-16<n!^+dAB-5#» 

, ? "' . ff ■. • , ■ .-; -'-^ . ^:' ■• • • ^ .J,. ■ ■ -^ : 

» ^ ' ■^',» ■ ■ f .-, ■ *■•,*■ ' , 

# vl3fL It k amnetimes ean^to find the H.aF. Vjr ffveratng 
' l^ Older In whkli the ejcrar^ons are given. 

Thus to find tiie BtXLF. of 21a^ f 38aB+ 6 and 129x« + 221» + 10 
t th^ easier eoDiw is to jeveree the exprefleions, so that they 
fltuid th^ 5+38x4-21a^ and 104-221x+l29a^, and then to ^ 
ftfxHMii bij the oDdmaty prooaK Thefi.o.|^. is 3x + 5. Other 




'(■%. 



'*.» A 



187<-8l^-|-)l«->d a^^ 253(eS-- 14(E*I»^ 28a;- IS, 
Jnf"+a%»-l%+3 "and 469v» + 76i*- l()3y--21, 
1^ KOLiL are iMpeetiTely 11«~3 an^ 73l^+&. 

Jpt. ,lf tlM Hifl^eifc Oommon Factor of Ovrw etpreamodkr 
«,^c1»tt lapped, find first the B.ai':bl a a«^. If <i be the 
i£<i.r, of A.and i,4||en the H.aF. of d apd ciriU be the H.aF. 

'ila,li^. ^. . . ■ f;.-.. -. ■ ■ ,. ^ ,- vv ■ ' 

iki l^ltf V.+7i^-«-7 and «?+6««^*«^5f wiU be foun4* 




bu fbuhi^, |u b» 



*>' ■''■■**•■ 



ttttii m^\ ii Ow^lLOaP. ef the three oapteaaiom ^" ^ 



:'1.: -s, 
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Examples.— xxxviii; 

* ■*■ ' , ' . 

Rnd tie Highest Conniion Factor of "^ 

•l^ «^+^+6, a!« + 7a; + 10, andaj»+12a; + 20. *. 
, X «^+4as«--6,{B»-3aj + 2, aIldaJ»+4a^'-8a; + 3, 

3. 8!i!^+»-l,««+6a!+4,aiid#+l. 

'4^ !^-f*-f +1, 3y«-2j^-l, and y»-y2+y-L •• 
^^^i^-^a:«+8jB-10,a?+2»«-3«+$0, and 



> #-^7«»+16a;-12,3x»-14B8 + 16x,and 

. _ \^ ' '^i.v.'v-^- •'•■^' ?■'"'■• ^■■■'' .'■ 5x'-10x«+7a;-U 

^ »'-5!f'+ll!f-15,y3-y« + 3y+5,and ^ 

t . rf. r ":^ 2y'-7y*+16y-15. 

■ ' ' - ■ V ■ 

Note. We use tb% name Hij^hest eonmiCTi Fiictor instead 
; of Grta^t (Jommon Measure or Hiylmt Common Dimeor for tbo 
foUoMring reasons : - . . 

^ (1) We have used the word "Measure" in Ait. S3 ii> » 
different sense,, that is, to denote the number of times any 
qUKBtity contifins the unit of measurement. - - 

^^) ^visor does not necessarily imply a quandty which 
ii^ntained in another 4m exact number of times. Thus in 
performing the operation of dividing 333 by 13; we call 13 
Oinsor, but we do not moaathi^t 333 oontains IZ tm exact 
ftnmber of timesL ' ' <^ 



lid 

■if 



*mm 



"i."' 



JiilM '' 
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ISft. A qtJAvmrf^ is called an Exao^ Divi8ol|^Ma quaii- 
tity 6, when b contains a an exact number of timeii^Kb 

A qMAtHy p t^ called a Uuvntut of i ^tiUtiity 6, wten i 
°l9ntaiuifraD«iMlniiinberof titntt. -' V^. 






«* , 



'Mk 



+ 6a»-9x + 38» 



10x«+7a;-li 



Pj^Acr/qj^ 



IT 



We must first explain what we mean, by a primary 



136. Hitherto w^ have treated of quantities which contain 
the unit of measiLnement in each case an exact illuuber of 

'times. '" , ' : ' 

W^^hiiTe now to vrea^f quantities whith eonttdyi mm* taeaU 
imtor c^ a prima/ry unit an exact numbftr nf tij^^s . 

■ ::'M-:[-%.:" ■ :■_ ' .■' •"^. ■ :^., ■■.-•v.. 

137. 

We said in Art. 33 that to meamre any qiprntity we take a 
known standard ot unit of the same kind. Our choice aa to 
the quantity to be taken as the unit is at first unrestricted, but 
when once made we mxust adhere to it, or at least we must 
give distinct notice of any change which we jtiakB with respect 
t6 it To such a unit we give the Wme of Pbdiabt Uhit'. 

188. Next, to Skplain whal we mean by an maet dwiMor of 

9 primary tmtk. 

Keeping our Mnaiy Unit«as onr main standard of me»- 
Burement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take as a 

BubordvnaU Unit. ' , 

Thus we may take a> pound as the unit by w|ioh ,we iiiea^ 
s^re sums of money, and retaining this steadily as ih0 primary 
uiut, we may stiU conceive it to be subdivided in|o 20 equal 
parts. We call each of the subordinate units in Ais c^e a* 
shilling, and we say that one of these eqxmrtubimUnaie units it 
OM-twentieth part of the jaimary unit, that is, of £^0mMAt 

These subordinate units, then, are mdct tUnnmn rf tiU 
\frmair% wiit, . • 



^ 



139. Keeping the primary unit still deariy in view ftm 
ilpresent one of the subordinate units by the foUowinir nota- 

tion. ' " ^ . ^ 

.. ■ ■ • , , *■ ' ' •• , ' '.;■-'- 

We agree to.reprMent the wolds one-third, one-fifth, aii4. 
one-twentieth by the symbohi 1, 1, , ^ and we 11^ that if 



•f 



thft Pri m ary Unit be divided iltdu Ikm ^Hfcl '|>iiit% I irfU 



wpiesent ont of tiiese paii^ 



^i^' 
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If we have to represent two of these flubordinate uiwSt, we. 

'*' ■ 2v . *■ ' 3 

do so "by the ciyinbol -", if ^ree, by the symbor 5 ; if /our, by 

4 ■ • , ■■ 

tile symbol ;, and so on. And, geneif^y, if the Piimary Unit j 

be divided into h equal parts, we represent a of those parts by 

the symbol*. ^ ■ ■ ;, . ^'^■' ■ 

*140. The^ i^pibol ^ we call th^ Fraction Symbol, or, more 

briefly, a Fraction. The number Scioto theJUhe is called the 
Denominator, because it denominates the number of equal 
parts into which the Primary Unit is divided. The numbei 
ahow the line i& called the Numerator, because it enumerates 
how many of these equal parts, or Subordinate Units, are 
taken. "^' ' . ,' 

141". The term ivumher may be correctly applied to Frac- 
tions, since they are mea8ure4 by Units, but Ve must be. 
careful to observe the following distinction V 
■ . An Integer cn^ Whole Number is a multiple of the Primary 

\ 'Unit ; . ^ ! 

i • - * • . "■ ■■ ^■■- ,■■■■'■■ 

A Fractional Kumber.is ft multiple of the Siibordinatt 

Unit. ■ .%i^ , . 

. ,. .* "■ ■ ■ . • ^ - ■'■'' .. - * ■ . 

142. The Denominator of a Fracjbion shews what mullti|>le 

the Primary Unit is of the Subordinate Unit. 
The Numerator of a Fraction shews what multiple the 

Fraction is of the Subozdii]i|U» Unit , 

'.•■■■.*- • ,■*'•■ 

; 143. The Numerator ftnji DwotoixiA^r of a fraction aie 

called the Terms of the JPiaetioii. 

144. Having thus explained the nature pf Fractions, we. 
'next proceed to treat of tjie operatioBps to which they are sub- 
|ected ill Algebra. , . 

145. ;Dep. If the quantity at be divided into ft equal paTte, 
•nd a of thoSQ pturts be taketti tJhe jeauUt is said to be the 

.fra6tioii r of flc 1- ° , '■ " '^ /' -v 

' • ^ ■ V - ^ ' ■' ** f '' 

. =—i ■ : -^ I '. ■ M ' ■■ ' n 

U « Hi the unit, tbis ^ caiied ^ musGo^ r« 
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146. If the unit be divide<l into h equal part^ 
. : jr will represent one of the parts. 






^••••••^•••••••••» Vvt O •••••••••••••■ 



f 









m».Hfm»4* tbree "**»tt<ii»—4f¥$- 



And generally, 



« a 



T 1^ lepresent a of the paitik ' ' 

147. Nibxt let us suppose that each of the h poiti is ni5- 
<2im<2e(2 into c equal parts : then the ji^it lias been divvied 
into &c equal partS) and <# H, !* L- * 



■T- will reprc^sent on^ of the Bubdivisioi|i|| 







S 






>•••••••**•«••••«•«««« 



ioid generally^ '. ? 

148. To shew that ~-|. * 

Let the unit be divided into & equal ptt^ ,. 



M 



m -. 

«^l1ien ? will repres^t a of'ikmpaiiri§. 



}: 



'" 
«<*%•«.*«•«•• 



ok: 



^ext let each of the „^ pfrts be subdivided into o equiil ^\ 

-parts.-- *'■■■'■"■'"■-■■'■■;/ ■».■'■-■.■■ *.^^ v:- '■:-".» :'■- , ^•- -" 
,.■,■•'■ ■ , .. - _ ■ ■ . , \f •■ ' 

Then tne pnmary unit has been diyidedinto 6e*equal piUlttL' • 

■ '". an > .'■ • . - "■' •■■''- ' *■ •> '■■■ '" 

and T- will r^resent ac o/«fc«« ^uMmwoni.; ... ... (^).: '■ 

■ ■''''' ' \ . *% • ■" 
1|ow one of the^Mirt^ in (I) }• .equal to « of th^; subdivisiqiis 

'.V ckiparts MSB oqual to' ae subdivisionfl ; I- 



- 1"^. 



lia 



=rT= 






\ 



rl"¥' 



.> 



-; • • 



n 



•''( - ■•, 



t^J *■ 



^Jiff, 
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Cob. We draw from this proof two inferences : 

X If the numenitor toA denominator of a £racti6n be 
MMiliipiMd ^j the same number, tlie value of the |rao- 
tion is not idlered. 

IL If the numerator and d^iominator of a faction be 
' d^nidni by the same number, the value of the fraction 
, is not altered. 

rl49. Tohnke the important Theorem ^tabliahed in the 

preceding Article joiore dear, we shall give the foy^wing proof 

^ '4 16 ■ 
ftitot ?>> ^, by taiang a straight line as the udit of length, 



, 1 i »iiJ >1 > I tin il-M-d 

A ' E D F ■ B f 

Let the line AO be divided into 6 ec^ual parts. 

Then, if B be. the point of division n^urest to 0> 



'^ 



ABvA^otAO.'i. 



(1). 



Next, let eadi of the pigrts be subdivided int<| 4.equai ports. 
Then . ilO' contains SOtofthese subdivisions, '.' 

And JLtf *.••••.••" «9'«.......>aM»*«'»»«...>>o>. 

.-.ilBis^ofiia .........^..\....... (8). -' 

Comparing (1) and (2), w^ conclude that 

•4';ie ^ ■'■ - • ."■' '■-■ 

160. From tiht^tlie^m established in Art, 148 we Mve 
thaiodlow^ roia to z^idbpoing a Irao^on to its lowei| terms : . . 

WwA (JU "By^Mt O&imum JM^ o/ ^ nttmsMr m\^ ^mmm- 
mator and dmd$ hoOi hy iL fh$ naM»0 ^^rwiiim wiU bt . 



H t i 



ill Ikitinmi^m^i 
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151. When the numerator and denominator each congiat of 
a single term the H.aF. may be detepnined by inspection, ol 
we may. proceed as in the following Example: 

To reduce the fraction t^^ to its lowest terms, ■ 

' '" \^%Y 2 X 5 X ambbceeo 

12a¥cS- 2x6xaa66Jcc' * 

We may then remove factors common to the numerator and 

denominator, and we shall have remaininc 5il^. 

, e 6x6 » 

. ^ " the rehired resukf ill bfe ^ 



*»_■'■ 



•162. Two cases ate especiially to be noticed. 

(1) If mry^one of the factors of ithe numerator be removed, 
the number 1 (beilig always a factor of eveiy algebraical 
expression) will still^remain to forma numera1»r. 

Thus J^- ^^ _ I 

12a»c^ Zx4xaaacc io? < ' 

(^ If ei^y one of the factors of the denominator be removed, 
the reeult will be a whole number. 



/ 



Thus 



12aV 3 X 4 X aaacc 



Zah 



3X006 



•■4ac 



This is, in fact, a case of exact division, inch 
explained in Arti 74. « 



we have 



, Ii8:AMPLES.-~XXXl 

." ^uce to equivalent fractions in their dmpleit tenos tilt 
following fractions: ' .; 



, 4o« 
'• 12i**. 

^ 45aVV. 



18.A.1 



£^ 



8«* 
§6^ 






8. 



Itki^ 



irapc^ 



^ 10o>*» 




9- fSfj^ 



is 



FRACTIONS, 



lo. 



16. 






a' 



4aae + 2^ 



17- 



le g-ioy 

aag +6y 

**• 27a^-48c*dAiV 
'3- 2a»-2a«^ 



A" 



14m*g 

- e« + 4ac + 4a? 
7aW-7oyy« 

5a^H-45(Z»' 



120^-606' g 

862c-2<jT\ 



31 



35- 

'26. 

28. 



lOcSB^ + I 

10tt»-l-20a6 Vl0y 
5a' +6 

4iB'-8agy + 
48(«-y)'' 

3wuB + 6tia^ 
3niy + 6«aj|f* 



I/' 



- 163. We shall now gire a set of Examples, some dr wbch 
may be worked by Besolution into Factory In others the 
B ar. of the nnmerator and denominator pmst be fonnd by. 
the usual process. As ail example of the latter sgrt let us 
tftk^the following : ' 

aceeding by the usual rule for'flnding the H.<^jr. of the 
nnnterator and denominator we find it to be «^ 7. 

Now if w<f divide jt»-4a!«-19»-14 by «-7, the result 1» 
V+3X + 2, and'^ we divide 2«?-9^-38aJ+2l by^s-?, the. 
re8ulti8 2x' + 5«-3. - *. • . 

Hence the fraction" ^^^^^ » ^quivpOent to &e proposed 
fr&Ctioli^d is in its lowei^ ternM.'' ' 



,]fiX ftjMr^ ^^^ — ^^ ^ 



\ 






«^-Jte+20 
a«-7»4-ir 



5^ 3qnii+2r 1 
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6. 



8. 

9- 

ip. 

II- 

12. 

13- 

31. 

% 

26, 

27. 

28, 



ag'--18ipy + 46y* 

«»-5a» + ll«-16 
a? -f- SB* + 305 +6 

g»-8g!»+21a;~18 
3»»-iefcca + 21«* 

a^-t!p»4- t6a;~12 

g' + 4a'-5 
a'-3a+2* 

3a^+2g~l 



#+«■ + ! 




+« + !' 






14- 



15; 
16. 

1 

17. 
18. 

.2d 



f»*-7m+6 * 

a»+2a»+2a+r 

3aas'~13aa;4-14« 
7«»-17a?+6a! ' 

14aB'~34a; + 12 
0aac'-39aa;+42a* 

10a-24g«4-14a» 
15-24a+3a»+6a' 

2oft8-fo6a-8o&-f-5a 
7M-12t* + 6i • 

<i^^3(^+3a--2 
(i»-4a»+6a--4* , 






32. 



a'-a-20 



; «?+s^+v ""' ^~'' 

2a^^g^-^-HJae-^6 . 
7a;»-19JB»+17»-6/ 



i«. g*- 338" +40?- 8 




16ig«-53g2+45ay-6 
&«*-30aJ» + 31x3-ll- 

4fl!»-1 2it«c + 9a» 

8a[^-27a» * . . 

' ft- 

Q^ -83aB«+J16ae-^3 
6ar8%r.l7a!»+llaj-f 

l«»-$ii^-« + 2 • 

mf+m*+«t—3 
w^+Sro' + ftfu+a' 



a^-y-2fe:^^ 
•^+2a6+ft?-iF 



33- 
34. 
35. 

37* 

38; 



9a» + 3<j*- 




2»«-x-6* 

a^ + 3fl^+4aB + 1 8 
«? + 4aj' + 4fl5+8* 

a8*-g '-2a;+2 
2aj'-a;-l ' 

a!»-2!C«-l J tof 26 
3{c» + igg-5a;.+21 
«*-«?.-4a;*--x+l ' 





FtiACTJOf^, 

jfe|ay'. I 111 — ihi i. 'i-, . 



164„ I^^lion|i8j9aad to be a j)rop«r fractioj|^en a 
iB leaa itian'^. 

The fraction | is said to be, an improper fraction, when a is 

greater than h. 

166. A whfiie number as may be written as a fractional 
number by writing 1 beneath it as a de^iominator, thus p 

166. To prove that J of J- 5j. 

Divide the unit into hd parts. .. i 

Then-jofg^gofgj 

pf &c of these parts 
of 6e of these parts 




(Art. 148) 

(Art 147) 

(Art. 148) 
(Art 147> 



HOC of these parts 

Bat ^=ac of these parts; . 

a , c ac A 

This is an important Theorem, for from it is derived the 
KuU for what is called Multiplication of':Fractions. We 

extend^he meaning of the sign x and deftne,|x| (wUch 

according to our definition in Art 36 has no meaning)to mean 

J of ^ imd we conclude that*| x |-:^, which in 'words gives 

nil this rule— "Take the product of the numerators to form 
the numerator of tiie resulting fraction, and the product of the 
inatois to form the denomm a toT.'L - . , -J 



The same rule holds good for the multiplication of tialee or 
more fractions, ft 



fr 
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157. To $hm thai 



a\e ad 



The quotient,.a;, of ^ divided ^7 ^ is B^ch a number that « 
multiptied by the divisor ^ will give as a result the dividend r. 



. ase a 
d ,xe (2,0 



#. 



,*«cai ad 
, ad 

Hence wft obtain » rule f<ir whit is called Division ov 

FBAOTIQNa. 

_. a . e ad « 

a ,e a d 

Hence we reduce tiie process ol division to that of multipli- 
cation by inverting the divisor. 



158. The following are examples of the Multiplication and 
'Division of Fraction^. "^ i 




2a5 *' 2x Za 6ax 2z 


X, 


3x « 3a; 3a 3x 1 3i8 at 
* 26'^"25-^l"2?^3a"65F"S5r / 

4cfl Ze Zx4xa*e 2a Ss* 




14aj« 7x 140^ 9y 9xl4xa«y 2ai 
^ 87^-9y""27y»"T«*7x27xa^a"3? : 




2a 96 5c 2a x 96x6(5 3 ^^- — 
*' 36^10c''4(|"°36xlOcx4il*y 




- ' ' '■'■."■■ 


,-'- ,; 



«^ 
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- 


<. 
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( 
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^ 
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* 
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ga~4B a;* + 7a8 a;(g-4) «<«•♦• 7) 
i^If^^l^IT "«»<» + 7)** «-4 
a;(g-4)g(a; + 7) • 
* ^^aB»(a5 + 7)0e-4) 

il*+2(|ft+6*'^ o^ + ob "oH2a6+6«'*4(a'-oQ?v 

(o + 6)(a-6) a(a + 6) ^ ' 
'^ "'((r+6)(a + 6)*^4a([^6) 

(a + 6)(a-6)a(a + &) 1 

" • * 

EXAMPLES.— XlL . 



SimplUy Hm f6U(prlDg expiessuma f^ 



Sas 7s 



da 26 



4d^ ^ 
3- 9y5^2y* 



8aW 15aw« ^ 9aV» 20tWg ^^ «a^46 So 



. 3x^ 6i/«8 laoHi 



J 7a«&« aOc»d* Aao 



25Jfc»m* 70n^ 




Examples.— xUL 

Bedttoa to iimple fractions in their lowest tenni : 



I. 



a--6 tt'-y 
a*+a6 a^-ab' 

g^+4fl? 4g«~12fl> 
5rr35**3aB" + 12i\ 

g»-faat-f2 fl^-7as + 12 



5- 
6. 



««4-g->2 ji^^l3ag-»-4a 
««-7» as'4-2aB 

a^~llg + 30 !g»-3g 



a^->4a+3 o»"ftn-20 o*-7a 



+ jri:aS^^6a-i46+4a** 
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A 



9^ 









12. 









1¥-" 



Simplify the following expresmoiui : 



'^ 



I.' 



X 60 

4m 



4. -4-808. 



8. 



1 







90^ 



6. 1+ 



•*-a^+4-*-irr 9^ •P-it.+ao'iTB- 



158. We are now able to justify the iise of the Fxaction 
Sypibol as one of the Division Symbols in AiL 73» that i% 

A 

¥gB can shew that t i« ft proper zepresentation of the quotient 
lesolting fitmi the division of « bj k 

For let s be this quotient. 

^en, by the definition of a quotient^ All 7%^ 

^jlt^^firom the natnie of fraction%r ^^^^^^ — ^ » 







THE LOWEST COMMON MULTIPLE. 



15a. Here we may state an impartaiit T^ieorem, which wtt 
aball requiie in the next chapter. 



a e 



If ad^^^hc, to shew that ?>-> 
Siuce ad^he, 





. r 






'"■'""^"""'^~^'-'">-?^'"* ' "^ . 


* ■ ,.^^....r 



X THE LOWEST COMMON. MULTIPtiS- 

1(10. Ah expression is a Common Mumiplb of two or 
more.other expressions whw the fo^er is exactiy diYisible by 
each of the latter: 

Thus 84b* is a common multiple of 6, 8a^ and ISap*. 

161. Tbe^. Low«8T Ck)MMON Multipw of* two or mote' 
expressions is the expression of hwut dMnengioni which is 
exactly divisible by each of them. ;, 

Thus. 18«* is the Lowest, Comnum Multiple of 6aB*, 9^ 
andSoB. 

The words Lowest Common MnlUplfl iw abbTeviatec^ 
into L.a]^, , ^ _ , ' 

162. Two numbers are said to be prim to each other 
whidi have no common factor but unity. 

Thus 2 and 3 kre prime to each other. ' - 

gm 

163. If a ftud 6 be prime to each other the fraction -r 
it in its lowest terma. 

Hence if a and 6 be prime ta each ollher^ and j-^^ and^ 
ffm bo ^0 H.o,y. rf c and^ir-^ 



.*. 



•■■— and 6—--* V 





Find 


I. 


4a^ 


a. 


Jte"! 


3. 


4a»l 


4. 


aae. 


f 


SOOK 
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164 In finding the Lowest Common Multiple of two or, 
more ezpresaons, each consisting of « siiigle tenn^ we may 
proceed as in Arithmetic, thus r 

(1) To find th^o.M. of 4a*B and 18adV / 



2 

a 
c 



4a%;, ISoo!* 






2a*«j, "9x> 



2a«, 9a!^ 

L.a]E. »S X a X « X So^ X Oac^oi 36(M 
(2) To fiiid the L.aiL of oft, oe, fttv 
a 

' ■ ' K 

C 



Oft, 


aCf be 


*, 


e, ho 


1, 


«, e 


1, 


M 1 



ikaM. «a X & X e»a&& 
(^ To find the L.0.IC. of 12a^ 14M and SeoiPy 



.VI 



» 



2 
6 

e 



12a»«j, 146c» 36a»« 



6a»c, 


76c«, 


ISoi* 


o^c, 


76c>, 


M* 


a<!, 


76c«, 


36« 


oc, 


7c«, 


36 


a, 


7c, 


36 



lM).lL«2x0xax6x«xax 76X96 «i262aWl 



f 1 



EXAli*PLES.— Xlivi 
Find the L.O.M. of 

1. 4a^ and CoW. _ 6. 06, o«c and 6V. 

2. 3a!«yandl2»^.- 7. a»», a«y and asV. 

3. 4ft«6^^^8aW. a filaV^Moo^aiida^ 



4- oas, i^ wad o^ST 
|. 2aa| 4aiP and #. 



9. 6p"g, lOgV and SOp^r. 
la 18ac*, 72ay« and ] &»«. 
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166. The method of finding the L.O.M., given in the pre- 
ceding article, may be extended to the case of compound 
xpiessions, wh^n one or more of their factors can be readily 
letermined. ^ft^na we ma^ take the following Examples.: 

(1) To find the L.a.M. of a - jb, 0^-4*, and jo^+oa^ 






a— OB, a*— ac^, a'+<M8 
1, a+ae, a^+a« 



Juan. -(» -a^(a+a6)«'"(«^^ a^a«ii-#ii. 1 ^ 

(2) To find the L.aif. of a;? - 1, a?*- 1, and 405^- 4a!*, 

• i^4I%a'-l,a;*-l,4a;»-4fl5* , . 

.,•■■■■' Jwf- " ■ ■ 



">--. ,.- 






1, «»+l,,. ;4aj» :■ ;v ^^,;,V:- 

1661. The student who is faniiliar with fte jaethods of 
resolving simple expressions into factors, especially^hose given 
in Art. 126, may obtain the l.o.m. of such expressions by a 
process which majr be best explained by the following Ex- 
amples: > "^ . 

Ex. 1. TofindtheL.o.M.ofo^-fl^anda'-aA - > 

^ o?-a5«=»(a-aJ)(a+a5), * - * 

Nowlhe I-.O.M. must contain in itself each of the factors in 
each of these products, and no others, ^ 

the factor a -a; occurring one* in eaiih product, and therefore 
onc« only in the L.O.M. 

Ex.2. To find the L.O.M. of 

o* - 6', a' ~ 2o5 + 6*, and a« + 2a& + 5«. 

, " ««-.6«=(a + 6)(a-6), 



o« + 2a6 + J«»-(a+ 6) (a +^ 



-•^ 



o^ 
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the factor a—h occmrmg tvAot in one of the products, and a + ft 
occurring tmce in another of the products, end tbexefoie ettdi 
^f these factors must occur tmce in the l.ojc° 



\ 



Find the Laic, of the following expretnioni t 



.r1- 



I. as'andtifls+a^. 

i SB^-^l and a^-as. ^ 

3. 0*- 6* and 0*+ oft. . . 

4. S«i'l«id4ai'-1. 

5. a+frando'+'ft*. 

6. x+I, as-l anda^-1. 



«• #- as, a^ - 1 and «^ + L 

12. «b"-1, aa^-asanda^-1. 

13. Sd+l, 4a*-land8a?+l. 

14. x+y and Sa^+SaBSf* 



h • 



15. (a + 6)* and o^- 6^ - 

7. a! +1,38' -'I and as* +85+1. 16. a+6, a-6anda^-W. 

8. «+ 1, aB"+ 1 and JB» + 1. 17. 4(1 + x), 4(1 ~s)and 2(1 -a^ 

9. flf- i, a^ - 1 and ao^- 1. 18. as- 1, ap?+»+ 1 and #-jl. ^ 

19. ^-6)(a-c)and(a-c)(6--c). 

20. (x+l)(a;+2), (a;+2)(x+3) and (as+lXs+l). 

21. tB«-!^(«+y)«and(ar-«)*.r ^ ^ 

22. (a + 3)(a+ 1), (a+3)(a-l) and >-L 

23. a'(aj-y);aB(as^-y')andas+y. . 

24. («+l)(a+3), (ai + 2)(»+3)(as+4) and (a;+l)(s-l-a). 
- f5_ a:a-y«, 3(!B-y)> and 12 (a^ 

261 6(«*+aBy), 8(aBy-y') and 10(35^-^"). 

16Y. The chief use of the rule for finding the Kok. ia for 
the reduction of finctdons to common denomiilatoia, land in the 
simple examples, which we shall have to put before the student 
m a subsequent chapter, the rules which-w^haTs Hieady fgiym. 
will be found generally sufficient But as we maj have to find 
the L.O.M. of two or more expressions in which the dementarj 
. 4ftt*ffwme d4q?^iii Hpefi ti O Ti, Wfl BM ii t Ju afe^atta^ 



ceed to discuss a Kule for finding the L.o.11. 0^ two ex^remlcuui 
which is applicable to ever^ case. 



^.J. 



% 



9f 
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168. The rale for finding the L.O.M. of two expressions • 
andbistiii^ 
Find4 the highest common factpr of a and & 

Then the L.aii. of a and 6 —g x B^ • ' 

y. •■;■ ^ . ■ • - ■ ^ ■ 5 :.. -t/, 

>• In words, ihe L.O.M. of two expresdomi la fonnd \f$ the fol- 
lowing process: : -1. ■ r 

Divide ons of ihe expreuiont hy (he H.aF. and multifly iU 
fioHently the other esx^esgion. The netUi i^ the L.OJL 

The |)rw/6f this rule we shall now give. 



109. To ^d the L.o.if. of two algebraical expresdonai 
Let and 6 be the two algebraical ezpiessionB. 
Let (2 be their H.o.r., 

s the reqnured ihCj^lf* \' 

Now since as is a multiple 6ta and h, we may say that 
„ ^?-| (Alt 169). 



How ainoe a is the Xouwl Common Multiple of a anji 1^ 
m and n can have no common fftctor ; 



.*. the fraction - most be in its lowest terms ; 
.% m-| 'and nt-j (Art 16i). 



'"•x. 



Hence, since 



ft 

.a 



■V"^ 
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170. Ex. Findtheiwa.M.<^as^-13a;+42and»»-19x+84. 
Fiist we find the H.o.r. of the two expressions to be as — 7. 

■J ■a:-7 

Now each of the facton composmg the nomeiator is diviaible 

|,l^-«-7. - ° ' ■ •■-■:.■::■■ 

^\ . ' Divide a^ - 13» + 42 by « - 7, and the quotient is a; - 6. 
\ Hence i-aiL »(« - 6)(«« - lOac + 84) -as* - 58^ + 198iB - 604. 

\ - ^ ExAMI»tES.— al^I. 

Knd the L.aM. of the following expressions : 
«* + 6«+ 6 and at" + 6x + 8. 






I. 

a* 
3- 

4> 

5- 
6. 

7. 

> 

9- 



o*--a-80anda*+a-12., r 
a5» + 3«+2 and a5'+4a+3. 
ac* + 1 Ix + 30 and JB* + 12x + 35. 
^ - 8x - 22 and «« - 13aj + 22. 



2i6* + 3x V 1 and a*^ « - 2. 

a^ + aB^ + asir + y* and as* 

a^ - 8aB + 16 and «* + 2» - 16, 

2l!B" - 2088 + 8 and 7x3 _ 4aJ _ 2ia; + 12. 
la a5'+i*|f+{rjf*+y»anda:'-{BV+a;y*-y'. 
U. >a» + 2a'J - a5» - 2i» ^d o» - 2a«6 - 06*^- 26». 



171. To find the L.O.M. of three expressions, denoted by " 
o, 5, c, we find to the I1.0.M. of a and 6, Mid then find M the 
L.0.IL of TO and c. jlf is the L.0.IL of a, 6 aild c 

The proof of this role may be thus stated : 
^ Every common multiple of a and 6 is a multiple of to, 
a<id every multiple of to is a multiple of a and ft, 

therefore every co>mi<m multiple of to and c is a common 
I multiple <tf O) & and «, 

and every common multiple of a, h and e b a common^ 
I liudtiple of TO and gt ! 



■iid therefore the i^GJi. of fi| and e ia the L.OJI. <tf a» & 
•adci 



^ 



/ 
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ON ADDtTION AND SVBT^AgTlON 



EXAMPtES.~Xlvii* 
iPlnd the ti>xuL. of the following expressioiis : 
a^- 3jc+ 2, «« - 4a;+ 3 and |» - 5a; + 4. • 
e? + 6flB + 4, a:»+4fls+3 and a? + 7a!+ 11. • . 
«> - 9a8+ 20, ^ - 12a; + 36 and a^ - 11a; + 28." 
eaJ»-«-2, 21a;^-17x + 2 and 14a?+&»-l» 

a^-l,as'+2»-3and6ai"-»-2. ^7 - 
«• - 27, «" - 1605 + 36 and a;» - 33^" -'2» + e, 1 



t. 

8. 

3* 

5- 
6. 



Xl70N ADDITION AND SUBTRACTION 

- /h of fractions. ' 

172. Having established the Htdes for finding the Lowest 
Common Multiple of given expressions, we niay now proceed 
to treat of the method by which Fractions are combined by 
the processes of Addixion and Subtbaotion. 

173. Two Fractions may be replaced by two" equivalent 
fractioiis with a Common Denominator by the following 
rule: . 

Find the L.aM. of the denominatom of thii given fractionfli , \ ., 

Divide the L.aM. by the Denominator of each fraction* 

Multiply the first Numerator l^y the first Quotient 

Multiply the second Numerator by the second Quotient. 

- The two Products will be the Nun^erators of, the equivalent 
fractions whose common denominator is the L.O.M. of the 
* ^original denominators. 

The same rule holds for three, four, or more fractions. 

174. E^ I. Beduce to equivalent -fractions with the 
lowertcomiaaadeaaniinator, . ^ 

^ 8aB+6 *.4«-7' 



OF FRACTIONS, * 



9S 



Denonunatois 3, 4. , 
Lowest Common Multiple 1%, 
Quotients 4^ a 
New Numeiatow 805 +20, 12a; -Si. 

8x+20 I2a;-8l 



Equivalent Fractions 



18 * 12 V 

a^t fractions ttritii the IowmI 



. EX, A, Beduce to equiyi 
common d^ominator, 

., -.■.. ': •..-.. 56 + 4c 6a~2c 3g-65 

Denominators oft, oc, 6c. / 

Lowest Common Multiple o^ ' • ".' 

Quotients <^ 5, a. ^o. . 

New Nuneratois 5&e^ 4«^, 606 - 2&ey 3a* - Sa&. 

6 6c'+4c» 606 -26c 3o»-5a5 



Jt 



^Equivalent Fiactions 



Examples.— odvili. 

Reduce to equivalent fiactioni with the lowest common 

denominator : . 



3a!^, 4« 
I. -j^iand-p 
4 5 

% "v^r— and. -tq-.. 



^ ■ ti anc 




6 
2a>-4y 

'4a +56 



I. ^and^. 



and^?Z% 
lOx-' 



2. 



l-»* 
2 



5. 4^ and ^-^'^ 



9b ^s — -and 



l-.« 



h 



600 



II. 



12a^c 
1 



ift -and -71 — .. 
c c(6+l^ 



and 



(a.^)j;^^,j"^^(„,ft)(^...,y 



13. 



and 



«t(«-i)(a-c) """ «(«-<) (t-c>- 



^V^ 
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ON ADDITION AND SUBTRACTION . 



/, 



176. To.8li6wthat;+^=55^. ' 

SoppoBe the unit t9 be divided 'm\x>M equal parti. 
Thwi ^ win represent'Orf of these parts, 

' and T^ will represent be oi tnese porta. 



..^ 



^^■ 



c ho^ 



"^TB 



--i "- 



-^5^;*^ 



a . 6 



.%■ 



Hence ^ 4; g w^l represent ad +he of the parts." 
But ^ will represent ad -i; be of the parta, 
Thfercfore ^+1-?^ ' '\. ' 

By a similar procjess it may be shewn that 






'.«'* ' 



bd 



17a Since.j+2=— gg-^ 



our Eule for Addition of Fractions will run thus ,: 

"Beduce the fractions to equivalent fractions ha^ng the~ 
Lowest Common Denominator. Then o<W the Numerators of 
the equivalent fractions anid place the result as the Numerator 
of a fraction, whose Denominator is the Common Denominator 
of the equivalent fractions. '^ . ' ' ' 

; Th^e fraction will be equal to the sum of the ofiginal frac 
tions." 



^ The beginner should;howe7;er, generally take two fractions 
at a time^and then combine a.ih4/fd with Hie resulting fraction, v 
as will be «hewn in subsequent Ezaqiples.^ 



a e ad— be 



> - ^-. ,,...■■, ^^ ... ^ 

Ute Bale for Subtracting oUe fraction from anotSi^ wdl be^ 



~ 



1 



OF F^ACTIQNS, 



n 



"Roduce the fractibna to equiyaleiit fmctioiu' haying th«^" 
Lowest Common Denominator. Then ttihtraU the Knmentor 
of the second o^f the equivalent ffactiona from th6 Nnmemtor 
61 the first of the eqnivalenit fractions, and place the legQlt m 
^ the Nmnerator of a fraction, whoseDenominator is the Ckimmoik 
Denominator of the equivaleul "frictions.. ThM'fra^tion mil W 
equjd to the idiflbence^f the original fractiiSI" 

These rules we sh^U illuBtrate by ezamples of vanona desi^ 

-«f difficulty. ' ^^ . ^t ^ 

Note, When a negative sign precedes a fractioivik ig>1)eit 
to ^e the numerator of thW fraction in a biaeket^ U&ob 
combining it mth the numerators of other frnetyiiim . 

177. ^Ex. 1. To simplify 

» ' ' ' •■ ■' 
^ 4a;^3y 3a; + 7y « 6a?~fly ito+^ 

7 ■*" 14 21 "*'"]^S~^ , 

Lowest Common Multiple of denomW^rs ia 44. 
Multiplying the numeratois by 6, 3, 2, 1 respe&vefy, 
24a;- 19y , 9a+21y^ l0!g-4v 9a?+2tf 

42 "*"~4ar~7"~w^"*'-ir^* 

? ' _ 24a?-18y+9!e+21y~(10a;- 4y)+9!8.fcat 

■■ >■ - ■ : 42, " — / . ' 

_ 24ae-18y+9ac+21y-10g8-t-4y+8 x+2y 

r^2^ "^ ^ — *^ 

:- 32aj;f9y •■ ■^'/-- '^^ ■^'^- ■ ■ ■ ' .- 

•. . , i» 42 ^ >. ■ --.y 

Ex. 2. To rimplifv 



J 



^, 



to+1 4a;-t-2 1 
"air ito"'*"?' 






^~>r- 



Lowest Oommoji Multiple of denominaton is lO&l 
Multiplyingthe numerators by 36, 21, 1&^ nspaodvety; 

70 a; ^36 ^ 84a; 4-42 I&b . ^ 
lQ5aj , 105« "*'^05» ^ .. - ^ 

__ tOig+?i5~(84a;-b^Ul5g 



[8.A.] 



7(te-t-35-84g-42 + l&e z-f 
105» "lOS* 



^-' 



.^ 



9» 



ON ADDITION ANt) SUBTRACTION 



^^^MPX'S&^XUX. 






3a--4& 2a-ft+c 13a-4« 



3 



li 






St. 



83t~>y 6ae-7y . 8a B7l-2y 



4i^-7y» to~8y ^6~^ 

*^ TIT- j^-^^-sr- "*—»-* 

4«+5 if-7. 9 ■ , 

* 3o "" 2a 14ac . * 

Sa4-8« .4ae-3(^ 6ac-2<* 



s;|_ ;:;,;. 






ig?r 



+ 



o^ 



w 






-!.«•■ 



17a Exi Toidnipliff " 

t.au. of denraninaton it a' - 6*^ 



^>-v-. 



'.■^ 



MvQtipljfing tlfe nameiatora by a - b and a + ft respectitraljy 
a*~2aft+j^o*+2oft+i* 






ii^-'Sal+«*+a'+8(e6+^ 






iNaiiwi*w»i*"»«*'"*'>4p. 



4= 



#.* 
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Examples.— 1. 



«-7 «-3' 



»-6 08 + 5* 









3a 



••(■a 



(aj+a)' 



8. 
la 



x-y"*^?*^* 



ao^a+st)"^2a(a-*: 



I7A. fo.l. Toiiinplil^ 



i. 



Taking the fint two fractions 



6 + 6y 





3-3y . 6 + 

we cani now oombke with this result the Okird of the origiuil 
fractionBi and we have 



-?^- 



^8 4 8y -t- 8y» + V 6 - gji* jg 



1-f* 



l.y* 






8-t-iy't-8y *+ V~94^6y» 



^ » 



•f-14y«4-2y->'» 



^. 



r 



loo ON ADDITION AffO SUBTRACTION 



Ex. 2i to simplify 



\ 



2 



2 



2 



(a-6) (6-c)T(i^^ft) (c-a)"^<J-c) (<,.!,)» 



JJM. of first two denominatoM being (a - 6) (6 - c) (c - a) 



2c -|^ 



2»~2c 



(a-A) (6-c) {ji-ay'\ik--h) (b-e) (c-a)'*^^^^^^ 



2&-2a 



2 



I..O.M. of the two denominaton being (a - 6) (6 - e) (e -a^ 

^ 25 -3(1+ 2a -> 2ft . ■ \ 

, (a-ft)(6-c)(c-a)"<a-i)(ft^c)(c-fl)"*^;,' ' 



> i 



EXAMPLES.— M, 



2a 



i+a^i-a^r:;5r 

1 1 ■ 2» 



^-T a+ft (?+ 



4ft* 



f?F 



l-as >f« rH?* 



g"l g-2 g-» 
«-2"^»-8'*'jB-.4' 



I* «■* 



f^Jt 



fl^ 



. ■»■. 
«+8 air*. «+5 



4a 



6a* 



«-a (aB-a)*""(»-a)»' 



10. 



II. 



!-i »+2 («4-i)(x+i]r 

8 



(«+i)(«+2)~(»+i)(»+a)(«+3/ 



0^ 



a-^l «-|>l 



la. 



(a-K)(a-t-i)^a-fc) (g-f-gl 



•-• 






•?■:* 



^--r 



Oil' jfXAcr/oj^ 




/ 



V 



.14. ^+?^^<^z^f 

II. Hit _^^ a^~«» ^ 

j^ 1 1 I 



-J— a, and -=;^«a, Art. 77, 



ISdk Since 

From tWi we leam that, we may change the rfim of the 
^^^^ of a i^«.m if we ^^^ the^ :J S^ 

Hence tf the numer^r of denominator, or hoth. he exnrai. 
Ctr^ ."'T *?*" '"« ^' wemay'chang^'d^K 

•veiy term m the denominator if we di«^ 3; SJ 2S rf 
•Teij term in the nomeistor «««Hr» «" «gn of 






or, writio g ihe_ 

•«*08 majr stand fint^ 



»-». 



"1 







loa ON ADDITION^^^DSUBTR ACTIO ff ^^w^ 

Wl. Ex. To simplify -^--'--^^^j^. 

' Caianging the aigns of the numerator and denominator of the 
ieoond fcaction, ' ;, 

«-» ■", 0— « 

■i ' T-^ la— — — — — ^ -V 

a— at a— a »•*•• 

482. Again, since -^ a6-« the product of - a and ft, 
'ahd i»6= the product of + a and 6, 

the wgn of a product will be changed by changing the aigns of 
one of the factors cdpposing the product. 

•Hence(a-6'if5-c) will give a set of terms, ■ 

and (5-11) (6-c) will give ihi same sH of terrruwith dif- 

' This may be seen hj actual multiplication 
(a .- 6) (6 - c) -06 - ac - 52 + 6c, 



,.a 



Consequently if we have a fractioit ^ 

and we change the factor a-h into 5-^, we shall in effect 
change the eign of every term of the expression which would 
tesult from the multiplication of (a r 5) into (5 - e). 

Kow we may change the signs .of the denominator if we also 
chani^ the «^piM of the numerator (Art 180); / ^ 

f ^ •• (o-i)(5-o)"(5-a)(5-c)- 

If we ehttigt the tlgiis of fwt tm^bm in a denominator, thi 
ligh ot the ikumerator will noma miHlUm i il,ih n e 



• 


. ••js 


,, ; <^, 1 


v*"^ 


'»?? 






ofPhactions, 



lol 



183. Ex. Simplify 

■ (a-6;(6-c)'^(6-a)(a-c)"'(c-a)(c-6)' .. 

First change the signs of the factor (5 -a) in the second 
* fraction, changing also the sign of the numerator ; and change 
the signs of the factor (c-a) in the third fraction, changing 
also the sign pf the numerator, 

tjhe result is ; tttl — \ + r- — rr-r- — ^ - >%■ ; ■ > — «, 

(a~6)(6-c) (a-6)(o-c) (a-c)(<;-^ 

- Next, change the signs of the factor (e-&) in the thiid| 
changing al^ the sign of the numerator, 

1 , -i I . 

(a-6)(6_c)'t(a-6)(a-c)~(a-c)(6-c)- 4^ 
L.C.M. of the three denominators is (a - h) (6 - c) (a - e), 

' (a-.6)(6-c)(a-c) "*"(<»- 6) (a - c) (6 - c) "" (o-6J(a-c)(6-«) 
a-c-6 + c-(o-6) li^ 

'(a-6)(6-o)(a-c) '■(a"-6)(6-c)(a-c)''"' 



the Fesnlt is 



Examples.— lii. 



t. 



-f 



3 



« ' ' 'OB' 






3 +2* i~^3ag 16as~g P 



" ila 1-i^J^-a* 



2-» 

1 
4 sn-r^-s:— « + 



1 14 



f + 6"%-2'*"a^^:^ 



»• (i»-2)(OT~3)"*'(m-l}(3-TO)"^(w-l)(f»-2)* 
.*^' l^l+a;)""4(a:-l)'**a(l + a!»>' - - -, - 



ia 



„ 4 



t 



(•-rSUa-c)"' *(*-«) (4-*^ -^01:^0) (^^ 






^r 



r' 



t04 ADDlTlOlf AND SUBTRACTION OF FRACTIONS, 
J84. Ex, To simplify 

■* 
Here the denominators may ^ ejq)res8ed in factors, and ivc 
have 



(x-6)(»-6)^(aj-5)(a;-7)- 

The i,.o.n. of the denominatore is (x-5) (a;-6) (»-7), and 
we have '':/ — ■-'■■■':: 

- g!~7 ? r ^'g-e ' " 

(,-6)(a!-.6)(a;-7)"**(x-6)(x-U)(«-7) 
■ * ■ " ^ 23;~13 - ■ ' 

K ^ (a;-5)(x-6)(a;«-7r 



EXAMPtKS^— mi. 



Jfe 



I. 



«*+9a: + 20 a:« + 12x+35* 



S 

'^ 



'V , t, 



*• «»- 13»+42'*"as»- 1£!+64* 

, k - ■ ■ 1 -^ 
^ «*+7«- 44 "*"«»- 2a:- 143- 



fii 2m 
5» -r-f 



2mn 
n ^ f» + n ~ (m + n)** 



\^ 






6. , - - . ^ 



-Q.- 



4- 



7a: 



7* 



8. 



1 -»j. *'»■ 



■") 



'• 3(lTa5)f. f t«8Taa:«-|r3~i?;^ 



80B-1) 4(3-«)^8^-6};*'(A-«)(«-.3}^-.ft/ 



f: 



If 






K^IA' 



,m'-"-:v> ■' v^: 



XII. ON FRACTIONAL EQUATIONS. 



1"^ 



185. We shall explain in this Chiipter the method of 
Bolving, first, Equations in which fractional terms ocenr, and 
secondly, Problems leading to such Equations. 

186. An Equation inyolving fractional terms may lie- 
reduced to an equivalent Equation without fractions &y mii^ 
tiplying every term of the equation by the Lovett Cotnnum 
Multiple of the denominators of the^ fractional temw. 

This process is in accordance witl|^ the principle laid down 
in Ax. HI. page 58 ; for if both- sides of an equation be muti- 
plied by the same expression, the resulting products will, by 
that Axiom, be equal to eaoh other. 

1^7* The following examples will illustmte th^ procen of 
clearing an Equation of Fractions. 

Ex.l.|+?=& 

The JtJOM. of the denominators is & 
Multiplying both sides by 6, we gel 



or. 



vi'-i'-> >•>>., ,.-,',. ^:, 



4x-=48| 
V.x-11, 



*f-i 



Ex.2. g+^-a;-2. , ^ 

'The L.O.M. of the denominators is 14 
Multiplying both sides by 14, we get 



\I 



I4b T4b+T4 ,. ^ 



y y^ 






co6 



Olf i^kACTiONAL^EQU Attorn. 



or, 7x + 2a; + 2=»14fls-28,- 

or, -5»=i>30. 

Changing the signs of both aides, we get 

5«>-30; 

188. The process may be shortened from the following 

considerations. If we have to mnltiplj a fraction by a multiple 

ofjtB denominator, we may first dmeb <&• -nsdtvpVuit'h^ the 

^ dmornvMUoTy and then muU^ly the nummUor iy ih§ quotient. 

The result will be a whole number. 



Thni^ 



|xl2-a5x4=4a^*' 
5^x66-(«-l)x8«8a;-a 



j^' 



Ex. 1. |+|+|«39. .' 

The I1.0.M. of the denominator being 12, if we multiply the 
numerators of the fractions by §, 4, and 3 respectiTely, and the 
(^«r side of the equation by 12, we get • 

m, ia^«*468; 

/.»-36. 

V 

P^ O 8 15^ 7 17 
^^ ^' i"*to"*'35"l2* 

The II.0.1C. of the denominatois is 12». H^ce, Uyre mul- 
tiply the numerators by 12, 6, 4, and » respecti?ely, we gi^ 

9i-90 + 28-.17as, 



17*. 



:34 s 



ON FkACTIOl(AL EQUATIONS, 
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-a 



1 



* * a 



EXAMPLES.— liV. 
a. ¥-9. 



OS . » 



3- 5 + R-^ 



8 6 



4. 4"^ 

23B 



7« 



7. ?+4-^+». 



8. ^+l«= 



3« 



18 

4x 



fix 



4a; 

s. 86-f-a 

4,' 

17. 






"1^6 -4» 

» -" n > 



^+6-.^+«. 



la 



II. 



8 

5iB 



6 
•10 



^-8-74 jj. 



S 



12. S-4«24-i 



6 



8' 



3» 



13. 56~--pm48- 

aae. l60^Bae 

,4. _+__-> 



fix 



>1^. 



! + 2 «-l 89-2 



^^ 2*^3^ 4* 
x+9 2as 3a;-6 

19. -4-+T='-T~ 

'^ lT-3« 29-ll«^28x+14 

ftt\ . , — aa , + — J53— "^ 



+3. 



20. 



3 



W 



21. 



22. 



2as- ID 



-«0. 



vv 



3a;-t-4 . 4flc-51 _^ 

=— H— T — M^ ' ■"**» 



47 



3 



23. — 3-- 



24. 



12+» 



5-* 



,5. -u— y-. 



as- i»+io*"*'20' 



tt;^' 



>4a 



la s+*+"- 



mm 13 



5*l+j-|g. 



^. 



41- 



3& 



¥■ 



3-x 



■»3s3«"" 



8 



1 m 

i'lOO* 



.«», 



38. 2s4 



1 18-« ,1.1. 3-2* . 2 



ir 



--.li»+ = 4 



10 



■Vff. 



•43j. 




•^, 



tOS 



OJ^ PJHACTIONAL EQUATIONS, 



189 It must next be observed that in clearing an eqnatfon 
effractions, whwiever a foiction is preceded by a negative sign 
we mnstpl^ the result obtained by. multiplyinglhat nume- 
rator »» a bucket, after the removal of the dinomLtor. 

For example, wl^ught to proceed thus :— 

Ex.1. *±2««z2_«-l 
* 2 ~T~' 

.Multiply by 70, the L-an/of the denominators, and we gel 
14«+2a^35a;-70~(l(te-10), 
<» 14a; + 28-36a;-70-10aj+10, 
from which we shall find a; =8. 

Ex.2. 1^-^ 4a; +2 
5a; ~ 3» "" 

Multiplying by I5x, the L.O.M. of the d^ominators, we get 
* 61-6aJ-(20a;+iO)»15aL 
or 51-6aj-.20B;-10-15a^ 
from which we shall find a;- 1. ^ 

^ote. It is from waiit of attention to this way of treating 

lOftny mistakes in the solution of equations. ^ 



I. 6«~ 



ff+4 



EXAMPI^ES.— Iv. 



2. S- 



2 
8-a; 



.71. 



3 
6~2as 






+ 2. 



ftc-8 



6» ^ 9 3-« . 
^ 2^4*4 2^ 

5. &;-.5^.7-.l^ 



7. 5£±l-.ili».aB 31.9-.6a; 

/ a IS, +5»— - — . 



2 "9" 



8 3 • 2^T 

&»+5 «-2 «+9 
7 6, ""IT- 



6 



la «~3~ 



«-H2 s 

8 "r 



«+l aj-4 I+T 



II. 



*+5 «-f 2 jt~9 
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«' JB-1 



a;+l _ a;--3 «+30 
5- o -3-'=-l3p 



2 



13- 



^^ ~2~— T- '<5- T-^^-aS^^i. 



,. «+9 3a;-6 Ss 



f7. 



2a;+7 das-8 «-ll 



r 



11 



4 26 "■ 22 • 

ga;-15 11a- r 7*+ 2 



* 



19. 



3 



18 • 



ai. ^±5- ^±1 9a -13 249-9S 
^,8 7 """1 ^4'^/ 

21 






.190. Literal equations are those in which known -quantitiet 
^ represented by &««-,, usually the fiist in the alphabet. 
Ihe following are examples :— ^ . . 

Ex. 1. To wilm ihe tqaJoAvm 
thatia, aa-Jasfaac-ftc, 

therefore, ^^^ 

Ex.2. To wftw «A« eguaitoii ♦ " ^ 

thafris, a*B+te-WB-a-c-rf, 

t>'iefoi%,\ " g.- ^ ^"^ 



II 



|r EXAMPLES.— Ivi. 



2. 2a~<»o3(;~5&B. 

3. 6c+aa-rf=«air-jfe. 



^%. 



5. a&6--a^>«a«.a'&. 

6. 3aea;-|S(Ai«12ate+afl«; 



fio 



m f'nd 




I EQUATiONS. 



7i i^+3aflh»4»-fcB + 3al*-Jfc«'-aclBfc 

9. (a + » + 6) (ji 4-* - a) =• (a + as) (6 - a:) - 06. 

10. (a-«)(a+aj)-i^ + ii«-«^, 

11. (a*+aj)'=a!?+4a*+a*. 

13. (a«-a)(a*+aj)-a* + 2a«-«". 



<»^ oa!-6 . as+oo 
13. — :; — +aa=< 

8a_--^ 1 



17. 




JKB 



It 



14. aa 



2 



18* — 6«=-3— as, 
a . a 



i . ■ « 



19. 



a?-a a-as Sae a 



te 



h ^ b 



^_ 3 ab-afi 4»—ao 

90> ■;- — — f ■■ — » 



21. 



2% 



tih+x l^-x x—h db-a 



¥ 



"W 



'V^ 



Sax-SA ax-a ax S 



36 



26 



T"3* 



23. am^p — r^+— 3=0. 
fii 



T.' 



^, 8tt*y We 3a»e 3a<» y^2aft%> 

m X 



28. €ma-\ 



(uc? ax ^' 

29. (a+«)#+a5)-a{|,4;cy-^4-a^. 

191. In the exampli 
deii<«niiMt|OT» can gem 



m 



(o-fl^l 



3a+« 




<3,,- 



nloiir 



given p8'l,o.M. rf the 
it<Mmuned by inap^troji^ 



iy»rpi^9i«if (BxpifeiRi^^ denominatora, ii 

ki ffl BW i tlro e B desirable to collect the froctioiiB into t»a one 




0N FRACTIONAL EQUATtONS 



•M 



on each d$le of the eqoatioil. When thia has be«i doos, «|i 
cf^ ^ear :^e ecj[uation of fractjons by moltipljuig JJHm ni»- 
merator on the l^i by the denominator on the n^ and tiie 
numerator on the fight by the denominator oa the 1^ and 
making the products equal. 

{"or, if -i^2» '^ ^ ^^^l^Jb^W'^&o. 





Sb-S 13x-6 

• ^•^Hi-(4a?~6) 13g-6 
^ 10 ""^TfT* 






U 13a;>6 

lO" 7»+4 * 



/. ll(7«+4)HiO(13»-6); 
whence we find 



•'"^ 



c-» 



Examples.— ivii. 



I. 



3a?+7 _ 33e-f5 

7 4«-: 



V 

8 




1-to i-a» "* 



f. 



,*s* W* 



& 



4B-I-3 8as-|-10 7«~S9 



1 



» \18 "Si^idi- 

Sk+S . ts~4 



m 



«-i ^«-i-a 



.1 



If. ^g (x+3) -^<ll~«) - ; (x-4)-^ («-l|. . 

3 «+l ^ 



,2. («-n)(a«+2) ,^. 



14. 



■'«H-.l:. «. - 



3: 






4|6 



i'^L 



Hi 



':^: « 






'>nfeiB iiii 






H ."^ ' fe ' " 



■..&'^4 ■« 



li=ii* 



«-8 2«-Jt,€ *24 #-44' 



ae"— zx+4 V ■- "v ■■.:».•■-•->':..■■•■■■■ 

IM. Equations into which Decimal Fractiona enter do utt 
Ill^esent any seriooa diffictdty, as may be seen froJa the follow- 
ing Examples :--«• , ' « 






Ex. 1. fo mAw IJU eguoHon 



— . V ■ 

Tuniii^ fhe decimals into the form of Vulgar Fraction^ 



% ^- 



'c 



i* 



te Sx 141 



Itiplying both sides by 100, we gel 
60sB-3«+141{ 
theiefoie ^ 4^»141 s 



tiberefora * 



•"■8. 



•f?'" ■ ■ ■ To * . • 

Fin* dMr lis J^tuHom of decimals by mrdtiplying Its 
nnBMntar and denomim^r, by 100, and we get 



l| 



^ 10 BO 10^15* 

thwefixra 



•■*. ■£} 



iherefora 
tharafoni 



ff)>i " 1 ft f g + &miQai4i i & %= 



tax -•440; 



VtmJ 


%'j: 


I. 


'6x- 


4. 


^•25i 


3- 


•126a 


4- 


'U^ 


5- 


*2{VW 


V^ 


2-4aj- 


^^._ 


2^ 


* 


405 


-ia 


2-5aj- 


j„. 


8-5 "^ 
2*" 


!■ 
13. 


2-3at 


1*6 


14. 


24-08 


15- 


'Ito-t-- 



i.<hiT...TiL 



W JKRACTIDNAL EQUA TIONS, 



III 



5^ EXAMPLES-^lviii. 

I. •6aj--2=-25a5 + -2a;-l. 

4. 5-25a; ~ 5 •! + a; - -VSa; = 3*9 + •lia, 

3. •126a;+'01JB»13--2a;+'4. 

4. •3»+l-306a;+-6x»22-95--195«. 

5. •2»--01a;+'006»-ll-7; 

^ o . '360; -05 „ 

6. 2-4a; = *»*8«+8-9, 



^ 



'6 



7. 2'4«-10-76«'25a 
4-05 



8. -Sx+S-'TSjc-i'^B-lL. 



..»» 



+ 3*875 =4-025. 



^■ 



6»+3 



6 



'"• 2 % % ^\ »* 

,^ 2-3aj, 6aj .2>»;~3 aj-2 ^'T-i' 



■48a; 3-4b 



6 



-190a 



14. 



1*6 "^JJS 
24-08 1 



X 



9 "Ts'j-'r 

■f-^.-04(x+-9)=241'l 




V * 



15. *6aE-4 

16. -5 



•45g~-75 1-2 •3«-.<if 



•6 -2 

SHte 24-3x 



8 



•9 
= •376* 



-¥ 



«— 2 



•6 



T*" -9 



193. To f^rtfw {^a< a wiwgU equation can only ham on* fooL 

Let xs: a be the equation, a form to w)uch all eqnatioiii of 
iiie fijst degree may be reduced. 

I* Now fuppose a and ^ to be two roots of the eqnaliaa. 
■ Then, by Art, i09, 

•nd fl^g, r 



I therefoi^ 



tktm 



in other woidi, the two ittppoaed roota ^ identicaL 



xm. Problems in fractional 

EQUATIONS. * 



Id4 ' We Bhall now give a series of Easy Problems resulting 
for t^e most part in Fbaotional Equations. 

Take the following as an example of the form in whicli such 
Problems should be set out by a^ beginner. : - - - - 

** Find a number such that the sum of 'its third and. fourth 
parts E^l be equal to 7." 

Suppose « to represent the number. 

Then ^ uHll tejpiOBent the third part of the number, 

«iid 2 wiU iqpreaent the fourth partof themtmbei; ]^' / 

Honce ^+7 wUl represent the sum of the two partfc 



But 7 wiU represent the sum of the two partu 
TherdfoTO 



ti X t^ 






HenCQ ) ' 4x + 3»-"84> 

that if, 7x»84, 

Oiatis,. -'.v---— ----'^-^^-'--■«» -, - - ^ -.:—--,- 
and ther^ore the number sought is 12. 

EXAMPLES.— -liX. '{.,./ 

T I. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 96 ? 

S. What is the number of which the twelfth, twentietJi| 
^ and fortieth parts added together give as a result 38 ! 

-p — Whft t ts the number of whidi 



^ ^ fifth pari by 41 



* 



P^O^LEMS W l^RACTIOirAL EQUATIONS. ii%\ 

4. What is the^ number of which the twenty-fifth part 
exceeds the thirty-fifth part by 8 1 " 

5. Divide 60 into two tddrparts that a eerathpait of one 
may be equal to ui dghtii part of the other. . 

6. Divide 50 into two such pai^ that one-fourth of one 
part being added to five-aixtha of the other part the sum may 

oe 4v« , •» . » , ■ . . 






7. .I>ivide 100 into two such parts that if a third part of t)^ 
one be subto|00d&^ a fourth part of the other the remainder 
maybe II. 

Whatia 



8. 




third, tenth^^^d^llrelfth parts by 68 1 



lumber which is greater than the sum of its 



9. Wheu^^ittve taken away from 33 the fourth', fifth, and 
tenth parte of a certain number, the remainder is aeiou What 
is the number! , 

• rd Whitt is the number (^ which the fourth, fifth, and* 
sixth parts added together exceed the half of the number 
by 1121' 

If to the sum of the half; l^ethli^ Uie fourth, and t&« 



IT. 



twelfth parts of a certain number I add 80, the sum is twice; ««) 
large ai^the original number, find the nmaber. / 

12. The difference between two numbers is 8, and «ii 
quotient resulting from the division of the gieater by the less 
iia What are the nomben t 

. Tj, The seventh part of a man's property is equal to hi* 
irhole property diminished by jCieae. What is his property f 

14. The difference between two numbers is 504, aad th« 
quotient resulting from the division of the greater by the less 
h ift. What are the numbers t ^ . 

15. TTie sum of two numbers is 6760, and their djffbrenc« 
ii equal to one-third of the greater. What are the numben Y 



^ 



4 



nuich above 60 as the number it«af ia bt^w 66. Find th« 
number. 



■jsf' 



il6 PROBLEMS W t^kACTJpi^AL EOVA TtONS. ^ 

17. The diflference between two numbers is 20, and one- 
■eventh of the one is equal to one-third of the other. What 
are the numbers 1 

18. The sum of two numbets is 31207. On dividing «ne 
by the other the quotient is found to be 15 and the remainder 
1336. What are the numbers 1 

19. 'The ages of two brothers amount to 27 years. On 
dividing the age of the elder by that of the younger the quo- 
tient is 3J. What is the i^e of each ? 

20. Divide 237 into two such parts that ope is loor-flfths of 
the other. y . 

21. Divide ;gl800 between A and B, so tbat Jhs sbare may 
Tbe two-sevenths of 4's share. 

22. Divide 46 into two roe^ parts tbat tbe roin of tbe 
quotients obtained by dividing one part by 7 and the other by 
3 may be equal to 10. 

23. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
oUier by n may be equal to 6. 

24. The ^um of two numbers is % and their difference is &.. 
Find the numbers. ' ' ' \^ 

25. On multiplying a certain number by 4 and dividing 
the product by 3; I obtain 24. What is the number I 

a6. Divide ^£864 between il, £, and (7, so that ii gets r^ 

of what B gets, and C^ shore is equal to the sum of the shares 
of ^ and^. 

27. A man leaves the half of bis property to his wife, a 
eixth part to each of his two children, a twelfth jfitt to his 
brother, and the rest, amounting to \£600, to charitable uses. 
What was the amount of hie property ? 

28. Find two numbers, of which the suin is 70, such that 
the first divided by the second gives 2 as a quotient and 1 as 
a remainder. - , 

Find tWft nnm^y "f which the difference is 85, snch 



^9- 



ihai the i^econd divided by the first gives 4 as a quotient and 
4 as a remainder. ; 



- -K-. 



■■^^ 



#* 



PROBLEMS m FRACTIONAL EQUATIONS, iiy 



3a- Divide the number 208 into two parts such that th« 

sum of the fourth of the greater and the third of the less it 

'le8£| by 4 than four times the difference between the two partsb 

31. There are thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 

are there in the term ? ^ • V 

•--/*-■ ■■-• -■ ■ .^...r' :- - / .^■" .A.;^-;.:: 

32. Out of a cask of wine of which a fifth part ha^ leidcli*^ : 
away 10 gallons were drawn, and then the cask was two-thirdi . 
laU._Howmttcli(^^ ___. _.: L 

33. The suin of the ages of a father and son is half what it 
wilj be in 25 years : the difference is one-third what the sum 
will b@ in 20 years. Find the respective ages. 

34. A mother is 70 years old, her daughter is exactly half 
that {^. How many years have passed since the mother waa 
3J times the age of the daughter ? *** 

35* -^ is 72, and B is two-tl^ids of that age. How long ii 
it since A was 6 times as old as J3 1 « 

Note I. If a man can do a piece of work in a hours, thft 
part of the work which he can do in one hour "4^!^ be repre- 
sented by -. ' 'i 

Thus if A can reap a field in 12 hoursi he will reap in one 
hour ^ of the field. ' ' . 

* * - ■ ■ . "> .,■;-'■■* 1-1' • ', , . ' '•■■-. . ji ■ 

Ex. A can do a piece of work in 6 days^ and B can do it 
in 12 days. How long will A and B working together take to 
do the work? 

- '■ ' * 

Let X represent the number of days A and B will take. 

Then - will repretent the part of the work they do dail|w^ 
ypw ^ repwaenti the part A doea daily/ 



and ^^ reprefjents the part R does daily. 



rf^^ 



>^ ■ 

si- 



^* 



m'^noaiMMS if/ yitAChO/fAl tQUATKm 



n«&e« \^h wiU reprenent tli« Pftrt it and B do daflj* 



"«pMa 



:V 111 



Ooniequontly g ■♦• || •■ 



i? 



:>: V 



Utxm 



*-SS.)(.: 



17»-00| 



. Thilt Si, they iiffl do tho woik ia tCTjIftJii 

45. A Mn do ft plQQQ of work in 8 dftyi. J$ Mn do it in 3 
8, ' In whftt time will they do it it they, work together! 

37. v( QMi do » pteoe of work in fiO d«yi, B in 60 dayi, 
^ and ia-t5 4ftyi. In what time will they do it all working 
together^ *'-^ yv...,- •-■-.:.:,■. -:'-r -.« .,' ^. 

^38. X and. B together flhisK a work in IS dayi } / and C 
in 15 daye } B and in SO d^ya. In what time will they 
flniih it aU working together! , 

^ 39* it and B can do a piece of work in 4 houn ; j^ and (7 

s 1 

In 3i houn i J9 and (7 in 5b houn, . In what time oan X do 

I I - ' 

4a A oan do a piece of work In S^ days, B in 3^ dayi, 

•nd (7 in 3| dayi. In what time will they do it all working 

' togetherl >* ,-.,,.. 

41, * A doei g of a piece of work in 10 dayi. ile then calls 

in B, an^they finish the work in 3 days. How long wouhl B 
take to do one-third of the work by himself 1 

Nion U. UmMs^mi fill • Yiwil in fjtom^ Ihipwl of 
lie Teesol filled by It in one hour will 1)p represented by ~, 

E3g> Three tops r u miln g se^Murately w ill fill a ve ss el in 10^ 
SO, and 40 minutes respocti vely.^ In whit tji^^^y^l thei^^ Mi it 
%hen they oU^UA at the same timet iS^ Zi.^ i^ibiSiiili:^ 
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'"■ "\W 






tlmy will takib 



Then ^ will repro(iai\t the port of tlie vetael filled in % 
mittufca, 



No# Ay i?eprewute the part flljed by the 



1 

§5 



ftnttapinlmlMii^ 



15* 



rt*t *•**»»**•»•••«•** invrv 



'»in»VM 



*tfii*i 



'Honoe. 






or, multiplying both ui^m bya20», 

(to +498 + 3a; -n 120, 
tUatli, 13«-120| 

. ' i '. 

3 
Honce they will take 9,^ minutes to fi 



41 A vessel can be filled 'by two pipe i, running mpKnitHf^ 



•••(•••••«•••••••# 



second. r. 



il the Te«el 



in 3 hours and 4 hours respectively. In 
filled when both run at the same time } 



what timfl will U be 

43. A vessel ipay be filled by three d: fforent plpoi: lyy thi 

^ 1 1 

first in I7 hours, by the second in 3^ hours, and by tha third 

in 6 hours. In what time will the Vea d be filled when all 
thr^pipes are opened at once I 

44. A bath is filled by a pipe in 40 nunutes. It is emptied 
by a waste-pipe in an hour. In what time will the bttth be- 
full i^ both pipes are opened at once 1 



4$. If thr o ft^pip o s fill a v o ss o l in a, ^r < minutes rua^ag 



separately, in what time will the vessel brfiUed when all three 
*<re o^ued at once t v . 



..-Wt^ 



ISO PROBLEMS IN FRACTIONAL EQUATIONS, 

f" 46. A veasel containing VSS ^ gallons can be filled by thieft 
pipes. The first lets in 1^ gallons in ^3^ m^tes^ the second 

15^ gallons in Bs-minutes, the third 17 gallons kf 3 ininutes : 

.fin what time will the vessd be filled by the three pipes aU 
runmng together ? I \> 

" 47. A vessel can oe filled in 16 minutes by three pipes,, 
one of which lets in 10 gallons mOre and the other 4 gallons 
less than the third each minute. The cidtem holds 2400 gallons* 
How much comes through each pipe in a minutel , j! 

Note III. In questions involving distak<» travelled ovi^iti 
a certain time at a certain rate, it is to be observed that ^- . 
^ Distance 






Bate 



'=Time. 



That is, if I travel 20 miles at the raie.^f f miles tttt "hour, 

■ '■-. ' ■ ■ '^'' ' '20' 

' :\ numberof hours I take =-=n|^ 

■>-■ Ex. A and B set out, one from Newmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. ^A walks 4 miles an hour, and B 3 miles an 
hour. Where will they meet 1 

Let as«.represent their distance from Cambridge when they 
meet. 
Then 13 -» will represent theij' distance from Newmarket. 

Then I -time in hours that 5 has been walking, 



ld-« 



^^ ••..•......•.«• •..<>>•... «*• f »«*......«••. .•.«•••.•• 



4 

And cdnce both have been walking the same time| 

~^~^^-^_^ » i3~g -.-' i ■';:'-- :'';,'^^"" 

or 4x=39-i^ 
\ or Tas—afl;- 




*v%_- 



'■ -#• 



J 
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^ *I1uit id, they meet at a distance of 5^ miles from Cam- 
bridge.--,.^ ■,;.;■. ■■,;, -i ;-\,;^i, ■■■;-. •.^. ..,,-.■ ,. .' jj ;.. 

48. A person starts firom Ely to walk to Cambridge (^hich 
is distant 16 miles) at the rate of /% miles an hoiir» at tha 

same time that another person leaves. Cambridge for Ely 
walking at the rate of a mile in 18 minutes. Where wUl they 
nwetl , ' 

~ ^ A person walked to the top of a mci^ntain at the rate 

of 2;r miles an hour, and down the same way at the rate of 

?' ..;?■ ..■'■,:, ' ■■ ■ ■. ■ -• ^ ■ .•^:-^- 

^ iidles an hour, anid was out 5 hours. How fiir did he isiSL 

altogether 1 '■■■;>■ ^ .||||. 

50. A man walks a miles in h hours. Write down 
(1) The number of miles he ydll walk in 6 hours. 

V (S) The number of hours ho will be walking (2 miles. 

51. A steamer which started from a certain pAace is fol- 
lowed after 2 days by another steamer on the same line. The 
first goes 244 miles a day, and the second 286 miles a day.^ In 
how many days wOl the second overtake the first % ' 

A messenger:>who goes 31^ miles in 5 hours is followed 

afler 8^ hoM» by another who goes 22^ miles in 3 hours. When 
wiUtiie second overtake the first? ■, ^ .- , ^ ^ 

53. Two men set out to walk, one from Cambridge to 
Lopdon, the other from London to Cambridge, a distance of 
60 mil^ The former walks at the rate of 4 miles, the latter 

at the rate ol 3- miles anrhour. . At what distance from Cam- 
4 ' ^ 

bridge will they meet ? ^ t^E^TrTs^' 

||i A sets out and travels at the rate of 7 miles in 6 hours. 
Eight hom a^Lfterwar d a J ? s ets out from -tha- 



travels along the same road at the rate of 5 miles in 3 ln>u9L 
^y^ttti what time will B overtake A^X_ , 
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NoTB IV. In problems relatAg to clocks the diief point 'tt 
be noticed is that the minute-hand moves 12 times as fast as' 
the hour-hand. 

The following examples should be carefully studied. 

♦ 

Find tiie tiaie between 3 and 4 o'cloc^ when the hands of a 
dock are 



(1) Opposite to each other. 

(2) At right angles to each others 

(3) Coinddept. . „ ^ _ _^ 



Vj, 



;ni<! 




(1) Let ON represent the position of the ininute-hand in 
Fig.L ■ .. ■■%.. 

CD represents the position of the hour-hand in Fig. L 
M marks the 12 o'clock point. »*- 

The lines OiH, OT represent' the 
3 o'clock. ' 



of the hands at 



Now suppose the time to be » minutes past 3. 

Then the minute-hand has since 3 o'clock moved over the 
arc MDN, 

And the hour-hand has since 3 o'clock moved over tlui 
arorZ). 



Hence aio MDNm twdw Hmet arc 1^ 
If then we represent MDN by Xf 



';-%-• 'r: 



X 



we shaU represent TD by r^ 



Also we shall represent MT by 15, 

^d DN b^ 30, 



.^:,. ;;,.■.. ag 



PROBLEMS IN FRACTIONAL EQUATIONS. I13 



Now 

that is; ;' ' 



MDN^MT^ TD + 1)N, 



a; 



aj=»16 + T5 + 30, 



:^^^\:f 



~\ 



or 12flB=180 + x+3eO^ *^ ' ^^'^ 

or llaj=540; ? 

..}..,:,. '^ 640 -x,=:;., ..;.;,:. :-- *■;.:,;. 

1 • ' - , - ■ . ^■■ 

Hew«Jtlte time w 49 jY niinut«B past 5>. • 1 1 ^ 

. (g)^~ln Kg. II. the description given of the atate of tke 
clbo^l^ Fig..I. applies, ttcept that DN will he represented hy> 
ISicS^ofSO. 
Now suppose the time to he x nainutes past 3. j .' 

Then since 

MDITuMMT+TD+Dir, , 



at 



"'f^:-\ 



< firomiwhioh we get 



a;=16 + 




360 


. "•■ 



8 



that ic^ the time is SSyy minutes past 

(3) ° In Fig. III. the handy are hoth in the position 0^. 

Now suppose |h| time to oe x minutes past 3.^ 

ThensJiMse 

MN=MT+TN, 

'■■'"■" -*', :. ^ ,- X 



^ 13a; =180+ a, 
180 . 



/ 



or «B< 



.V 



U' 



that is, the time is 16=-=- minutes past 8» 

$$. At what time aXe the hands of a watch opposite to^ 
• each other, 



■JI) "Between 1 and 2, 

(2) Betv^n 4 and 6, 

(3) m^ee^8and9l ^ 




';v-"^;"'"-^" ^"V-.^fe'-^-'i. 'h^"{-"^!' 



4\ 






?.?;-,' 
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' 56. At what tune lUTQ the hands of ft watch at right an'glea 

to each other, • '''■'■- ^-^"^ . ' 

* - .-"'"' . • . If, ' 

(1) Between 2 and 3. ' , 

> (2) Between 4 and 6, '?" ■ ^/ • 

Between 7 and 8 ? ' . . i| 

17. At what time ai'e the handa ot a watch togeth^, 

(1) Between 3 and 4, . 

(2) Between 6 and "7, - ' 

(3) Between 9 and lot 




■n 



3n + 69a 



$8. A person hnys a certain number 6f apples at the'rate 
of five for twopence.'* He sells half of them at itwo. ft penny, 
and the remaining half at three a penny^ and clears a penny 
, by the trani^ction. How many does he buy ? 

$9k A man gives away half a sovereign .more than half as 
many sovereigns as he hat^: and again half a soyereigi^ more 
^than half the sovereigns then remaining to him, &nd now has 
nothing left. How much had he at first 1 . 

2a 
60^ What must be the value of n in order that 

■ ' 'a-V -" - ' - " . . ' ' ' 

may be equal to ^ nrhen a is 5 1 
•-.-,■. ./■■■'. ^ . >' ' ■ 

61.. .A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles ^tant^^marches 18 miles 
ft day. The enemy pursues it at the rate of 23 miles a day, 
but is first a day later in" starting, then after 2 days is forced 
to halt for one day to repair a bridge, and this they have to do 
agaiu after two days' more marching. After how many days 
from the be^nning of the retreat will the retreating force l3e 
overtaken? .^ "~ 

/; 63. A person, after paying an income-tax of sixpence in the 
pound, gave away one-thirteenth of his remaining income, and 
. bad ;$546 left What was his original income} ^^ ^ 

I 63. From a sum of money I take away j&M more than the 
Thai f,^ then frnirn ^the remainder J30 laoifti than^ the fifths J 



A^ra the second, remainder £20 niore than the fourth part : 
ft^id at \»&% o^y ;C10 remains. What was the originaliumf 



•.)f. 
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64. I bought a certain number of eggs at 2 a penny, and 
the same number at 3 a penny. I sodd them at 5 for turopenolL 
and lost a penny. How many eggs did I buy t > ^ . ^ 

65. A cistern, holding 1200 galloiw, is filled by 3 flpot 
A, By in 24 minutes. The pipe A requires 30 minutes moM 
than' (7 to fill the cistern, and 10 gallons less run through C per 
minute than; through A and jB together. What tune irould 
each pipe^ take to fill the cistern by itself I 

66. Ay B, and diink a barrel of beer in 24 d&jB, A titt 
^-drink grds of what does, and B drinks twice as mueh as A, 
In what time would each separately drink the cask t -• > ^ 

67. A %nd B shoot .by turns at a target. A puts 7 buUet* 
out of 12 into the centre, and B puts in 9 out of 12. Between 
them they put in 32 bullets. How many shots did each fire 1 

68. A farmer sold" at market 100 head of stock hoiaee 
oien, and sheep, selling two oxen for every horse. He obtained 
on the sale ^62, 7». a head. I*f he sold the horses, oxen, and 
shtep at the respective prices ^22, X12, 10«., And £1, lOt., how 
mauy horses, bxen, and sheep respectively did he sell t . 

69. In a Euclid-paper A gets 160 marks, and ^ jusfpasaes. 
A gets full marks for book-work, and twice as many marj^r 
for riders as 5 gets altogether. Also £, sending answers 
to all the questions, gets no marks for ridera and half marks 
for bciok-work. Supposing it necessary to get g of fuU inaika^ 

m order to pass, find the number of marks which the praer 

carries. ", .^ ;.,-., . :"^-.::,- . -;• ,^,. ^,- .^- ,, -,,,,,. . ..-: _- ' , 1 ';.;. ' ,- .-..:_. ' 

70. It is between 2 and 3 o'clock, but a person looking ft 
the clock and mistaking the hour-hand for the minufce-hanil, 
fancies that the time of day is 55 minutes earlier tlif^ t^ tiba 
reality. What is the true time 1 &'- 

71. An, army in a defeat loses one-sixth of its numbed in 
killed and wounded, and 4000 prisoners. It is r^mforoed by 
3g00 men, but retreats, losing a fotirth of its number in ^bing 
Bo. There remain 18000 meb. Tf^iat was the original fonel 



«'^ 



7^' The national debt of a. country was increased by one> 
fourth in a time of war. During twenty yean of ^eaoe whkli 



' * 



J ; 


•!.. ' - 


ir 


■■",.4'- , 




'C, , ; ; % 







I I 



'( ' 



vt 



^> 



# 



i? 



■<«^>t' 



•o^ 



^ 



I«6 



ON MfSCELLAiiEQUS FJHACTtoN^ 



fc^owed' jg85,000,000 was paid off, and at the end of that time 
the interest was ledueed from 4^ to 4 per cent It was then 
fofolid tbsA the interest was the same in amount as before the 
WtXr What was the amount of the debt before the war 1 



.pf^ 



75. ^n artesian well supplies a breweay. The consnmp* 
Uim of water goes on each week-day from 3 A.M. to 6 p.m. at 
doilble the n^ ^ which the water flows into the welL If 
the well contained 2S50 gallons when^ the consumption began 
on Monday momi^, and it was just emptied when the con- 
sumption ceased in the evening of the next Thursday but one, 
i^iat is the rate of the influx of water into the well in gallons 



**::;>, 



<- ^ 



-■\ ■:--...: r- 







3X7. ou Miscellaneous fractions. 



iSNi. Ih thia Chapter we shall treat of various matters con- 
nected with Fractions, so as to exhibit the mode of applying 
the elementary rules to the simplification of expressions of a 
more complicated kind^ than those which have hitherto been' 
discussed. . - 4iA ' " 

186. The attention of the student must first be. directed 
to a point in which the notation of Algebra differs from that of 
Arithmetic, namely tofcm a whole nuriiber and a /ration Bland 
wide hjf tide with no tiffn between them* , 

3 • 3 

Thus in Adthmetic 2e stands for tjhei eum of 8 and b. 

But in Algebra x- stands for the product of x and * 

Boin Al)(»>nta^<M>di toi tli« iirodaetof tiad^i 



, ON MISCELLANEOUS FRACTIONS. 

■— -* ■■ 1 



fiXAMI*LES.— L*» 
SiinpUfy the following fractioiu : 



* / 



t, a+a; + 3-. 
ar • SB 



rx 3. ^ + 2 ^ 






4. 4±4^2«"-^ 



l«t^ 



%;' i 



197. A fraction^ of which the Numemtor or Denominator 
is itseU a foustion, is called a C6mple:x FPactlOQ. 



t 

as c 



X 



Thus -, -J and ^ are complex fractions. ' 

A Fraction whose terms are whole numbers is caHfed a « 
Simple Fraetion. 

All Complex Fraction? may be reduced to Simple Fractions • 
by the processes already described. We may take the follow- 
ing Examples : ,, , ' ' ^ ' 



/ 






* -- 






f 






1+as 



(3) iif=(l + x)-(l + ^)-(l+,H«il 
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W 



\-x l+» 



\\-» 1 + x/ * \l-a;^l+»/ 



l-« l+» 



V^^*) 



l+as-l + «^ « + aJ»+l-» 



T^hF 



4 



T*]?^ 



•,!&■" ■•>" 



>f- 



2ag 1-a^ gg: 



(B) 



S 



91 



1+ 



1 + 



1 + 



l-aj-fcS 



1 + 



1-05 + 3 



1+ 



3-3* 

4-s 



I^ 



\-x 



3 



3(4-x) 12-308 



4-x + 3-3aB 4-»+3-3« 7-4« 



4-« 



/4- '. ^■^■ 



EXAliPLES.— IxL 



■•^*' 



Simplify the following expiessions: 



»+? 



5 OB 



8^ 



V5 



m I 



« 



«-K 



6 + 05 + 




jn 



^ 



a-«+- 



i-d* 



i+= 



#+ 



^ 



l + r 



a- 



^ 



i-_s. 



+ 



s 



— 5r~' 



fig 



»«+ 



fsi^ 



16. 



htt^ 



H-: 



i+r 






g+f 



g-y g+t 



t>A^ MlSCELLAArMOaS FRACTIONS, i^ 



ia» 



l+a + os^ 



Sm-3 + 



14. 



8m-l 










_l«a ijiy fractkm nuiy be iiffll lip into a ini^ 
hoM e^iial to^e n wiber of tonns in ito niu^ 



'y:t: 



•1+^ + ^4.^ 



"^'s-. 



t 



.Examples.— ixti* 



Split up into four fiactionB, etch in its loirart temiB. tha 
following firactiona 1 . ' 



- > 



^ ^a5« • 



iB^-.l>ay4.<a-» 






^ i» >y -,^ 



1000 "• 



199. The quotient obtained by dividing the nnit by any 
fraction of that unit ia caUed Thb Rbqipbogjj. of ^iiSNbkction. 

Thna 1^ Uiat i% >, ia the Bedpmal of SL 



^ 



Wk Wi !ii!W *h«wJi in Alt. 158, «iat Ike faction iymCol 
^ ia a proper reprea«ntati?a of tha IHviaiaik of a by 1^ la^ 



m ON MISCBLLANEOVS FRACf^ONS. 



Chapt* IV. we treated of cases of division in which the divisor 
is contained an exact number of times in the dividend; IVe 
now proceed to treat of cases in which the diviSor is not con^ 
tained exactly in the dividend, and id shew the proper method 
of representing the Quotient in such cases. 

Suppose we have to divide 1 by l-a.- We may at once 

represent the result by' the fraction r-L. But we^may 

actually perform the operation of divittott in the following 
way. ■ ■ , .'■-w: :.■■-: ; .,' ■, ;*■■ 

I-o^ 1 (^l+a + a2 + o3+.^^"^--T^^— ^ 



a 
a- 



-/■ 






w 



a 



a-«» 



a' -a* '■■ ■ 

Tll%. Quotient in thiq case is interminable. We may carry 
on the opei^tion to any extent, but an exact and terminable 
Quotient we rfiali, never find. It is clear, however, that the 
terms of the vinotient are formed by a certain law, and such 
a successicm of terms is called a Series. If, as in the case 
before us, the series may be indefinitely extended, it is called 
an 1nfinitB«Seribs. . ' 

If we wish to express in a concise form the result df the' 
operation, we may stop at any term of the quotient and writ* 
the result in the following way.' , 



■■■l+ra+o' + 



I -a' 



■■l+«+ii"+a^ + 



i;« 



r^ 



•^ 



/ • 



. ■ - ■ ^ . ■ 
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always being^Sifurtrafeteci^o- thatimn^f tte quotient, at 
which we intend td stop, the rmmnd^X. thatpOTfil^^ortfie^ 
division, placed a» the numerator of aWction of which the 
divL$9]r is ^he denominator. . 



£XAMPLES.--IxiU. 

Can^r cm eacli of Oie following divijions to 6 tenns in t]i» 
qnohent. \.___-_ .^^_ . -^^ ■ _ _■ ^,^, , . -. ;; ,.- - ■ .-. ■ ...■;..,■ 



1. 2l)y l+o. 

2. inby m+2. 

3. a-6l[^a + R.. 

4. a*+««by(i2-a«. 

5. 'a«bya-& 
'6. 5by a+A 



7. lbyl + 2a!-2ai». 

'8* l+«by l-jc+srt 

> l+6byl-2& 

la «»-6»by«+4i, 

tilw c^by «^&> 

li a*by(a+a;)« 



13- If the divisor be x-a, the quotient ««-2aa;. and the 
wmamder 4a», what is the dividend ? . ^ f^ 

14. Ifthedivi8orbem-5,thequotientU»4-fij»«+15»i+34 
and the remainder 76, what is t|^e dividend I ., ' /^ 

.201. If we are required to mu«%^ such jriexpw«ionM 

■ V- T"*-3'*-4'^2~«» ^^ . 

we may multiply each term of the former by each ternj of the 
latter, and combiiie the results by the ordinarv method* <£ 
addition and subtraction of fractions, thus ' 

5"! 






-; v ^ — r 

4+ir'*"8 

t > 



v. 



iUJ 



'■ 1 1 • tir i i 



»" 1 



; 4®-v 






*3« 
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Or we may first reduce the mul^plicand and the multipUei 
to single fractions and proceed ill the following way : - * 
/ a^ . a? . 1 \ /« 1 \ V 



6a« + 4flg+3 3x-2 li^+«-j 
' 12 ^ 6 " ^2^ 

* 72 '•"72"^" 4 ^72"l2'' 



Thia latter process will bia foand the omplet Ivjr ft begiimei; 






EXAMPLES.-^iXiy. 



Multiply 

a* . « . 1 



».l 



*• 6 6+3 ^^^4 I^V 
> ««+i^+j+^byaj-j. 



4. a^-l+j^bya:«+l+^. 

i If 1 , 11 ^r 

^1 1^1 ' 1.1 1 






7. l+-+-ybyl-- + -y. ; 



a, a' 



t l+^f|c«byl^|»4s.ic^^ 



6 3 7^2 1/ I ' - 
202. Ijf we have to imi$ such an expression m 






% ••+30;,+ - + ^ 



^y *+-, we ttwy proceed as in the division of whole numbers^ 
^irafttUjolMdnraii^ tiutt tbt oedir of d«N«idio| powtn ol a 
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Any isolated digitay.as 1, 2, 3 ... wiU staled Ivetweea a 



and-. 

as 



Thus the expresguni ". 



«33 



,. ,^ 



minged 



1 8 w 

tot (2e«cMu£f njjT powen < if 9, will stend thni^ 



MO 

ac» + 3as« + RB+4 + -+3+ 



The reason for this arrangement will pe given in the Cluq^ 
on thQ Theory of Indices 



Ex. 

( 



1 






w 

2»+H 



1.1 



Or we may proceed in the followin} way, whieh will 1» 
found simpler hy the beginner. ' ' 



(^.3»+?+^)-^(.+l) 



#+3aB*+3x»+l .a^ 

■ ' «•, ,, •*•- 

•^ + 3fle* + 3aE'4-l i 






-"•v.' 



;S-V« 



+ 1 



2SL 



-7 T- 



ae»+2a8" + l 
•-1? 






. 1 



1, k»« 



i^ 

^■F. 
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EXAMPLEg.~lxv. 



Divide : 
3. w'+^abyw + i. 

a|8 y3 



4. «»-^li3rc-3. 



1 1 ^ '«■- ■■"/■;♦ 



ir «" y X ^ y i^ , 



-i-^?-ils''x^^K 



m In dealing with expres^ involving Decimal Fme- 

m^^T °''*^'^' ""^^ ^' adoptiiL as will be seen liom the 
following example. .m < /^ 

Multiply •!«-% by •03«+ ^4^ 

^ We may pro^ thu8,^plymg the Rnlee for MnltipUcation. 
Addition, and Subtraction^of Decimala. • i* «»"vn, 



•llB- 

•03a; + '4y 

ima^-^ooexy 

+ •04 a 5y---08yt 

•003a!f+-034ay-.-08|^' 
Or thus, 

(•la8-2y)(.03aj+ •4y)=f *-?yU_^ . 4y\ 
*y; Vio ioAioo+10/ 

iooo ' 

^^aa^fOatoy 'OOy * 



the latWmeO^od wiU be found the simpler for a begjbwxer. 



i-v 



y 



m»mmmm 
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■I'' 



■ : Jlim- 

■■^v...,, ..." 

EXAMPI-^.^lXVl. 



«f# 



Multiply f 

I, •!«- -3 1^^^ ^ -( ^i -OSa + 7 by -Sx - 3, 

3. •3a;-*2y lyy -^te+^T^ i 4 ' ^-aas+S-Sy by 04a;->q6y. 

5 Find the value of ' S>^ - a. 

4 Find the value of - ' 

204. When any expression J^ is put iii a form of which /it 
a feotor, then -y is the other factor; . ^; 



\V.- 



Thus 



80 



oS + oc + ftfl 



» ■ ■»' 






vf'' 



•nd 



^ 



, Examples.— ixvlL 



I. Write in fectoirs, one of which is aix, the seiiet 

«!« + OtSB" + a|X» + o^ + . . . 
3. Write in focton, one of which is xyz, the expression 
-^^>>- - . ■ {cy-4»+j|a. 

, 3. Write in factors, one of which is o^, the expression 



"^ Writ6Tfflaciari;"0"i« M'whicEls tt^,~thfl tap wup^ ^ 



r" 






t3« 



ON MISCELLANEOUS FRACTIONS, 



205. We shall now give two examples of a. process bj- 
which, when certain fractionr aie known to be equals othev 
relations between the qnantitiefl" involve^ in them may be^^ 
detennined. ° 



/« V 



This process will be found of greaf Use in. a later 'part of 
the subject, and the student iji advised/ tb jia; particular 
Attention to it. s ■ ^ • • 1 ; 



\ 



(X) If". 




"3' 


shew that 


■ ••- ■ 


«k 




_^^ 


a+6 




Tirt 




■J ' 


1^ 


n\. ■ 


Then 


■. !■- 


,» . ■ ■ ■ . 


r 


.X; 



Now 
«Bd 



A a=sXOy 
. ' tod c-AA. 
«+5_X6+6_6^^+l) X+1 
o^ X6-6 6(X-l)*^xrT* 

f±^- ^+i ^(^±}) X+1 
«-<i ^:^ d(X-l)'°X-r . 



<»+*. J e+rf 



Hence — 3-f and 



X + 1 



one another. 
(2} If — —p^-j- 



535 »»<^ jZd ^^^ each equaljo ~ij are equal to 



a- 1 



- c c - a 



> shew that m+n+r«a 



Le. 



:^: a 



^-1 



n ■, 



^ 



■=X, 



thai 



MraXa — XO^ 



1 ••. ii + A ^ r -Xn - X6 + \b- Xc + Xc - Xff «Q^~ 



-^ 



t?? 



ON MISCELLANEOUS FRACTIONS. i5f 



Examples.— IxvliL 



'• ^f J=*2 prove the following relationi: 



(,)«^.e-* 



<*'v 









^ 



^7 <^+a6+6«"'?7^d7^ • 



2. If 



I 



m 



a-6 6-c c-a 



"^rT»*l»«tt^+w+ii-a 



3- ^J"=^f P«>veliatj-^±*?^^ 
4. II -^«_.__^ provfr that a«6-ft 



'A 



^* ^y 5» 7 ^>» descending order of magiitudja, shew 
7. I^^-^ shew that ^±g?i.f^±«l(i- 



.a e 






a e 






-f. 



^ , 



118 



ON MISCELLANEOUS FRACTIONS. 



i,-< 



a^t . 



lo. If r^ be a yirvpvr fraction, shew Aat Tj— is grejiter 

■|| ■ ' -■.:.■■' --^ ■-■■.,.-■";. ■>t'^'--- 

than r, 6 being a pocdtive quantity; ^ , t 

IX. If r be im iinprcjper fraction, shew that •g— is teaft 
i^um p e being a ^(witiye quantity^ ' ' / ' 

■ ■ * 4 ' ■ ■ , I- ./ : '. 

«."■■" ■■" -'""'^ ' r V ." ^ -V . . '.■■-■' :.' •;\^ 

' t ■ 

206. We shall now give a series of examples in the working" 
of which most of the processes connected mth fractions v^iU 
be introduced. *':■ 









■■■:^l- 


A -.'■■^.ki^.^.A 


" \ 


• ' 


8. 




■ 








lO. 


': "^ 




II. 1 



v:. 






.. ^ Examples.— Ixix. . 

I. Find the value of3a*+—-pwhca. 

a=4,ft=|,6«»l. ' 

' * Smiphfy y ^,i2^^5 ^^ a^^4a-45. ' 
i Simplify (^^-^)^(^+^ 

4. Add together 

4'"6"^8M 6^8^^4^6^8' 

' ' ' ■<tfl 

and subtract a* - aj^ + % from the resplt. 

5. Find the value of pi^^^^ when ^ - 



a«4,. ft-g, 



c-l. 



6. Multiply |««+:3a»-gfl« by 2a:«-a«-^^ ' ^/ 



5f. ^ Sh^w that ^j3^=a + 2&-»-^^ 



7^ 



,-^- 

Bflm^bee 

16. Si 

17. fiH 
|& Sii 

{■' " , 

19. Sii 
» Sir 




Tester 



a less 






)rking' 

IB Iftlll 



■iMU 



0lf MISCELLANEOUS FEAVTIONS. 



m 



■ " • I I . 



8. Simplify ?-It+_2y_.!^-a:y* 



' «../- 



«*+7«'-9a5*^-7«+8' 



II. 




M'**""^ 



10: 



l-«- 




»+^ 



v^% 



^ 



v!<r 



13. Simplify a+a6+,6«(o+a6.+6«-iLi 

- ,- ■ . , - - ,. / .,■ , ■ , , ^. 

, t* 4''<' *«8««'«5^it^. ^ Mul dW thM if their 
Witflie eiiual to 1, then oJ<!io+ J+V+S. * 



16. Simplify ^ 






^-fc+^-j-a+e^i 



>, and afaew that it is equal 



u.'Ji^^±£rM-)i,^.„,j^, 



17' Sihewthat 



fi 



— — .~— .. 4a* 



lX 






:^* 



19. 






m-X'Lj|a.±8ft^_^ 






H 



I M, 



/ 



If . „. - - "■ • ■ ■ „ --" .-/i ■ ■■'."■ 

P3. Simplify ^^ 



24. Find the val-e of {^^ JL^±^^, when x= 






~3Jf^- 



«5. Simplify ^j:j:^+jj:p^+^^^^ 



c-1 




,*>.pUI,(^-l)(.-^-x).<^-i)(-.^-l> 

Hi Oimpllfy * 

' K^^ •Hoft + y"./ 2a» ,\/, io> \ 



, .#■ 



en MtSCkLLANEOVS PHACTIONS. 



tit 



36. Simplify 

1 1 ; J 1 

37. -Piove that ''-■■^:^- "V: .■--■:■■; ■" ■: : . :"■/-"■■■■-■•: 

«i» a(«-t)(«-o)^»(i^o)(»-6)~«(»_a)(x-ty 

38. If «=a4 6 + C+ ..; to n terma, shew that ^ 
«-<»j.l-l.«-«v Vl.l 1 \ 



39. Multiply (a^.;jg-,)V.. ^-yy ;^^ 
4a Simplify_*±*V *-^^ 



a+« "ii^+j? 



4/. Divide a^+^-3(^l*i) + 4(x+?)Ly^, 



4a. If «->«•!- 6 + «+ ... to n tenns, ahew that 



. ^+; . 



43.,DivM.(j^--l-),,j(^V^ 

I gay // y\* 

le T» ••*-^ _ g+<^ __ u^^ O + R-t- c-t^d .v. 



.#• 



46. Simplify 

y*-j-4 p*9'4- _ 



^ l^^Si±^'*^l^^^^^ ^ i^-^^^^ ^+^_ 



47« Reduce 



l-2« 



«4l 



3P^+lJ, !(??+ l)"*"-6^||)fL 



Ui 



JSIMt/L TANEOtJS EQOA ttON^ 



1 1 ^^ X \ r J 

49. Simplify J — ^ r ( ^ J — ILL^ 

. (a-y)(o-«)«'"i(o-y)«(a-») 

'^..■:--- .:^ -■■-•* ,., ^ - : %■ '■ ■ 

$«. amplify .j-^j— J— -pj-j^ 



U ca''o5 



a+ 



51. Simplify ■ j, (f^-V^ 



•^ 



a 



■^ 



\ 



/ 



<5 



i XV. SIMULTANEOUS EQUATIONS OF 
THE FIRST DEGREE.' 

207. To determine eeveral unknown quantities we must 
have as many independent equations as there are unknown 
quantitie8.H^ •' .. , 

Thus if we had this equation given, 

' '• »+y=6, 

^ we could determine no definite values of x and y^ for 

c-4) c-3) 
y-8/»°'y-.3i' 






c-sf 



or odiM valu e s might \m gl r ea to • and y, eousat^Uy witi r 
the equaUon. In &ct we can find as many ^rt of vaiuM (|| 
• and y as we please, which will satisfy the equation. 



OF 



i must 
Imown 



iues qI 



(?/^ TVZfi Fmsr DEGiiliJS^ 



m 



We mu8t have a uwnd %Mtum independent of the first, 
and then weynay find a pair of values of s and y which will 
mUufy hoik eqyMtiom. : 

ThuB, if besides the equation «+y=6, we had ai^otlier 
equation «-y=2, it is evident that the values of s and « 
which will $atisfy hoik tqwtUnu are . 



y-8 ) ' 



sinoe 



4i-S-6,atid4-S.^l. W ' 

Also, of all the pairs of valads of « and y which will satisfy 
one of the equations, there is but one pair which will satisfy 
the other equation. 




lues may be found. 



We proceed to shew how this 
Sp& Let the proposed equatic 

2«+7y= 

• Hultiply the -first equation by 5 and the second equation by 
8, we then get 

l(te+36y-170 * , 

lOttc+lSy-loa. • 

The coefficients of as are thus made oitfci in both equationii 

If we now subtract each member of th^ second equation 
from the corresponding member of the firat equation, we shall 
get (Ajl n. page 68) 

^ 3Gy-18y»i70>108, \^ 

or _^ i7y^68; ^ ^ ^ ^^ 

-,■...'' • «»iA ...■■; >-. '■" 

We Ibave thus obtained the value of oiu of the unknown 
symbols. The value of the oiktr may be found th<is : 

Take ons of the original equations, thm 
'■ / 2aB+7y-34. ' . 

low, since *^ y-4, 7y-28| '"^^ • ~ '* ' 



Sac + 28-> 



34j 



mm%. 



* Pence the pair of values of • and y whic|i satisfy Om 
•lUalions is 3 aitfl 4 "^ i 



144 
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iiini I iJilirwKii^ 



HoTB. The process of thus obtaining from two or more 
equations an equation, from irhich oaeKif the unknown quanti- 
ties has disappeared, is called ElA^inatim' 

209. We worked out the^steps fully in the Example given 
in the last article. We shall now work a« example in thp jDiHi 
in which the process is usually given. / A s: 

£Xi To wive the equations '' 

3x+7y=67 

Multiplying 'the first equation by 5 and fhe second bjr 8^ 

15x + 35ys335 
' • ' I&B+ 122^=174. 

/ y-7. 

8fl5+7y=67, 

3flf+49=67, 

.. /. 3as-18, 

' ,.' -*■■■ '^ -■'-•.>.' - ■ . ■ :. a;=6. 

Hence x=°6 an4 y°*7 are the values required; 

' ' .. ' .■■■ *• , ..■: .■,.,:^— -:/-. ^\:. k V ■ :.„ ...^ ..;,...■ 
ilO. In the examples given in the! two preceding arttcies 
we made the coefficients of x alike. Sometimes it is more con- 



Subtracting^ 
And therefore ^l 

Now,Biac§v 



'<^C 



Thus if we iiAve 



venient to make the coefficienta of y 
to. solve the equations 

I 29a; + 2y=64 

13*+ y=29, 

wo leave the first equation as it stindB^ and multiply the 
second equation by 8, ^ns 

29at+S|/-64 

26aj+2y=68. 

Subtracting, 
and therefore 




. • 


,p. 


4- 


4asA 


1 


7s- 


%;;■" 




7. 


171 




lU 




> 



T moie 
quauti- 



i giveft 



f^ 



^' 



1 ! 



aTOclee 
>re con- 
'e* iiave 



>]/ the 
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>45 



2. Sa+By- 101^ 
- »a!+2y=96.. 



3«+4y=42, 

4. 14aj+9y=sJ5Q „^;5. va + 15y-49 
i 7«+2y=68. ' ,'3a;+ 7y*71. • 

7. fiK+ 4y=236 8. 39a!+27y-106 
8a;+16y=s673. 62a;+29yal33. 



■ ■ > 

3. 13aj+l7y-i89' 
.2x+ y=.21. 

6. 16x4- 19y=f 132 
36«+17y=226 

> tSi^+14y»330 
63a; + 7y=»273. 



211. We shill liow give some examples in #hich negaiiv 
signs oc6ur attached to the coefficient of y in one or k>th of 
the equations. 

Ex. Totolvetheequatumi: 

- ' . ' . 6» + 36y-i7TI ■■^:-->'%' -. ' 
; ' ^ •. tkB-^21y- 33.. * 



■ ^1 



•■•-V- 



Xnltiply the first eq^atioa by 4 and we second by 9, 

24a!+14Oy=^08 / V- • 

24«- 63y=» 99./ * . : ' ' 



- Subtraoting, 
ind therefore 



* * ,^ SP3y 
The value of s may then be to 




■ ^ 



4. 4a:+ 9y«79^ 

^ y«-iytf^4a 



Examples]— ixxL ^ , 

2, 7«- 4si«.66 3. «+f-e«. 
Ifi9-13^'-109. »-y-«. 

5. »+i9yi97 6. 29a;-14y-175 
^^e^J 3yfl21. 8 7 ar ., 6Cy»r,497. 



7. 17:i»-213y-612 8. 43x+ 2i-266 9. 6aj+9y-188 ■ 
ll4«-32Gy-g44 Ito- 17^-4. 13«!-fti-67 



# 
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• II I uin lfltl«ii<w>«*i ■ ' I ' _i • • ■ >•». ■ 

215S. We h&ye hitherto taken examples in which tub 
coelficients of x are both poaitive. Let us now take tb» follow* 
mg e^^oationa : - , . ; ^ 

.5x-7y*=6 '. . , ■ ^ 

Qy-^x^lO, 

Change oil the tigiu of the second equation, so t|)at~wvv^t 

2x-9y«-ia ^^. 

Multiplying by 2 and 6, ' * ^ 

lGfl5-i4yll2 . 

Subtractings 

-14y + 45jy=12 + 60s 
U 6t, 31y=62, , 

. or, •y«»2* s?\* •'•V '^ 

The value of x may then b6 found. I.k 



"J.* , -^ 



'&> 



%: 



ijih- 



f JCX AMPLKSi— IXXll. 



/t* 



i. 4«-7y-22j X 0a5-6y?»62 3* 17z+3y=57 ,' 

7y~3a-l.> 8y-3as«-a . 16y-3a=2a 

4. 7y+3aB-78 5. 6aj-3y=4 * 6. 3a5 + 2y=39|^ " 
19y - 7aj= 136. 12y - 7a;» la 3y-S»= 13./ ^ 

7. 5y-2j;«i21 ' '8. 9y-7»«13 9. 12«+ 7y=176 . 

13x -4y»120. 16«- 7y»9.^^ Sy- 19s6»»a 

213. In the preceding ^zainples the values of x and y have 
h&bu pontim. We shall now give some equations in which's 
or y or both have negfa^iM values. " ' 

' KZa; To iolve the equations: 

2x-9y»llr , ' : 

■ 1^ 3x-4y«i7. '^; . 

ICiiltlplying th« equations by 3 and 2 r<^pectively, we get f j 



-ivM 



ex- 8y=14. 



, 4* 
It 



'!. 



OF THE FIRST DEGREE, 






Jbibtiactin^ 



-19y=19, 
or, 19y=-19, 



Now since 9ys* -9, 

2x - 9y wiU be e(xuiTalent to 2aE - ( -^ 9) or, Sx-f 9L 

Hence, from the first equation, 

S ■ - - ~ • ..^i 2a;+9=ll, ,? 



Examples.— Ixxll!. 



I. 2a;+3y=8 
3x + 7y=7. 

4., 7y-3a;=13a 
1 2a; + 5y=91„ 

7. 17a+12y=59^ 
,.19as- 4y=163, 



a. 5x-2y=51 ' 3.*3»'^6y»51 , 
19»~3y=180. . 3x+7y->£ 

■5. 4»+ dy»106 6. iK-7y«8 • 
aa+17y=198.-^ ; 4y-9aB=19. 

8. 8«+3y=3 4 ^ 9. 69y-17x=l03 
12x + 9y=3. 14a;~13y»-41. 



214. We shall now take the caaejjf j^racltonai E^oatioDt 
involving two lufknown ojiantitiea. . tr 

< ' ^ - <, ^ ' ir 

To solve the equations, ^:, ". 






* ^-9 •-• 



»•»' 



ij 



First, cieafing %m eqnatiohs of fraefions, we gel 



Ironi which we olitain. 



10ix-y + 3»80., 
9y-27--«+J^- 






^ 



. :•[ : 






add hence we may fiil#l|iiri|y>«J^ , 



i. • 



^^^.5™«^^« 
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Examp: 



Ixxiv. 



SI 
Equi 



3^2" 



a 



2. 10aj + 1=210 



10y-|=290. 



« 



^+6^ 



08 — 

2 



f6-10 5. 7«+ 



2 
2 = 



3. y+7y=2?l 
| + 7a!=2d9. 



.413 6. ^±^=10-^ 



& 



^+7-9J. 



80a;=l%^1609 



4y-3g 3« 



7. «■ 



y-2. 



la 



a; + 2 



6 



f8y»31 



4. 



4y- 



aj+lO U 



lf^-5 



*■ / 



4 



flQe-19S. 



8. 



« 



SB 



+8-|-ia 

6 "^3 4 



II. 



+ 36. 



2 ^*^ 6 ; 

4 "2'*'3* 



18. 



8 



^Hi^-2y-( 
.6 6 **• * 

g-2 lOr-g |V1| 

,6 "" 3 ■ *' 
2y + 4 4a^+y^ tk 

—~-A — ■■■— — sr: s* 



3 



'3. 



6a;-6y 



5as + 



+ 3«-4y-2 
3«-2y ^ . 



$ 



A 



Ml 



Su 



of th 

begin 

etjuat 

. whicl 



Sal 



^ 




If- 



4g-F5y 



•»-y 



I. 


m 




1" 


4- 


m 


• 


"«- 



7» qg 



:-a 



OP TttE fitRST 1>BGRER. 



■» » 
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216. We have now to explain the method of solving UimA 
Equations involving two unknown quantities. 

Ear. To tolite (he eguiUionSf 



%i* 



Multiplying the first equation by p and the second hy o, mh 



Subtracting, 



Q^ + bpy=cp 
-^opaB + ogy = ar. 

bpy—aqy=f^- ar, 
Otjibp-ttq^y^cp-ar; 

bp-aq 



We might then find x by substituting this value of y in one 
.of the original equations, but usually the safest course is to 
begin afresh and liiake the coefficients of y aliW in the ori^nnal 
wiuations, multiplying the first by q and the second by L 



which gives 



Subtracting^ 



-/ 



^ <tqz + hqy=cq 

aqx-bpz=cq-hr, 

w, (<i2-ip)««cy~Jrf 
eq-'hr 



.*. x> 



aq-bp* 



I. m+nyni^ 
fx+gy'ftf. 



te AMPLfiS. — Ixxv, 

dx-ey^f. 

|. ma;-ny^r 
iii'af + n'yaar'. 



ixi-fy'mA 




d'h 




tso 



SIMULTANEOUS EQUATIONS 



lo. 5<M; + 26-cy=0 



II. (6+c)(a8 + c-6) + a(y + a)=2a» 






„ ^ (86-2m)6i» 
12. aa; + 5y«V- ^_Jt , 



.►\ 



Wr-,-: 



hcvp? 




^ 



. -i— + ^6 + c + wi) wy « m% + (6 + 2m)6TO. 

216. We now proceed to the Bolution of a partictil^^asa 
of Simultaneous Equations in which the unknown symbols - 
appear as the denominators of fractions, of which the following 
are examples. 

ElX. 1, To iolve the equations^. 



\ 



- + -=»§ 
z y 

as. y ' 



'if 



Multiplying the first hy m and- the second by a, we get 






am ^hm 



utn an 'jT 



V^ * -0 



«* ^ * 



Subtracting; 



6m aft „ ^j 

* If ..: 

oif, 6OT+an»(cm-a(f)y, 



•'* "^^ *^ ''** . ■ ^, 



f ^^ 



TTiflTi^A Y"!"^ Af « may bft found bv substitatiii^ llii %<ilq» 



of y in one of the original equations, or by ipaking the tenm 
containing y alike, as in the example given in Art. 216. 



OF THE FIR^t DEGREE. 



^^■ 



151^ 



*- V 4a;'^y .72^ ' 

MulUpIying the cfccond ecpiation by 8, we get 

2 ±_± 
«~iy 27 

-.!.:.. a; y 9 



Subtracting, 



3y y"27~'»^ 



^ . . 6.8 11 ^ 

Changing Bign8,^j--=-g^.2f' 



i^rsssjif 



whence we find 



. 5 + 2433-4 
y=9, 



and then the value of x may be found by 8ub9tltuting 9 foi: y 
in one of the original equations. ^- '^ *" ^^'"^ ' ^ * 



I. 



i + ?=10 

a y 

1 + 5=20. 
« y 



Examples.— Ixxvi. 



a h 
a; y 



•m 



s y 

2 



t " It ■ ^ 
3 4. \ 

5. U5-19 
^ » y 

8 3^ 



a y 



at y 

^- 3i+5S"^ 
6» lOy * 



OS iy 



m 



wg my = 
- + -~-m« + n\ 



'S* 
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T^ 



. 217. There are two otker methods of solving Simultaneo** 
Equations of which we have hitherto made no mention, beeausd 
they are not generally so convenient and simple as the method 
which we have explained. They are » 

I. The method of Substitution. . 

If we have to solve the equations 

, . « + 3y=i 7 ' . ,: 

2a; + 4y=12 

we may find the value of at in terms. of y from the firQ,t equa- 
tion, thus > - , 

»=7-3y, . » 

and «M6fi{t<tt«« this value for a; in the second equation, thus • I 

2,(7-3y) + 4y-i2, 
from which we find. 

we may then find the value of « from one of the origioal 
equations. * ' ^ 

II. The method, of Comparison. 

If we have to solve the equations , .> , 

>* 6a; + 2y=16 

7a;-3ya 5 ' - V 

WQ may find the values of % in terms of y from each equation, 
thus 

■■'■ ' l€-2tf -.'".■■'■•■.*-'■ '^..' '-v^' ■■^^ ■"." 
jPBtts — ^—2.^ from the fiirsfc equatioo. -J^-r 

Sat — ■=—-, 



'*«^ 



=--, from the second equation. 



Hence, equating these vaiues of a;, we get 

16 -2y 5 + 3y " V 

anieqtiation involving only one unknown symbol, from which 
we obtain , 

, r ....': "•. ',... .V"3t^^ ;;. .. ■ '. . , '^ 

and then th^ ,y8j,fte<^.ff;Wfry,l)»^;j^^^^ 
•tjluationa^ 



'A... 
"'"'''/I 

.7.1 
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'MfirM 



m 



•1 



'•>,// 



OT*vWjiywi * 



218. If there be <Arw unknown symbols, their valaes may 
be found from three independent equations. 

' For from two of the equations afiwrA^ which inTolyes only 
<ii>o of the unknown symbols^ may be found. 
; , And from the remaining equation and one of the others 
afowrth, containing only the torn two mikiiown symbolsy may 
be found. . ' " 

So from these two equatiionfl, which hiTolve only two; nn- 
•'" known symbols, the value of these symbols may be foondJ and 
^ by substituting these values in'^one of the origin^ 
the value of the third unknown symbol may be fc 
Ex. ite-6y + 4«=16 

" -i^ ;; 7a5-h4y~3if=*19 , 

^" ' 2x+- y + ft»=46. 

Multiplying the first by 7 and the second by 6, v« gil 
35a5-42y + 28«=105' v f 
- 35a5+20y-16a=95. ^ 

. .-Subtracting, 

V -62y+4a8=10..:......»:...... (1). 

, Again, multiplying the first of the oSigiiial^MuationB bj2 
1 dM tjbe third by 5, we get y ^ ^7^ i *" 



.(2). 




^^^r •■; l(te-12y+8«-30^ ^ 

ting, -17y-22a=-200... 

fm (1) and (2) we have 

62y-4a8=~10 
2 : ' 17y-t;22»=200, 

^tn which Ave can find y— 4 and a =6. 

Then substithting these values for y and in the first eqm^ 
tiou we find the value of x to be 3. 




h;-'' 



I Ex AMPLES.— IXXVii. 



1. 5j8+7y- 2»=13 

8aJ+3j(+ »«17 

x-4y+10t8B23. 



3. .&B-33f+2KBSl 

8x- y-ai»t 3 

. 2x+3y+SsB39. 






4. ^flg-ft f ^-aifc c 

2«4-3y- i»>20 
7s-4|f+3s«3(k 
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PROBLEMS RESULTING m 



»<i>i«, 



5 «+ f + «» 6 

4»-6y+4»-8 
8a; + 4y + 22=,50 



. iiX;t*i ' 



^^^'■^ 



8. 4aj-3jr-<- a=-0->^ 
.9a;+ y-5»«=16 

13a5-22/ + 5a«»68\ 
17«B- y- «*»15, 

lo. y-»+«««-k 6 ^ . 



XYI. PJaQBLEMS RESULTING IN SIMUJw- 



tlO. iNihe Solution of ProBlems in wMck we represent 
Umi of the numbers sought by unknown symbols, usually x and 
y, we must obtain two independent equations from the condi- 
tions of the question, and then we may obtain the -values o| 
the two unknown symbols by oiie of the nroceases described in 
Chapter XV. ■ , ■ • .' ' '.; '^ . :■ .;^-"' J; ''■■'" " .. ■•'^- '^" 

Kx. If one of two numbers be multiplied by 3 and the 
other by 4, the earn of the produt^ts is 43 ; and if the former be 
multipUed by 7 and the latter by 3, the difference J^tweeu the 



»"' 



lesults is 14. Find the numbers* 
Ziil • tnd y represent the numbers. 

and ^x-dy^y^ 

From these equations we have 

^la!+28y=^l, 
mm- 9y-41. 

Subtracting, ; ' : 87y -269. jjk 
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and then the Ttlue of x may be founa to be 5* 



V*, -r 



16 
2, :■ 

'15. 
5 



^ 



iiUL- 



spresent 
J X and 
3 6ondi- 
alues ojf 
ribedin 

uid the 
rmer be 
reeti the 



\ 



siMt/ttAAr£Otrs MQt/Atrom, 



m 



ii i » n « ri' i<iii 



EXAMPLKS.--lXXViu. 



I 



t. The 8um of two numben is 2d, and their diffei^ce is 4» 
find the numbers. v 

3. The sum of two numben is 256, imd Uieir diffeience is 
10, find the numbers v/^' ^^ ■ - .. ^r? * j- ? 

,3*7 Thesi^ of two numben is 13-5, and their diflFerence is 
1, find the numbers, ^■./'■■o :^ ., -e >ai- •?«■■ .. ■ ;;^.^:-. - ?fe#.4^t/;3>l■ 
4. Find two numben such that the sum of 7 times the 
1^ greater and 5 times the less may be 332, and the product of 
"^ their difference into 51 may be 408. 

Jii Seven yean ago the age of a fathdr was four times that 
of his son, and seven yean hence the age of the father will be 
double that of the«on. Find their ages, *%V ' ^^ ^ ^ 
,i^ Find three numben such that the sum of the fint and 
second shall be 70, of the fint and third 80, and of the second 
apd third 90. . 
%. Three persons ^1, H and G make a jomt eontributioii 
which in the Whole amounts to ^400. Ofthis sum B contri- 
butes twice as much as A 2nd £2,0 more ; ahd as much^as A 
_KaA. B together. What sum did each contribute t 

8. liA gives JS ten shillings, B will/have thiee times as 
much money as A, If B gives A ten shillings, A wilLiiave 
twice as much money as B. What has each I ,^^ 

9. The sum of £760 is divided between it, B, 0. Thi 
sl^ares of A and B together exceed the share of O by ^£249, 
and the shares of B and-O t(^ether exceed the share of il by 
JB360. What is-the share of eaeht .5 

^a The sum of two numbers divided by 2, gives as a quo- 
tient 24, and^the difference between them divided by 2, gives 
0^ a quotient 17. What are the numben t 

Ti. Find two numben such that when the greater li 

divided by the less the quotient is 4 and^bl^elrekminder 3, and 

when the jum of the two numben is greased b}^^8and the 

^result divided by the greater of the two numbers, tfarquotient 

ALb 2 and thtwemainder 2. 

. 13. Divide the numW 144 into three such parts, thai 
w flw^ me^BHH w-tUiVKieu py tae s p ooml t«e quotient) is vCBOr 
the remainder 2. and when<« thiB third is divided by the suxi 
of ih» other ^wg fort^ the jjjVkOt 



; » » 



"1^ 



P^O$l£JliS HMSf/LTING m 



M^pm^ 



1$. A atid H buy a hone for jS120. yl oan pay fdr it if B 
will ndvaneo half the meney he has in his pocket, li <»Ui |)fty 
li^it if it will advRtioe two-tliirde of the taiotiey he ha« i& hit 



jiooket How muoh'haa eaoht 



/■■ 



|i;. 



¥\ 



• 1^ *«Hbw old are jfhV* Mid a loii to He father. The 
Ciiher r^pUe^i "Twel.vo yeax» henoe yoa,w^ll ho as old as I was 
twtl^e -yeirt ago, and I shall he thiee Umpwas oli as yott wen 
^If^^relve ^ears «go,'r Find the ag^ of ^m«^' ^ 

;^ ^J.*" Boq-ulred twt> njnmheii such l^at three tfnties the 

V greater exceeds t>Hioe the les^' by 10, and twiof the'ftieater 

togotho? wi^threo Umes the losais JM. ; ^' "^^^^^^ 

I |& TJfe sum of the agesof a father and sofi is hftlfwhet;it 

>ii^U he in t(^ yeua. the difference iaono-thlitl what^ltr^ siun 

:^ will be iii 80 yonrt. Find thrir ogefc - /- ? . ::^, ' - ■ %" 

«»s^i!^>.j^If I- divide the i^naUor of two numbers W t]i^ grootor, 
tha qiYOtjent is 'SI and the remainder -Ol^;^ It^ ^(vide tj^e 
I greater tiumW by the smallor, the %u6tient |s 4 and- the 
* lamainder ^4Su. Find the numbers. . , ^^ '-^r^ 

.18. ,The cost of 6 barrels of beer and W^. piirter Is £tii\ 
. Ihe cost of 3 barrels of beir and 7of porter- is js^^iti |Iow 
' much beer can be bought for jC30f/ 

.i^ The cost of 7 lbs. of tea and « lbs. of coffoo is £1, 0«. ik :, 

^ fhe (Miet of 4 lbs. c^ tea and 8 Iba of oolfee i« i|| ta. ; vM is 

*■■ Vthecoetof llb.of;eaoh4_^;'"' ^ *-'V .,S;'' ' •'■'^' -' ',. '',' ■ 

' ,at^^ Hit eoH eir II honwranii 14 cows is ^£380 r the ttMA of 

iihoiMi ai^ 3 cows ia^l30i what i« tha cost of ahoxsa aa4ii 

\ '" ,' au- the cost of 8 yardf of silk •ftTia yards of ^oth is 

' Mb, ig. Set: tlie QfMt of SO yards of silk and 16 yards of ^KoOi, 

each of th» saine quality as the former, is £25, lUt. M"" How 

."t'^'nlioh' does a yard o£ each ooeil ■■'/-•"'; r,,^, ^- r;;_;-,;^..,j; ♦ ■■■•'■'.! 

,V ". -SI. T^ men and six Wonien earn ;gl8, 18s. in 6 dltys, and 
fo^ men and eight woihen ^orn j66, 6t. in 3 dayft,. What are 
the eahiiUgs of f man aa^ a woman daily! . / - a- 

>5. A farmer bought lOQ "acres of land for ig4>20. part^ 
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^ Nora X. A number oonsisUng of two digita may be i«pra- 
iented algebMioally bj 10i»4-y, whiif • aad y lepreient (be 
•ignifloant digita. - . , j 

For eondder raoh a nonfber aa 7& Hei« the ligniAcaiit 
digita an 7 and 6, of* which the former baa in eonaequence of 
iti podtion a loe<kl value ten timea aa great aa ita mhuxU 
▼alue, and the number re|>resented by 76 ia equivalent to tm 
<MiMi 7, inoieaeed by,6. :.m " 

So also a number of whieh m and y ne the iign^loaiit digita 

If the,digila oompoiing a number lOa+y be iimrUd, the 
resulting nuniber will be lOy -i- «. Thua if we invert the digits 
oomposing the number 76, we' get 67, that ia, ffii $mi§ 6, in. 
ereasedby 7. ^^ 

If a number be represented by 10«<i>y, fta aam of Uia 

digits. will be represented by (D+y. %« v 

A number eonsisting of Ikrm digits may hi iip kesen tii 
algebialoally by 

lOOse+lOy+a. v ^ . 

Ex, The sum of the digits oompoaing a oertain number la 
6, and if 9 be added to the number the digita will be invwted. 
Find the number. * ;^ , " 

Let lOot -t- y repretent the number * ' * • 

Then 8 -fy will represent the number of the digitiy^ 
and lOy + a will reprMent the number with the digita inverted. 
Then our equationa will be ' * 

:,---vv/- >-;;-;.«+y-6, ." ' - * : . 

■:^^-. -lOv-l-f ^'^•ley^i^ 

from which we may find ««>> and y<* 8 ; 

A IS is the number required. 

* »4. The sum of two digitf oomposing a number is 8, and if 
36 be added to the number the digita wiU be inverted. Find 
the number. 

7%. The sum of th e two digita eompmrfng a number is^tfl^ 



# 



•nd if 64beadAidto^aiimberthadigitawUlbeinvert«a, 
What ia the number I 



^ 
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PROBLEMS RESULTtM^ IN 



1^ The sum of the digits of a nunilier less tbaii 100 is 9, 
and if 9 be added to the number the digits will be inverted. 

Whatiatheliumbeir" ' . : * 

^ ■:■'■■'■ ;■ . .■■.:■ '■ ■ ■* . " 

27. The sum of the two digits composing a number is 6, 

and if tibie number be divided by the;; sum of the digits the 

quotient is 4. What is the number ? 

38. The sum of the two digits composing a number is d, 
and if the number be divided by the sum of th§ digits the 

>4uotient is 6. What is the number? ; \ 

39. If I divide a certain number by the sum of the two 
digits of which it is composed' the quotient is 7. If I' invert 
the order of the digits and then divide the resulting number 
diminished by 12 by the difference of the digits of the original 
number the quotient is 8. What is the number ? ^ 

, 3a If I divide a certain n*iimber by the sum of JB two 
digits the quotient is 6 and the remainder 3. ' If I invert the 
digits and divide the resulting number by &e sum of the digits 
the quoti^t is 4 and the remainder 9. Find the number* « 

31. If I divide a certainfnumber by the sum of its two 
digits diminished by 2 Hie quotient is 5 and the remainder 1. 
If I invert the digits and divide the resulting number by the 
sum of the digits increased by 2 the quotient is" 5 and the re- 
mainder 8. Find the numBer; ?. w 1 • f; N<J''^ 

33. Two digift which'form a number change places on the 
addition of 9, and the sum of these two numbers is 33. Find 
the numbers. • ' v . .^ i <• 



33. A number conitiBting of three digits, the absolute value 
<if each digit being t^e same,li^v^7 Ilmea4he aqiiare of aiiy 
digit. Find the number; . uL 4*;«|i 

' 34. Of the three digits composing a number the second is 
double of the third ? the sum pf the first and third it 9 : tlie 
fiun of all the digits ia 17.. Find the number*' ,,j,«^.^^^ 

SJ* A '^^"*^^®' is composed of three digits. Thertiim ofi-he 
digila iiil : the turn of the first and second is greater thail'the 



ihird bgi^lundlTlPS be added to fhe number the digita wiU 
be in!^li6dL$. Find the nnmber. 
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SIMULTANEOUS EQUATIONS, 



'Let - lepiesent the fcactioi i -^ 
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NoTB II. A fraction of wl lidh tiiie terms ore unknown may 
be represented by -. 

• 1 '- \ 

Ex. A certain fraction becotnes ^ when 7 is added toitB 

denominator/itud ^ Hrhfinl^ is added to its numeratot ^ Find 
the fraction. 



i 



ThBii 



■>;J(i^ 4V 



'A' 



y-h7 2* 



la; + 



13 



.-vi 






i'ill' 
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are the equations ; from, irhidi we may find x^% and y^%% 



^' r 



ligits wH 



Tfiat is, the fractio" *8 r^. 

^ yok Ascertain fraction becomes 8 whei^ 7 is added to its 
' numerator, and I when 1 is sibtracted from its denominator. 
Wbatisthetotion?. . . \ 

V^_^^. Find such a fraetioi\ that when l^.|g added to ito » 

numerator its value becomes'^, and when 1 k a^ded to the 



denoiAinator the yalne is •?. 
^ Wl)At fraistion la that to 



added the value witt be ^ : but if l'b6 adde^ to the ctenomtnatar, 



Ibe^^ftwitlVesf 



<% 'i -J 



denondnator by the addition 
ininator increased by 1. Find 



the nmiMEafeo' 




^«:-.v ^ 
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||k Thci n^imcirator of a xaotion is made equal to iti 



Off 1, and is half of the deno- 

Uie fraction ••*^'^-^-i*-^---^*s«ri^ir.7-T+yt«j--. 
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40b , A certain fraction becoikies ~ when ^ if^ea from tlit 



numerator and the denpminator, ahd it becomes i when 6 
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ig od^ed to the ntimezator c^d tlie 4^ininatbr^;'yiniat is the 
fiwctii^? 

^i. A certain 
increased by 4, aiid ^ when ||e numcltttor is tifhmni 



liac&on becoTtoes X whe^phe ^i^omihator b 



15: detenninethe 
* 42. Whatfirac|ti 
added it becomes 



ii4ded it becomes 

^^IfoTB III, In 
lintereat we 
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kt to the x^^jimeiaitor df which if 1 b^ivL 
.t.^ ^ — —--^ofwhMAifnbe 

!< ; 

^Soiigr put oirti at 
xBfttexTime - .- 





Inpejebt,9s'— -^4^ 



wh«£&1i^e((4s the nul^r of pounds paid for the nse of 
jeio5»rpi^e^|uLand Time^fe the n^amber tif years for 

;jifhich ^e m^fef^Jent; " ';1'- . , - ■'''"'*■■ ^^'^ v •""' ■ -^ ■:^;' '■'- 

.43. A man pni^^ ^^000 in two inv^stmente. Foi^the first 

he gets 6 per c^^for the second 4 "per deni on ihe siyn 

invested, and bj^ithe^rst investment he has m income of 

;^10 more thaikon ihV second. Find how muc|i W invfests in- 

-'eachcase. '^L ^ik ..>^u ' ...,■•■'... * '' :'\. , :'■,:■„...?- 

.44. A sum of inpniy, put ont aMmpIe interest,' atnounted 

to 10 months to BitiBtO, and in 1& months to ^4&a . Wh** 

was the sum and fihoji^ of interest t ^ 

45., A sum of^Money, put out at nmpie interest, ainonn^d 
in«7earsto;e62a9|aiic^inlOyeanto\£6000. Find the aiun 
and the rate of interest. • ' ' i' 

Non IV. Whp tea, spirits, wine, beer, and such cbm- 
modities are nmedi it mtisi be observed«k ^ . 
,i quantity pf ingredients J- quailtfliifmixturi, 
^^|» V eoBt<^fingred^ntsWcOstofmixtnii 



Ex. I mix wine whiSi cost 10 shillings a gallon with 
»olher »rt whi<4 cct « JdlUng. . gjllam. B^ 100 




t ( 




SIMULTANEOUS EQUATIONS. 



m 



*\', 



ticli I mnysell at 7 shillings.a gallon without ^fit 
%WjJia(^ of eajcli do I take! " .^ 

be numfcer of gallons at 10 shillings a gaUon, 

'"" . .'■.■1 ; . - A • ' * ■ 

■ ^ ■a;+y=100, . ' '''^- ' "'& * 

inff ftom which we ijoayfind the yalnes of 
jd 76 respectively. 

jloe^merchant has two kinds of wine, the one coists 
*. . ^ , ^® ^ q^Mlt, the other 20 Mnce. How much of each most" 
iepi^t in a mixture of 60 qua?te, so that the cost price of it 
may te 30 penpe a c[uart ? . o 




:sfi- 



47. A grocer mixes tea wliich cost him l^». Sd per lb. with 
I : tea that cost him 1«. Qd. per lb. He has 30 lbs. of the mixtuie^ 
and by selling it at the rate of U..8d. per lb. he gained al 
much as 10 lbs. of the cheapo tea cost him. ' How many lbs. ' 
lef each did he put in the mixture ? " 



ii ■ 



Note V, If a man can row at the rate ^f x miles an hour 
still water, and if he be rowing on a stream that rfans at tjie 
rate o| y miles an hour, then , |^*" ~ — .. 

; x+y will represent his rate dEoum the stream, 
aB-j^.......^..... ...up... 

48. A crew which can pull at the rate of twelve milw an 
h*ou» down the stream, finds that it" takes twice as long t9 come 
np a river as to go down. At what rate does the stream flow t 

41^ A mi&n sculls down a stream, which runs at the laM of 
4 miles qxl hour, fi^r a certain distance in 1 hour anH 40 minutes. 
%^. returning it takes him 4 hours aaiA 15 minutes tan^ye at 
jjipint 3 miles short of his starting-place. Find the distance' 
PI puUed down the stream, and the rate o^ his pulling. ° 

P _. . ■ -.1 .,-, --^r-:-^ — [ r ^ ^ -■*-•' ..Jl--^-1/^ 

50. A dog puTsuel^i hare. The hare gei« a st*rt of 60 of 
ler own leap^ The hare mf^es six. leaps while the d<lg makes 
^nd Tijf the dqg^ leaps' are ec[Tiai~tcs^&~ijf^e hfflft ^ " "" 
my leaps will tlte hfure take before she is caught 1 
rfl-A.l_:_„ij '■^j1^_ -v^S^i^ ' *-^- 



J* 
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51. A greyhound starts in pursuit of a hare, at the distanee 
of 50 of his own leaps from her. He makes 3 leap«,while the 
liare makes 4, and he covers as much groun^ in two leaps as 
the hare does in three. How many leaps does eac| joake, 
before the hare is caught ? a 

.52. I lay out half-a-crcfra in apples and pears, buying th« 
apples at 4 a penny and the pears at 5 a penny. I th^ sell 
half the apples and a third of the pears for thirteen pence, 
which was the price at which I bought them. How niany of 
each did I buy? ^ y V:.^ r'rr' .>; ' i ■ -^^.■^ : -< ■-■ ",^-% 

53. A company at a tavern found, when they came to pay 
their reckoning, that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more. Fii\d the number^f 
the comnan*. and each man's share of the reckoning. ^ 

' 54. At a contested election there are two members to toe 
rettimed and three (fandidates, A^ B, and G. A obtains 1056 
votes, B, 987, G, 93^. Now 85 voted for B and C?, 744 for 
B onjy, 98 for G only. How many voted for A and G, for 
ii and i, and for Jl only? , ' '^ ^ y 

55. A man walks a certain distaaice : had his ratq^een 
half a mile an hour faster, he would have been 1^ hours less 
on the road", and had it been half a mile an hour slower; hdi 
wpiild h$ve been 2^ hours more on theToad. Find the distance' 
andr^. ^' ^ 

56. A cer^in crew ptlll 9 ^rokes to 8 of a, cei^J»in ^er 
• orewj but 19 of the latter are^equal to 90 of the former. Which 

IB the faster crew ? 

Also, if the faster crew start at a distance equivalent to 
four of' their own strokes behmd the other, ho'v^ n^any strokes 
will they take before they bumip them 1\ ; -^ , 

57. A pei^on, sculling in a thicjc fog, meets one barge and 
oveTtakes another whiqh is going «t the .same rate as the 
former ; shew Uiat if a be the greatest distance to which he 

' can«^«ee, and 6, 6' the distances- that he sculls between th« 
times of his first seeing and pasaing the barges, . ^ 
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SIMULTANEOUS EQUATIONS, 
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58.' Two trains, 92 feet long and 84 feet long respectively, 
are moving with unifonn velocities on parallel rails in opposite 
directions, and are observed to pass each other in one second- 
and a half ; but when they are moving in the same direction, 
their velocities being the same as before, the faster train is 
observed to pass the other in six seconds; find the rate in 
miles per hour at which each train moves. 

59. The fore-wheel of a carriage makes six rev<^utions 
more than the hind-wheel in 120 yards ; but only four revolu- 
tions more when the circumference of the fore-wheel is increased 
one-fourth, and that of the hind-wheel one-fifth. Find the 
•ircumference of each wheel. ■ *" 

60. A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 

2 miles against the stream in the same time that ho rows 

3 miles with it. Find the r^te of the stream, and the time of 
his going and returning. . -.. 

6r. >k, number consists 01 6 digits, of which the last to the 
left hand is'l. If this number is altered by removing the L 
and putting it in the unit's place, the new number is three 
times as great as the original one. Find the number. 

*^ --.-■■. 
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\ XYIX. QN SQUARE ROOT. / f / 

\ 220. In Art. 97 we defined the Sguctre Boot^ «Dd explained 
the methpd of taking the Ejquar^ root of expressions consisting 
o!f a single temn. ^. , 

■^AThe square root ofa positive quantity may be, as we 
explained in Art. 97, i^^ef fovUi'MMX negative. . 

"/ Tlfus the square root of 4«' hM^j^ -^ 2o, and this ambiguity 
is expressed thu^,.^ 1 



In our examples in this chapfJ|e|We shall in all cases regard 
ihe square root of a single term d|^ positive quantity. ^ 

' / * ■••t'--- ■ ■ t .,.5:^ ,-■ 
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O/^ SQUARE ROOT, 




by taking 



[<3^t8, so ^.^ 
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221. The Square root of a product may be 
the square root of each factor, and multi 
taken, together. 

Thus ,/^^ah,3^ 

.the.squareroot ofts^he numeratqr aAd the square voQ^0tPKI^^ 
^ftnonlinator, and irfaking thenjlhe numerator and denominator 
(o|ia new fraction, thus ,;^ , 
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mhtn 
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222. The square root of a fraction may be found by taking _ A, 
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EXAMPI-ES.--fJXXiX. 
Find the Square Eoot of each of the following expressions? 
, I. 4a;V. 2i^^la°6«. ' % . 

. 4. 64a*6^<W. 5^ ;71289(t*62aA'^ 

■■ ;!■ ■ 
4a2c*'. -" 
625a« 



,% 



» 7* 1662: 
256a;i« 



,8. 



3. 121w.i%%i*. 
6, 169ai8^ci2. 
!s 25a*6« 



A 




16. 



28%*' 



*'• 32462- 



■^^ 



''^.. 






^ "«^' 



223. "We may now proceed to investigate a Rule for the^ 
extraction of the Uttuare^ot of*^ a con^^d algebrwcal 
expression*::-.;. -,, ,.-#■, .. :'_-^. ^ : ^_;.' :•'% -^ : ., -^ "P^ 

W^know that the SN^are of a + 6 is «*•<- 2(a6+B*, a^d th 
forea + ftisthesquareroptof a2 + 2a6 + 6''^. ..^ , 

If we caii deVibe an operation by which we can ^^f^ g^^ 
Afrom a^ + 2(ib+.b\ we sK^itt^able to glvei a ru^or%e 
exiardction of the 8qut|iP'00t;> , . , f 

Now, the first teria|of the root is^the square root of the nrst 
torn of the square, uk- a Ib the square root of g,K , 
ience our rule begins : 



^ 



\, 



« ^Irron^e <^ terww in ihe order qf mag^iitud^ of the indices 
\i^orui of Hie quant^ involved, then take thfi square root of the 
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OJV SQUARE ROOT. 



i6S 



;jng 



^ sef- ,^;^* 



ator - 



/Jr«< term, and set down the remit m the first term of tli^ root: 
subtract its square from the given ea^ession, and bring down the 
remainder;*^ tkus 



♦u 



-w?. 



f* 



— -Ki. 



^^i- 






/...-, 



,! at- 



■^^ Now* this remainder may be represented thus 6(2o + 6): 
hence if we di^de 2aJ +62 by 2a + 6 we shall obtain +i^,th© 
second term of tnfe.root. 




/ 



Hence our mliB proceeds : 

" DovhU the first term of the root and set down ^^esuH dw ^ 
first term^ a dwiHg;" thus our process up to this point wiU 
stand thus: '^ is 

• ■■ -:...-. " o2 + 2a6+62i»-:' ■ =■■- '■ 

a^ , -^ 



Qs: 



,\ 



Now if We divide 
obtain the second 




2ah + l^ 



i!# 



by 2a the result is 6, and henc« we 
roiot, and if we add this to 2a 



, %,, 



I tl^ re 



the^ 
ucal 






' 



we <maiD. the full divisor 

Hence our rule proceeds thus : 

** Divide the first term of the remmnder ky (his first term of th$ 
^ divisor^ and add the result to tWe first term of the root and also to 
file first -term of the divisor:" thus out j>rocess up to this point 
"^ will stand thus: _ % . « 

^■.J - a«+2a6 + 5»\a+6 AtA, 



♦;• 



K 

tirst 



2a+h 



■*#•' 



?(^«Sf4« 






dicei 



If now we multiply 2a + 6 by b we obtam 2ab + 6« which wo 
subtract from the first remainder, -^ 

Hence our rule proceeds thus : ' , 

"Multiply the dJuixnr hj Jhji »^^^4 f^^m. ^f fjjf „fff f^^fl ^,,ft. 



tract the result from the first remainder :" thus our pix>ces8 will 
'Stand thus : - * -s, 
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OiV SQUARE ROOT; 



a» + 2a5 + 62(a+6 



€fi 



\h 



2a+& 



2a& + 6« 
2a6 + 6« 



dlk. 



.->" 



If tliere is now no remainder, the root lias been found. ' 

if there be a remainder, consider the tVo terms. of the root \ 
already found as one, and proceed as before. 



%j . 



224. The following examples worked out will make the 
process more clear. , 

(1) ^ „ o2--2a& + 62(a-6 



.V ■"'-■■■ 



«=" 



2a -& 



?i 



-2a6 + 6« 
-2a6 + 62 



Here the second tenh of the root, and consequently the 
second term of the divisor, will have a negative sign prefixed. 



, -2a6 , 

because — v — o. - 6. 



(2) 









€^+4g 



2^g + 16g2 



(3) 



25aj2^60a; + 36(5aJ-6 
25a!» 



"A*- 



lOac-e 



-60a5 + 36 
-60a5 + 36 



Next take a case in which the root contains ^wree termii 



a^ + 2a6 + 6"--2ac - 26c + c2 (a + 6-o 



«=" 



2a + & 



am-ai<~a 



2a6+t»-2ac-2&c + c« 
2a6 + 62 ^ 



1 



-2oc*-26c + c?'' 






,^-5^^ 



(_ . SAfi/i^, 



ON SQUARE ROOT, 
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When we obtained the iAwni nmaindeTf we took the doable 
of a + 6, considered as a single term, and set down the leault as 
the first part of the second divisor. We then divided the'^rafc 
term of the remainder, -2ac, by the first term of the new 
divisor, 2a, and set down the result, - c, attached to the part 
of the root already found and also to the new divisor, fOicl then 
multiplied the completed.divisor by — & * : "W: 

Similarly we may proceed when the root contains 4^ 5 or 

more terms. 'i 



EXAMPLES.~1XX3C 

Extract the Square Root of the following expreasiOnB : 

!B*-6aB»+19x«-30»+26. 



D»« + 12a;» + 100?+ 4fl8 + 1. 
l-6«+13»«-12a^+4«*. 



4a2 + 12a6 + 95«. 6. 

ie¥^-24J^P+9E 7. 

a%^+l(32ab+6661. 8. 

y«~38i/»+361. 9. 

9a%h^-102abe + 289. la 

a;« - 4356 ^. 10^54 _ i2»« + 9a;». 

V -I2fz + 25yV - 24ya» + 16«*. 

a^ + 4ab + 4¥ + 9c^ + 6ac-{r 126c. 

a" + 2a^h + Sa^b^ + 4a^}fi + 3a>6* + 2dlfi + 6^<^ 

afi-Ax^+Gsi^ + Sx^ + ix+l. ^ 

4xli + 6aa^+4ahi^ + l6bhi^ + iealAxi+166\ 

9 - 24« + 58a!« - 1 16a5» + 129a:* - 140!B» + 100a*. 

iea* - 40<i»6 + 25a26> - 80aWx + 64Wb^ + 64a«fa; 

9a* - 24ay soaH + 1 6aY + 40a ft 

42/*x2 - Ufix^ + I7y V _ i2ya:6 + 4a«] 

25x*y2 _ 3()^3y3 + 29a;y _ i2xy6 + 4ye," 

as, 16«* - 24a;»y +«5a:2y^ - 12a^ + 4y*. 

23. 9a«-12a6 + 24ac-165c + 46»+16c*. 

24. a* + 9a;«+25-6x'+10x«-30flc 



1. 

2. 

3- 

4- 

5. 
II. 

12. 

13. 
14. 

IS- 
16. 

17. 
18. 
19. 
20. 
21. 
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2$. 25x«-20a!y+4y« + 8i?-12j/»+30aafc 
36w ^*=^-|();*-l(^#7^|^(4»'+% 




225. When any frac^mal tema m-e^in the expression of 
wliich we have to find the Square Boot, we ndayproceed as ih'; 
the Examples just" giveii, taking care to treat the fractional 
terms in accordance with the rules jrelatin^f^ frJMitioiu, . 

'•.'■'■''■ ' ■ :'' ' ■''' ^ ■-:--■ - '. '''^- v^''^^''^v--' "■^•^:f'^ . ■•■^'"^ 
Thus to find the s^are r6ot otx^-h -4^13^^ '^ * ' '^' v' -.' 

■' v^ "'■■■■■ ■^'' ■>"--''-'^'''fi^^''''l^ /:■'"■ l-"4«' -^c 
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^ 



Biflce 



8.' ,.8^2 .8 1 4^ 



^ 



8; 



-:i^ 



10^ 



J I. 






' ■ ^' " :^f . 



-:■«': 



'^.■' '/ ' ■" '■*"' - . ■-^- ■ '^'^g'* 'lit'' ' ■■■ ./'■"/".;■ ~ 'I' ■ 

V, dr we might rptlucp a^-^guj + — to a single fraction, whi<ai 



V 



- would be , g. ^ ; .v '.? • 

.and then take the square root- oi each of the. tenxyi of tfai 
^fraction^with the following iesult^^' ?, /v^ *.^ -^ 



il^.^,^ii^ 
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. '^EXAMJPLKS.— IXXXl. 
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4. ^ + 2 + 



3. a*-^2 + 



4"^ «< + 2«»-«+ 
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^7^^ 
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3ft»,. M 



|v;4a^-l2aJ.+ft6<-»-95"j^^^ 
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1 i 

mmUm* 



ir- 









• v 






.;^ •"lrtio8e>cl^orthirtfj)«y6rgivB^iJiep , ' ' 




^^1A_,: 



ITO 



d^Ct)^S 






'^frn^ 
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So also 



and 



-32 is the cube joot of -STap", 
r-4<j|*6 is the cube root df - 64a<»6*, 



T^t symbol ^ is used to denote the operation of extracting 
the cube root 



.'V 



^^^^^^^ , \ E3tAMPLES.— IXXXU. 

Find the. Cube Boots of the Allowing expiessiong : - 

. 4-, *- 216a"6'. 5. ^436«cW; 6. -. - 1000a%%», 

,7. -1728m2%»». 8. 1331a»6i8. ' 

227. We now proceed to investigate a Kule for finding th« 
cube root of |i compound algebraical expression. 

We know that the cube of a + 6 is a» + ^% + 3a6« +^, ' - 
and therefore a + b i& the cube root of a« + 3a% + 3a6«"+ 6». 

Wejobserve that the first term of. the root is the cube root of 
the first teinn of tiie^cube. 

^ Hence ohr rule beginiK ^^ ' . ^ ' ! 

hj*'^^^^ '^ terms in the order of magnitude 0^ the indicet <^ 
m« of the guav/tities in^ved, then take Hie cube root of the fM 
term and set down the result as the first term. ofShe root! subtract 

ik cube from the givm eijcpressioTk, aa^ bring down the rema^viuUri" 

gjjij_i_ >..■ ■-'■*. 



3a«6 + 3a6« + 6» 



'f^ 




If 9W thi« remainder may be represented thiu^ 

' r ^ 6(3a» + 3o^ + 6«); , ' , 
« If we divide '3a«6 + 3«t6« + 6" by 3c^+3a6^, we shall 
'+ 6, the second term of thift root, * ■ ^ 

Httice otio" rule proceeds : 7 ; ♦-■> , " i 

Mnltiply tfu square of tkj fiiHt term of (M rttot- 6y >, tst^M 
foim mt rmuk at th§jim uarm tff a ^w^ffn" mm m^ stou^ 
iij^ to t)ui point will stAnd tlyiai v /^ ' *^ ^ ^ 
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No>w if we divide 3a«6 by 3a« the leeult ia 6, and ao we 
obtain the second tenn of the root, and if we add to 3a' the 
expression So^-h^ wt obtain the full diViaor 3a'+3a&-fi*. ; 

Hence oqr role proceeds thus ^ . ; / 

"Divide <fc« jjr«« tarn of (h$ remainder 6y ihe jv^ (erm of ike 
dimeoryandaddtheretuHtoihefirHUn^niitf Then take 

three times the product of the fret^ and mond temie of the root, 
and also the square of the second term, and add these results to 
the first term of the dknaor" Thua pxa iKtooeas up to this point 
wiUat^thus: -? : ^ 



3a*+3a6 + ^ 



Ifw^ 




"SW+3iP+F 




D^^ 



mnltiplj the divisor by h, we obtain 
3a^+3a6»+ft», 
whidk we kabtract from the first remainder. 
Hence our rule proceeds thus : . * ' » f 

"Multiply the divisor by Oe second term of the hot, andtub-'*J 
tract the reeuU from the firtt nmumder:'* thus our pio<^ will 



f 



stand thus: 






a*+8aA+8a^4-8*(a4-i 



4' 






8a*6«f3a6'+iP 



, V ^-'. 




If fhoels now no femainder, the root has been found. 

t tnere oe a remainder, oonsid^ the two tenm of the roQJt ^ 
ready found as oni|, andvprooeed aabeloira., , ' .- ^ 
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Ex, i. 






#-12<^+48a-64(«»-4 



^^ 



3a^-12rt+16 



-l2a2 + 48a-64 
-1242 + 48a -64 



fcr#B-.' 



Here observe tHat the second term of the divisor is fonued 

3 times the product of a and -4=3 x ax - 4— - 12a. 

;2. i»-6a^+15a^-aO»»+15aj»-6!B+l\««-^+l 



3!K*-6»8+4aj» 



-^*r 



h 



ar*-12a8 
+ 16{B«-ea:+ 



- 6*6 + ie»* - 20!c» + 16a!» - 6a! + 1 
-6a!'»+12aJ*-8»' 



■ 3!B»-12qj» + 15i^-6x+l 
8a5»-^12a:' + 15!B2-6x+l 



, Here to formation of the first divisor is similar to that iii 
the preceding Examples. 

' The ftmnation of the seccmd divisor may be explidned thus: 

Regarding a!^-2a5 as one term ' . .^^ - 

3(a}*-2aj)2-i3(»*-4fl!'+4sB8>=3a:*-*l^ + 12a^'" 
i-,x(a?-a«)xl -. 3x>-6^ 
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9. a« 

10. ^ 

11. Jji^^ 

12. 8w 



13. m' 

' 229. 

the sqi 
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lie 
root of 



.ui 



and Adding these insults we obtain as the secoa^ divisor: 
, . • f- 3«* - 12a;» + 16a^^ ftc + 1. 









Find the Cjjbe Bdbt c^iach d'^ foik)\«iing expresdoiii : 

i:. a»-3o«6+3a6*-6». l- 4 6a« + 12a« + 6tt-f% ., . 
>.ci»4-24a«6 + 192o62 + 6126». -L^^i ;^- ^V ^^j^J^ ^ 
4. >» + 3o*6 + 3aW + &» + 3(»«c + 6oic + 36«c :f 3ac« -♦■ Slic" + A ; ' . ; 



1 



Find 






C J,7*»-M#tflac»-44*»+.SM-e»+i, , * 



*l 
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j:jEl.- .--.^ic-x. 
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ON C^ME RdOT, 
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173 



W + cfl' ' . 



9. a« - 12a« + 54a* - 1 12a3 4 lOSa^ - 48a + 8. 
I a 8»^* - 36m6 + 66m * - 63w .» + 33to* - 9m + 1. 
1 1. jp» + 6x2^ + 12ajy2 + 8y» - 3 K-fa! - 12a:^ - ISy^ + 3a!»2 + e^« - z^. 
"" f^. 8?rt9- 36m2n + 54m»a_ 27W?- 12wV+ 36m»ir- 27n2r 



— -— — ^« — ^8~^" """'1 — 

13. TO* + 3»n* - 6 + — 5 - -T5. 



). The fov/rth root, of 
the s€[uaTe root of the square 



Thu6 



~;^l6a%*: 



;m expression is found by taking 
root of the expression. ' • 

V4a«62=2a«6. ' " 



H 



The 8ixth root of an exprecsion is found by taking the cube § 

expression. * ' "., 



M 



fbot of the sqiiare root of the 
*Thu8 ;f64a}^^ 

JEXAMPL 
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Find the fourUi roots of, 

i; 16o*-96a»B + 2lloV 



4^8a«6«=»2a26.< 



'f*S,-7. 






Ixxxly* 



2l6a!K»4*81aJ*; 



% 1 + 240^+160*- 80 -32a^ 



*5-S*-"3 



St 
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025 .% 2000flB4-S4qOap^;f 1880xs+ 266^ ' ' 
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tina 1^e''<3c^'3ililiP!^:, 
4. y-ea»6+l5#fe2<)a»^+l^^ 
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AtlC EQUATIONS. 



t ^ ^ 



Tio Equaison, OT an equatdon of <tDo dimen*^ 
which the iqaare of an unknown symbol 
viiih the first power of the symboL 

*a^=ir ■ .. " ■ ' -^ 

«re Quadratic Eci^tiona. 

S31. A PuEB Quadratic Equation iis one inti^JWiich the 

aquare of an unlmown symbol enters, the first pow^r of the 

symbol not appealing. „ ; .-..„-. 

"*"'-'"■ ■ I " «, - * •' 

/ "" ^SPhuB, a^=» 16 is a jp«r« Quadliiitic Equation. ^ :' 

< ■ . ■ . . ■ ■ ■ * 

• '.'" ,\\,' 232. An ADMcnnED Quadratic Equation is one into which 
... ."''!> fhe squa^re of an tinknown symbol entefis, And also the first 
jK)wer of the symbdl^ .. \._ 

Tljnu, a^-f 6asa"27 is an a4f6cted Quadratic Equation. * 



■'").♦ I* 
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Pwrt QvAdratic Eguati&ns. \ 



•< -'238. When' Hie icrmB of an ^tfttfon ftim 
• », * of the unknown symbol only, ,the value of this square ia either 
• ^ven or can be found by the processes described in Chapter 
- " 'XyiL If we then eitetct the squaife root of each side of the -h 
'"" 'V aquation, the value of l^e unknown symbol will Be dfltenjiined. 
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Ex.!/ 85^4 le. 






Taking the square r6ot of each side :^ 

■'•'■"■ 7'.;x'''''-°'' ■'/:■'■'■■;"■■■"■: -^^ar*.. .■ 'v--,-^- 

trlpefix thef-sign 4 to the nupber on the right-hand side 
of the e<juatio% for the reason given in Art. 220. 

Every pure quadratic equation will' therefore have ftoo roo% 
equal in magnitude, but with different signa. '^^ > 

- :;Ex. 2/ 4aa+6«22. •'■ "-'■■' ■^-■V ■-' %'"':'■'■• 



fierO' 



- or 4x2^=16, / * 
or 03^=4; 
r. «=±2.. 



:^*^''> 



^! ■ 



That 18, the values of « which^ satisfy the equation are S 
Jtmd -2. • • , ' 

128- 216' " . ^ . ■ •■^*'^ 



Here 
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fco which 
the first 



6 eqiftre 
ifl either 
Chapter 
« of the i 
inninQd. -. 



V ' 



* ■ ■ . ', ■- 

• 128(5»«-6)-fW(3a!»-*4). 
. or 64Cte2_768=648a;8-864 
or 0^=12; 



" " , , ' ' * * '^-' ■-, 

I. a?=»64 3. x^^a^l^n * .3. •^-10000-a 

4. sB»*-3-48. 5. 6«2-9-2aj» + 24. 6. aae>»- 
«"-l2 a^-4 ' ' ,. . 
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QUADRATIC EQUATIQNS, 
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■ AdfecUdi. Quadratic Equatwrut, n-- ' ' - - 

. ■ - . . '". ' ^' 

y 235. Adfected Quadratic Equations are solved by adding 

a certain term .to'both sides of the equation so jeUi tomake the 

leit-hand side a perfect square. » * , ^ " - 



.f' Having arrangei^ tlie equation so that the first term' on the 
left-hand side is the square of thee unknown symbol, and the 
Be<Jond term the one containing the first power of the unknown 
^quantity (the known symbols being on the right of the equa- 
tion), we add to both sides of ths equation the square of half the 
coefficient of the second term. The left-hand side of the equa- 
tion then be^mes a perfict square. If we then tt^e the square 
:^k»t^ of both sides of the equation, we shall ohtsun two simpU 
equations, from which the values of the unknown symbol may 
"be determ'ktte^. 

' 2361 '^e process in the solution of Adfected Quadratic 
EquattQn^^wiU be learnt by the examples which we rfiall givd 
in thislchapter, but before we proceed to th6m, it is desirable 
that the student should be satisfied as to the Way in which an 
expre84pn of the form 

'■ ^ r 

is made a pei^ct squfire. 

: f 

Our rule, as given in the preceding Article, is this : add the 
BgmKS^ of half the coefficieijLt of the second term, that is, the 

sqnaie of & that is, ^. We have td^ehew then that - 

is a perfect square, whafceveiijjr'maty be. . ^.^ 

This we mfty do by actually performii^ ibe operation of 
• ■■ '■*■ a* ^' ' 

•xtraotiiig the squsie loot of a^fa»-\r-^t an4«obtaining fhM 
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ipeult 9 + = #tb no remainder. 
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QUADRATIC EQUATIOm. 
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': m. JjQt us examine this process by tWid ol nimmcat 
coemcientB. '^m> 7^ 

Takfe one or two examples from the peiject ^quarJ 
in page 48.. ■ ^ -x ^ 






giyea 



We there ^ve ' 

^_ a?+\8x+ ai which is the square of a; + 9 
» • a^+34a;+289..^...... x^lt ^ 

"~ °*''' f" .........05— 4, ^ 

• «'-36x+324...... ..;...;..;«^18: 



^ ttjeae e«e, the third term ia ,7« .g«.„ .j^ ft^ «. 



For 



■v 



/"■ 



324 = (t8)«=(|)". 



• , . ' , " . ■ .. .T" 

838. •Now put the question in this slflipe. What must ^« 
add to a5»+aa} to make it a perfect squ^e ? > 
' . ^ Suppose 6 to^'represent the quantity to be added; 

Th^aB»+aa! + 5 is a perfect square. ' • » 

Now if we perform the operation of Extracting the squaia 
otoB^+oa+ft, Qur|»roces8is" '"^ •§ 



'i: 
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a;Ha«; + ^a:^|' 
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quad;ra tj^ equ4^ 




Hence in order that; a^+jp-^i^y 'tea. perfect sqiwape wa 
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^r V Jfiat is, 6 ifl equival^l to ike sguan.i^ Half ike coeffici^' 

"■ 'cfk .'- ' - ^/ ^ "' . -•■■;■ -. ■ ■ : :*.■■• ■ 

- 239. Sefore completing the square we irnist tje-offeM 

(1) Thafrjih^ square of the unknownj symbol fecw no ^ej^- . 
iCteni fei^t unity," " ^ .. . '. ' < i* "-* 

symbol A(u a j70«itii;e 



J (2) That llie squace' of the 




-- -J* ■■ 



. • 'Theie pomts will be m^re fuMnigji^dered in Arts. 245 £Ui^ 

S^.v^ .■"•:■■ ^ :. ■ : ■' . .. "■-. 

"■^ , ^- "■.*•-■ .,'."•." - '.■:•■.■■? ,■ V, .,; ' ■ > '■ -^ ■ 

■*'■■': »*v . ,V ■ • ^r . ; " * .. ■ 

240. We shall first take the casd in which the ct^efficielaVof 

<. the second tiom is an eom number uhd its -sign vos'i^fiAX. '/- 

■'• ■ .^, •":.•- : ■ .-■ •■■ - ..:•;- •■;•■ ' .. ■ ' ■ 

■■»^. V"' ■ ■■ '■ "■■•-• V • • . - • 

■•' Mx. ' ■'-'^■;'v- •■ -.. {B?+6a;:=^46. ' ;'-.•' 'V . ...,» ■■ 

^^^*^ 'i.ii.. " , ^- •-■'. - t : ' • ."' . Y - ° 

HerO'We mtfke the lefj^-hand sidB of t^e equation a parfeqt 
square by the following^proce^ " : "" * 

; Take .the coefficient of ilm secondterpi, that is, 6. ; v ^ 

Take the hiOf of tlall coefifcienl^ 1^ri% 3. J' ^ 

■■•■-" ■ " "- '"-• ''■"'^' .. ' .: ^ '"■"> ■ ■ ■" ~■^■■'^-•' '..: : 
Square the result, which gi^pes j9. . . * ^ ■• 

^ Add "9 to both ipdes of the.equation, and wo get • - - , 

■>:'■■- k'.- ■ .--• , . " *■ ," ■ '■■■•'■■ ./■ ' ■*:■ . ■ ■'-'■' \ ■ ■ ■ ■ ^-^ ' ' . 

. yow-iokihg the squar'e root of I i 6th aides^ wo get , • 
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QUADRATIC EQUATIONS 
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Hence we have two simple equations, 



«+o«» +7 .,4,,,,,;,,**..«...v«,,.,,,(I)j .-^^: f 



+3- -7 



i 



tad 

Ibm these we find the values of a?, thus : " 

mdX:. a;=7~3,thatis,a;=-4, ^ 

^m (2^V . ; |piri -7-3, that is, «=- ^10. 

Tiius- the roo^ of the equation are 4 and •*- la 



(2X^ 



'rK , 
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, «^ •■«..' i. 



* ,■■ ' 



Examples.— ixxxvi. 

4. f+46aj=.96. • 5- V+128a;-3?3. ; 6. a;a + 8x~66-0 
%^ ««f;18aj-S43=a ha a!^ + 16a;-420=.0t X. 

6 ' ■ , I. -.r .. . ' ■ ' ■ ' "I ■ 

■ - . ' - •<••.. ,r . I ' . . ■ , . 

« *S41. We next t&ke the case in VhicK the coeificient of tlw ^ 
eeeond tei!h is an even nufaber and its ^iga negative, 

:■"',•" ■ ■';-: '• ■•■.' 1 ,::;:;" - - , ^ 

.::EX.,:""- ■ . ,, ;'«»-8a;^9. " .-, . ■ 

\^The term to be added to both sides is (8 :f2)«, that is (4^ 

.* ' ' ■ , . ft, ' ^ > ^ 

^ Con^gleting the Square - • 

- . -: \,/ «^-8«+l(^ 

'^ .■ ,%" ^:^'-' '^ .-■■■-■» - ' 
Takmg the sqnare root of both ajdea 

This gives two simple equations, . . \ 

; ' . a-4=+5 ,..; (1), ^ 

.From(l)-! ;.. a;=»5 + 4, .♦. a;=9j ., ■ / 



friftu (2) 



.Thus the roots of the ccj^Hution are and -|« 
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QUADRATIC EQUATIONS, 



^EXAMPL£S.^lX2XVli. ' 

I. «c*-Cx=7. 2. a5^-4a;=6. 3. ac^-20aj=21. 

4. x«~2«=63. 5. x^-12a;+32=»0. '6. a:^-14a;+46«0; 
7. aj«-234a;+13688=a J./ («-3)^-S)«3(6a;+14). 
9. x(3»-l9^-«(2a;i6) + 120=0. 
?t / Id (aj^5)*-4^(a;-V)*=x(a:~8)+46. ^ 

242. WiSiiiow taike the case in wMch the coefficient of tht 
second term is an odd number. ,^ 



The term to be added to bothjsideB ia 

7k« 49 



f 



Completing thd sqitaie 




40 r dSk 



,. .49 81 

Taking the sqtiaM) root of botfiT^cji 

7 49 



Tids gives two simple eqtiation% 




• ■"5"* +5 ••••^•«^8i<^»»»v*****» v*X 
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From (1) 
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TKiurtle roots of the equation, are 8 and • 1^ 
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QUADRATIC EQUATIONS, 



l5f. 



The coefficient of the second term is 1. 
TJie term to bemadded to both sides is 



4' 

4 4 



.1 169 






■I 









Hence the roots of the equation are 7 and - GL 



Examples.— ixxxviii. 



I* a;*+7«=»3d 



3. a5a-lla!=-12. 
t 



3. as«+9a;»432. 



f «9-13a-140. 5. iB«+a!-^. 



6. a^-a!e»72. 
7. aj"+37»-369a "^ i ^^,8. (B^«-564-e. 
9. «(6~a) + 2aj(!B-7)-ld(»-d)--d. 



10. (5»-21)(7»-33)f(17x+16)(2».t8)-448. 

i ■• -.^ . #^: ■ • . • . '■ 

S43. Q.ur next case is liiat in which tlie coeffldent of the 
lecomi tein). ia a fraotioa pf lohAck Uu wmer ai &r ia-an 9»m 
number. 



"£X*; 







1%e term to ho added ^^ both rides it *• 

^0 



^-y-( 



.•.«^- 



4)'-(iy-(i) 



a5 + 5jr-21+5^. 
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QJJADRA^IC EQUATIONS, 



■C 



• » 2 .23 

Hence the Talnes of x are 6 and - -i, 
• -6 



. ~ / 



Examples.— ixxxix. 



rf. ai»-|««f . 



\'< 



2. ^+^--|j. 



y% ii-4<«-^-a 






3 



ir~Il~"* ^ S-^' + gg*^!. 6. a^-:^x 



lis 16 



\ - - 26 16-^ 
3 7. a;«-^a+-^»0. 



■^•^ 8. x3-|a;=46. 



244. "We now take the case in which the coefficient of tht 
iecond term is a fraction t(*0M nmnvratw i*%n odd number. % 



E2^ 



136 



The tenn to he added to hoth ^des is 
V7 _\ /7 1\< /7\'' 



- x^^)-a4)'-ay 



, 7 , 49 136 * 






^ 



r"8a ir?;r3g» 



or t^JL+^ 



»*^^ 36"* 






Hence the values of a; are 8 and -—. 

3 
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Examples.— XC5. 



I, a;*- 



a!«8. 



4- «"+ 



3 



5aJ=76. 



3. aj"-^ia5»9a 



9 



5. a;»-ra5„ie, 



y. V- 



^-34-a 



3. «» + |a5-3a 

6>,.»'!^yg+6».a 

23 8 



e. a!«-*ra6- 
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QUADRATIC EQUATIONS, 



i«3 



245. The square of ^the unknown symbol rm»% not &e jww- 
Pence, if we have tons'olve the equation 

Mire change the sign of every term, and #e get *' 

^^ Completing the Bquare . 

^- i._:L ..;.:. _:.._._. _.:^l.^':.,v or «'-6a;+9=a ii^-,.,-::-^: ,. 

NoTH. We are not to be surprised at finding only (m$ 
talue fork The interpretation to be placed on 8u<% a result 
is, that the two roots of the equation are equal in value and 
iJikein sign. 

246. The square of tl\p unknown symbol must iave Hb 
inefficient hii unity,' 

Henc^ if jwe have to solve the equation 

"•'■:.:■ ^' ■"^•■,- -•,'-■■■"■-■- 6a;*"-3a;»2, 
1^ we must divide aU the terms by 6, and we get - , ^ 






2 



From which we get as- 1 and «•■ r- i: ' 

JMWf. In solving Quadratic Equations involving Uteml co- 
eflScients of the uhknowii sy&bol, the same rules wiU^pply as 
in the cases of numerical coefficients. » (K^ 

» Thus, to solve the equation 

'2a » _ - ^.^^ 

- . ---~~2«a r^ • 

Clearing the equation 6f fractions, we gel 

/ 2a'~SB*-Saa;»0; \ ' 
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QUADRA TIC EQUA TIONS, 



Completing the square 



•whence 
the^eibie 



a!2 + 2fl(wj+a«=3a«, 
a;+a-*±^3,a; 



«--•<»+ V3 . fl^ or «=- -a- ^.cfe 
The foUowing are E^mplea of Literal Qua^tie EquaHom, 



Examples.— xci. 



I. a*+2aa;— a>. 



5. a;«+(a-pa;-«, 

■ . ' • 

■ ^ aV 2005 

10. 



3. a^~4aal«»^a*. 



3. a^+a^-^!; 

" 4 






? ^«+^-C« + 6)A 




a 



248. If both BJAea of an etiuation can be divided by the 
unknown symbol, divide by it, and observe that ig in that 
case one root of the equation. ' 

Thnii in solving the equation 

we may divide by as, and reduce the equation to the form 

a'-2a!«=3, 
from which we get ^ 

Thefl the (A«m roots of the original equation are 0, 3.and -1. 
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We shall now give some MiscellaneouB Exubples of QiumU 



latio Equations. 
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' ' Examples.— xcii. 

I. ai^^7«+2==ia a. x»-6a;+3=9. 3. x>-llaj-7-6. 



x-Z 



7. «»-9iB+20=0. 
9. aE«-6«-14»2. 



8» 6iB-3 



,a;~l 7a;~6 



la 



II 



4a» g-7 
* iB+7"a!c^3 



4a; as --3 

a;+3~2a}+e' 



>2. 



=2. 



1 1 \ 

14- 2^"-g«+7g»8. 



12. a!«-12»lla!. 13. ai«-14«ia& 

IfiQ 

15. 3a!-i^=26. i6. 2»8=18»^ia 



19- 

ai. 

93. 



44^308 15-a; 7a;~U 
10 »-»*' 20^ 

3g-5 , fte ^1 .^ 
9x "■3a;Tf4Ui 8' 

4ae-10 7~3a? ^7 
«+6 " «f a* 

g+11 



9+4a; 



la 3^24x-3flL 
^;^ 7 2a;-6 3aj-7', 

22. (a!-3)*+4«!-44. 



7 — J^^ _ a4?,62^+»-»2. 



:?5' a^-ga'-g' 



26. a?^aj=21(X 



« +l-a 



29. 



»'l"2^ 



8 «-l 



31 



2 8 



27. r-r- 

3a 16a;«-7a;=46. 



28. -3-n-g. 



* a!-2~a!+2"'5* 



„ 10 14 -2a! 22 

«c JLx-£. ^*^ 
35- 5-«"*"4-«'"Jm^ 

37. NaB* + (a + 5) a! + o& »» a 

3» J^^-ftBffi+ a ^-y-OL 



34. * 



4aj '20-4aj ,- 



<B 



i«+60 3aj-6' 

3^- r:i;+-¥-"^^ 

38. aal-(ft-a)aj-a5=(X 
40. aeS (a' ■■ «»)« a*- i a 



I i» 



^i. ar + T«--Traf —O. 



.42- ai»-^^aj+l«a 



V- 
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XX. ON . SIMULTANEOUS EQUATIONS 
INVOl-VIJWG QUADRATICS. 

■ « ■, * ■ " " ■■■■-"■■■ r ,' ■ ' 

249._ Fob the solution of Simiiltaneotis Equations of a de- 
gree higher thaa the first no fixed rules can be laid down. We 
Bhall point out the methods of solution which may be adopted 
with advantage in particular cases. 

260. If the smpU pow,f of oneiof the unknown symbols 
ean be expressed in terms of the other symbol by means of one 
of the, given equations, the Method of Substitution, explained 
in Art 217, may be employed, thug; v - 

Ex. To solve the equations : 

I^m the first equation ,'■ 

» ■ ■ ■ "■'■ ■ ■ • . '■■ \ ■■-■■■.■ ^ . - • • 

Substitute this iraiue for « in the second equation, and we 
get (60-y).y=600. 

This gives 60y-.y««600. 

From which We find the values of y to be 30 and 20. 

And we may then find the corresponding values of « to be 
20 and 3a 

261. But it is better that the student should accustom 
himself to work such equations aymmetricallyf thus : ' 

To solve the equations ^ 



From (1) 



l^OTftlSS" 



a!+y=50... .............(1), 

a:«+2gy4V«»2600. 



# 1 



4. X 



«>, 



'' I. C>1 



4ay wi40Q, 



,- 'K 



^ STMt/LTAJ^J^OUS EQUATIONS, Av. 187 



Then from this .equation and (1) we find 

<B»30 or 20 and ^=20 or aa 



► » 



a!y=300. 
4. aj-y=19 



892. To solve the equations 



Ex AMPLKS.— .XCill, . 

a!y=36. ' 

5. «-y=46 ; 

a5y=25a. r 



«+y=29 
ay=10a - 

6. a5-y=99 
" «y»X0O. 



From (1) ' asa _ 2ajy + y*- 144.......^m.«...(3). 

Subtract this from (2X then 

' .•-4flM/=-14a TO. 

Add this to (3), then 

. ■■ sl:^:. ■ ii :;,!:.^'.. _._._.._ J^s^ym ±2. ■ ^ 
Then from Ma equation and (1) we get 

a!=7 or 5 and y=» -6 ar-7. 



^? 



' I. «ry»4 



EXAMPLES.— XClV. 



3« »-y-14 



4. «4-y«8 
««+y3-32i: 



^ «+y-12 
««+y«=104 



6. «-i>y»49 



lS8 ' (^ STMULTANEOUS EQUATlOm 



263. To solve the equations 

a5'+y»«36 »—.(l)i 

•hide (1) by (2), then we get 

From (2) ^ «2^.2a:y-fy«=26 ;'.,: (4)^ 

Subtracting (3) from (4), 

4^-24. "^ ^ „ . 

Then from^this equation and (4) weget ' f^ " 



^ 



.-. «-y-±l; 
and from this equation and (2) we find 

«=3 or 2 and yr»2 or 3, 



I. a6'+y»-i91 
«-y^2. 



Examples,— xcv. 

2. «i^+y««341 
. (8~y«2. 



« 



3. aj»+y»=1008 
a;+y;=12. 

6.; a'-y«=279 
* «-y*3. 



: V-r 



254. To solve tbe equations 

1 1^6 . . 

. j_ 1 __i3' /- ■-:■';•■■""--■ 

gjS "•" |ia og •••?•••••••••*>••«•••. ..(2). 



Prom (l);b5nilqutfnrig it, we get 



From this subtract (2), and we hav« 

a!y"36' 



1 . ^ . 1 _25 ^ 

j?'**(By |^~3P .M. ..*... (3;, 



No 



1 •> 



andj^ 






4.1- 

1 

255, 



Tak 
positi^ 



Sub 



an eqi] 
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Now Bubtiact this from (3), and we get 
v^-: 1 1.4. ■^- irx •- 

. 1 1 :\\ 

this equation and (l>we find f i 
»-2 or 3 and y*Z or 5L 



.7 



tfh 



/ 



4 ■^ 



't'r*?,.' 



*^ 



Examples^— xcvi. 



*• «^y 20* 

, 1 1 i 

*'« y 12 






X y ^ 



as y 







255. To solve the equations '■ ':\ \ -''::"—' ^ 

«V+V-18.... ...J...(2). 

If we (M2i this equations we get 

»*+4ay+4y«==26. 
Taking the square root of each side, and taking only^tho 
positive root of the f%ht-hand side into account, 

Suh8titutlhg this value for « in (2) we getf 
(5-2y)y+4y»=13, 
an equation by which 2^ may be determined. 

JL „HoTE. la some ^^Eamples we must siMr(MiJt' tho^ ficc<»id- 
equation from the first in order to get a perfect ?r|uarc. 



•« 



/^ 



1 



*90 



dN SISiVLTANEOUS EQtlAttOl^S 



\ 



256. To solve the equations • ' 

'^' . ^ ' ,«^ry'-^26...,..;..„.„A (1), 

' ^ '«^+av+y*-13...»M.*t......."..«(2). 

IHvidmg (l)T)y(2)we get«-y-2 ^ ......(3), 

squaring, v >»-nr2a^^|^y««4.^t^..;... ,..(4)t 



Subtract tiiis fron^^ (S), and we l)«vo 



■-'i 



*\ 



■'f 



'' ■ ;„• A-toy-12.^-^ ' i::: V ;/-'^':. 

Adding this to (4),llepta^+2a5y+i^»i^j^^^^^^^^^^^^^^^^^^^^^^" 4F 

,' Then firomdAus equation aSid (3) we fiiid -^^ / [ ^ 

U **=3 or -^1, and y=*l or -8, .1 * 

257. To solve the equaljgjM '^ ; 

/< • , ajy»28 .(2). : . . 

Multiplying (2) by 2, we have , . "^.-r 

' " . :^^':>. " ' '■^•/,, 2xy=mr ■ ' vv^--'^- ■ "* 

r A a^ + 2xy+y«=121P * ■ 

' " t , •• * T y ^'^ — ■'■••••••••••••••••••••••^•^Ajjii 

The" equations A and B 'furnish four pairs of simple 

equations, I' 

a!+y-»ll, «+|iliili aj + y=-ll, a5+y=,-U, 
«-y=*3, as-y«-3, •as-y-3, «-y=-a j - 

"^m which we find the values of a; to be 7, 4, —7 and -4, ^ 
and the cerrespouding values of y to be 4, 7, — 4 and. — 7. - 

• ■...'■ ■' '. • ■• V ' /:>- 

268* The artifice,, bji^w^^h the solution of the equations-. 
in thi s^Mtidfe is Kflfcct^, 48^ifcpplic ab le to coood in ifrhiefe^ 
the eqiiatioQ|| art hornogeiuious and of th* Mtme ordur. 



Tofi 



' Sup] 
\^ ^Thei 

and '*'' 

. I)ivi< 

^ ■" '■'■■"/ 

. Frori 
Onfti 

' "^ equatio 

Fron 
and the 

'. ^ 259^ 

as |k£i c 

fourpK 



4. «H 

xye 

7^ a;«+ 
' 3y?- 

3x»+l^ 



1 



"INVOLVING. QUADRATias, 



aple 

f 

1, 



• To Bolve tKe equations, 

' SnppoBo - y-»nic - '^ 

;^ ^ Then ^ «* + tnai?- 15, from the first equaticffl, 

and -^ ««B?-'?»V"=2, from thefpecond equation. 
. . ; IJividing Dne 6f these equations by the other^ . I 

""- ^-— -^— *^ -^ .' .«!« (1 4 »?0 "16 .- — 









or 



m— m' 2 



•<>si 



X r.^" 

> 

D 



. From tliis equation we can detennine the values of m. ^ 
One of these values is g, and putting this for m.iifc.th« 

equation a|«+ m««» 15^ w© get «*+? »«-i 1ft, ~ 

From which -we find ' «—±3\ _,^ . -: ^ 

and then we can fi^ y from one o( the orijnal ^dafiionA 

259. .The examples which we shaH now give ^ intended 
as ^ exercise on the methods of, solution ©xphuned in the ' 
four preceding articles. ^ «* »' 






'V - EXAMPLES,--icvU. * 

t. a3-i/»=37 r a^a?-t6jcy=144 - 3. ««+ay-210 

«3+j^+y2=^7, 6a:y + 36y2=432s V^+a;y^231. '' 

4.aj2+y2^68 V = J. a:3+y=l52 .6. 4!B«+9a;y=l9a * 

ay=^.16. • a:*-xy + y2=l9. 4a: -^5y= 10. 

7. a;«+»y+yj=39" 8. a;2+an/^66 - f. 3«2 4^'4xtf=20. 

• 3i^-5xy=25. ,«y^^.=.5. ^; ^ 5a«,,+2y2=iV: 

Xor'a?^a5y + t^=7 11. «2-jBy=35 12. 3x« + 4xy + 5y2.= 71. 

a«« + 13aci/+8i^2=:162. ^ + y2„18. \ 5a;M-7y=29. 



■X3^^4^y?j*£728 14, «^iOi <j y^a4 



a^-x 



4+^'=P 124, . . 7«y - y«= 171 









--'■*>- 



f'-j 



^'H 



y ]^^ 



;X^ I^ROBLEMS RESULtllfG ill 

^v fiUADRATIG EQUATIONS. \ ' 

.260. Thb nlefiiod of stating problems resulting in Qoad-s^, 
ratic Equations does not require 'any geneial explanation. 

Some of tbe Examples which we shall give involve om 
unknown symbol, others involve two. . «?? 



BIZ. 1. What ntunber is £hafc whose square exceeds Um 
number by 4$12 ^ 

. Let » represent the number. 

' ThJEtti x«=«+42, 

1 169 



'■ , *'■'■' - 



th^fon 
whence 



t?-z+ 



4 



4 






And we find the vali^ 

■■ , ; _ _ ■ ■ . " ^i " • 

■'■ V , •. . " • . ' . ^ ' ' '..--■•■ :y 

" . |lX. 2. The sum of two ttumbeis is 14 and the tam of 
their squares irIWp. Find the numbera. 

Let « and y represent the numbers. i 4 -, 

■,i Then..:^ \.^ ■«+y-14,. ^- : :^, ' ^ --'^'^A^'-'' , 

Proceedi 



■ -fi' 



img 



find 



W- 



awSuy r O, ygfluf flf 



H- 



Hcnce the nun^bers are 8 aad 6^ 






^ 



/ ,. 



I 



Ive 0110 "^ 



dtf th« 



i 



mm oi 



ON PROBLEMS RESULTTNG, &^ 



W 



Examples.— »mil, 



t. What number i& thrt whoee half multipKed by its thirl 
part gives 864? ^ -^ ™^ 

2. What is tt^ mmiber df which tfie ssvmiih 1tnd eighth. 
^ parts being multiplied together and the product divide! by 

3 the quotieat is 2d8|l v 

3- I take a certain number fiPMa M. I then add ihe 
jnmiber to 94. ^ ^ - Z^ 

What IS the numbdV 
.4^ Wh^ are the numbers whose product is 760 and the 
quotient of Qn6 by the other 3^? 

^ the difference of the same squares is 1449. Find the nim%re. 

^ The product of two numbers, one of ^icli ie^^l^ach 
above 2i as the other is below 21, ia 877. FinJ^e oumbera. 
7. The half, the thild, the fourth and the fi^ Ws of a 
eertein numb« being multipUed together the produe^ 676a 
j; ma the number. ^ 

_8. By what number must 11600 be divided, so 
the^uotient may be the same as the divisor, and the «. 

which 10 being subtracted, the square of the first result added 
to twice the square of the second result gives 17476. 

Kfc The sum of two numbers is 26, and the*Bom itf the» 
squares is 436. ^d the numbers. ^y''^^-^ 

It. The difference between two ntattibenTts ^, and the 
■um of their squares is 325. What are the numbers ? 

_^ What two numbem are they whose product is 266 and 
me sum of whose squares is 614 1 

\aW J^T^^ ^* ^*** *^ P*^ •"<* *fca* their pto*w| 
^aea to the sum of their squares augr be 206. 

ia»A.j --^i;. ■ °'-^ ■ 



ifcs^ 



X 
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14. What number added to its equare root gives as a 
result 1332? 

15. What number exceeds its square root by 48^1 

16* What number exceeds its square root by 2550 ? 

17. \ The product of two numbers is 24, Mid their sum 
multiplied by their difference is 20. Find the numbers. 

18. What two numbers are those whose sum multiplied 
by the greater is 204, and whose difference multiplied by the 
less is 36! ,.■■;--' . - -^ "'#> ' ' "" ' "■ '■"', 

19. What two numbers are those whose difference is ft 
and their sum multiplied by the greater 228 ? 

20. ' Find three consecutive numbers whose product ll 
equal to 3 times the middle number. 

21. The difference between the squares of two consecutive 
numbeiB iii 15. Find the numbelrs. 

22. The sum of the squares of two consecutive numbers is 
481, Find the numbers. * 

23. The sum of the squaifes of three consecutive numben 
is 366. Find the numbers. . * 

NOTK, . If I buy a? apples for y pence, ^ 

' ' ^ wiU represent the cost of an apple in pence. 

^ If I buy a aheep for s pounds,- , , 

- will represent the cost of a sheep in pounds. v 

Elx. A boy bought a number of oranges for 16d. Had hb 
-bought 4 more for the same money, he would have pa^ 
one-third of a penny less for each orange. How many did^ 
he buy 1 ^ 

Let a; repreisirtt the number of onuses. 

Ift 

will represent the cost of an orange in pence. ' *" 



Then 



» 



III 



\ if 

*i+4 






m l6(3aB+12)»48a!!+ae^+4fl5, 
or a^+4x->192. 



llOm Which W« find the vaiUeS Of « to M II OV ~1«, 
Thflxefora Im bought 18 onumiBii ^^ 






M 



JXi 



as m 



earn 

iplied 
)y the 

net it 

cutive 
»er8 is 
mben 



[ad he 
I paid 
ij did 



•t 






- , 


I'^V/^i?. r 


W- 


■ .'■ '.^ ' 



I bay a number of handkerchieft for £Z. Had I 
bought 3 more for the same money,^they would have cost one 
BiiiUing. each less. How many did I buj 1 

\^\/f dealer bought a number of calves for iSO. Had he 
bought 4 more for the same money, each calf would have coat 
^1 less. How Biany did he buy 1 

^vA man bought some pieces of cloth for ;fi33. 16*.. 
which he sold again for ^2. 8*. the piece, and gained as much 
as one piece cost hiuL, What did he give for each piece ? 
wTt. "t ""f^^^a^^^aght some pieces of ailfc for ^80. 
Had he bought 3 pieces more, he would have paid ^£3 less for 
each piece. How many did h^buy ? «»»uir 




2?*^^*"/ ^"""^^^ **^ ^^ "^^^ « J^o^" leas ^ould have 
■sufficed had one gone 3 mUes an hour faster. How many 

miles an hour did one go ? ? r 

A grazier bought as many sheep as cost him ^60 " 



29. 



Out of these he kept 16,.^d selling the remainder for £64. 
gained 2 shillings a head by them. How many sheep did 

30. A cistern can be filled by two pipes itmning together 
m 2 hours, 66 minutes. The larger pipe by itself wiU fill it 
sooner than the smaller by 2 hours. What time wiU each 
pipe take separately to fill it ? 

^ 31. The length of a rectangular field exceeds its breadtli 
by one yard, and the area contains ten thousand and one 
hundred square yards. Find the length of^the sides. 

32. A certain number consists of two digits. The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268. Find the number. 

33. A ladder, whose foot rests in a given positioii, just 
reaches a window on one side of a street, and when turned 
about its foot, just reaches a window on the other side. If the 
*" '^' **^^» kdderbeat right angtert?rMcrolHei; 



end the hei^hWlSf the windows be 36 and 27 feet respectivelrl 
■nd the width of the street and the length of the laddw. 



m 
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16 



34. , Clolih, being wetted, shrinks np 3 in its length and 
in its width. If the surface of a piece of cloth is di- 

minished by 6^ square yards, and the length of the 4 sidei 

\ ..■'/■ .'■'• ■■ '•:■:■'■:.■ y 

by 4g yards, what was the length and width of the cloth t ^ 

35. A certain number, less than 50, consists of two digits 
whose difference is 4 If the digits be inverted, the difference 
between the squares of the number thus formed and of th» 
original immber is 3960. Find the number. *f ? ^ 

"* 36. Jt plantation in rows consists of 10000 trees. If th^ce 
had'been^SO less rows, there would have been 25 more trees in 
aro^. Hyw many rows are there ? 

^37. A colonel wished to form a solid squiife of his nieh. 
The first time he had 39 men over: the second time he in- 
creased the side of the square by one man, and then he found 
..that he wanted 50 men to complete it How;iSaiiy men were 
there in the regiment? ' '- '* 

' ■ ^ ■'■ ." ■■'■ ■ >■ ■ '. 






XXII. INDETERMINATE EQUATIONS. 

261. Wbbn the number of unknown symbols exceeds that 
of the independent equations, the number of simultaneous 
^ues of the symbols will be indefinite. We propose to ex- 
plain in this Chapter how a certain number of these values, 
may be found in the case of Simtiltaneous Equations involving 
two unknown/ quantities^ 

Ex. To find the inttgrat valttes ot it slid y whidi wiH 
satisfy the equation 

^ . 3a + 7y=10. 

3«-10-7y;-^ 



Here 






.-.Ji- 



l>i1" '* 



^*s 



How if flp and y aie integers, -^ must also be an intefei^ 



dr .le-' 
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197 



Let -ny^w, then i-y«^3^. 



'm 



or the ^enm^ solution of the equation in whole B^ 

«= 1 + 7w and y =8 1 _3j» 
where m >ina7 be 1 9 «» -'x 

negatiFe. ^ " "' ^' *•— ' «»' "^1 "^^ger, positive or 

■ ' * 

tJ^=2,«B=15,y=_6. 



•nd 80 on, fo)ni which it appears that the only «oXw inte. 
gral values of .an4y which satisfy the equation C?l?f 

bo^d^c^r^^^^tS^f S todivide 

of the unknown Bymbols. J ^ ^'^'^ coefficients 

Ex* Tofindinte^Bolutions'oftheeqiutian 

7aj+6y=3ir 
^«» 6y=31-7«; 

■^^ —5— «m, an integer. 



Then l~2aEa5m^ whence Sical -6m; 



Let 



l-m 






.t^' 



jT- -n, an integer. ' 
Then 1 -»»«»2n, whence to=1 -2»». 
Hence «-.n-2m-n-2 + 4n-6n-2; 

Now if . . n*0,«--2,y- 9; 
Jf <l«l,g^ 3,yv. >; 



«■:' 



if 

•ndBo(Mi» 



-^%|l«B, : li^faf -|| 



^."S^g ; 



Kr. 



t^ 
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263. In how many ways can a person pay a bill of jC19/ 
with crowns and guineast ^ 

Let a; and y denote the number of crowns an4 goineML 

Then 6»+21y:f260| I v 

/^ (te=260-21y} >^ 

Let I =»m, an integer V 

Then-rf^-^Y7---y-.6i», — ^-...^-.-^-.^.i^.^.-— -- ^-^---— i--^- 
and ♦• «=B62-4y-i»-B52-21nw *^ 

; ' Jf ' /,:--;■■■;'.; ■ f»=0, a;=52, V=- (^ >v- ■ -^"■■•:^';' 
, % ' «»=!l, 05=31, y== 6; ^— ^ 

.|, TO=2, 03=10, y=10; t 

and higher values of m will give ne^attve^values of as 

Thus the number of ways is tfcrM. ^^ v -■ 

264. To find a number which when divided by 7 and ft 
will give remainders 2 and 3 respectively. 

Lei a; be the number. > 

•■ 

x-2 



Then 
«nd 



•an integer, suppose m; 
■■■an integer, suppose n. 



r 

. . ft 

Then as -» 7»» + 2 and OS *■ 6n + 3 ; 

/. 7m+2=6n+3j 

'^i. ■ :■ ■ ■■> ' ■ - - 

:,''*:■' /a 6n— Tm-l, whencen=m4 



2ni- 



Mt^"I»» an integef; * 

Tlien 2m = 6p + 1, whense mi«2p +^-=-fc 



■;...- - "^ 



l^et tZl « g, 8& integer. * 

31 



Then 



. i>*2g~l, 



E-71II + 2-362- 12. 



/ au 




of jC13 
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Hence if 
if 
if 
and 80 on. 



ij'A 



?*=!,«= 23; 



m 



—h 



and ft 



W^^'- 



''' ^ EXAMPLBS.— XClXi 

J Find positive integral solutione of 
Tli 6«+7y=29. ; r 

3, 13a8+19y-117a 

5. i4»r-6yc»7. 
J% lla:d-7y=:308, 

9. 20x-9y=68a 
H. 27a8+4y=54. 



5 4. 3aj+5y«26. 



© 



^ J. 



6. llx + 162^^10311: 

^8. 4a;.-.19y=23. 

10. 3« + 7y=383. 

^2. 7a + 9y=663, 



13. Find two fractions with denominators 7 and 9 and 
tlieirsum^. 

14. Find two proper fractions with denominators 11 and 
13 and theit difference :^. 

15. In how many ways can a debt of ^1. 9«. he paid in 
florins and half-Hsrowns 1 . 



16. In how many ways can ^20 he paidH haEdneai 
and half-crowns ? 

# ■ / C '7- l^at number divided by 6 ^ves a remainder 2 and 
N,hy 9 a remainder 3? * r- 

18, In how many different ways may ^11. 16«. be paid in 
guineas aiid crowns t ^^ -^. „.___ ^„ _ ^:. „ _^ _ ' 

19.^ In how many different ways may £4, 11«.'M be paid 
ith half-guineas and half-crowns i 

Shew that 8S3a;~6Sty«>iP00 cannot %i aatiafied hy 
' values of s and 11^ ^ 




V 



•00 
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it. A AmMr-ba^ <Hi«ii, iliMp, and honi. Tb« wholt 
numW Vovi|(ht w»is 10(), luid the whole price iKK). If tht 
oxon cost i6, the thtiep,^!, And the bona It. eaoh, how iimny 
of tAoh had h«t Of how utuiy lolatioM doei thli ProUein 
ftdmitt' ^-'..■- . - ; \-, • ^ v ; ■ :t ^^--V 

at. A owee J9 4i. lOd; if .4 hm only ilxpenoei in hit 
pocket Mid B oul^ fourpuuuy piooei, how OMi they belt lettle 
the mattert - .. '■ .':-;■/,♦''■""'; 

|a3, A pereon has A\% 4t. in half-orowni, florini, and sliil- 
Ujiigai the numbered kalf.orowne and florins together ii lout 
timet the number of shillhige, and the number of ooina ii the 
greatest posaible. Find the nulhber of ooine of each kind. 

14. ^n how many ways con the sum of j$6 be paid in 
exactly 50 coins, consisting of half-crowns, florins, and fouiv 

penny pieces! ^^ ..-■■-■■--. -^ ■ .. • . ■- 

,- ... - ^ .^- -• ,.,-..■ ^ ■-... 

95. A owes B a shilling. 4 has only sovereigns, and B has 
only dollani worth 4t. 3d. ei^oh. How can A most easily pay ilf 

96. Divide S5 into two j^rts such that one of them is 
divisible by a and the oth«r'^.*8t - •- 

■ ■* ' '**^ 
tjr. In how many wa^'ca»^I pay a debt of i2. 0«. with 

crowns and florins t 

aS. Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11, * ^ 

99. The sum of two numbers is 100. The first divided by 
6 gives S as a remainder, and if we divide the second, by 7 tlM 
remainder is 4 Bind the numbers. 

* ' ' \ ■ - 

yk Find a number less than 400 which is a multiple of t, 
and which when dividod by 8, 3, 4» 5, 6, gives as a xemainder 
la eack easel* - 
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StWXI. THE THEORY OF INpiGSai 

M» Th» number pliujed over a lymbpl to iinili^ 
power of the lymbol ia oaUed the Index. 

Vp to thii point wLvindiou have in oU caeef been Foiitlfft 
WloleNumben. 

We have now to treat of Fractional and Negative incUoui j 
and to put thie part of the eubjeot in a clearer light, we thaU 
commonoe ttom the elementary piduci|>lei laid down In Arte. 
46, 4il 

1^ Fiwi, we muet carefully observe the following Mrallit 

These are examples of the Two Eules whiM* govern all 
combinations of Indices. The general proof of these Rules we 
ihall now proceed to give. 

^' ■• - „■ . . . '^ ' ' ' '•■ ' .-^* ''■■--■,-■ ■'. ■■-'M^-.^. . 
W* Dwr When m it a positive integer, - 

a* means a. a. a with n written m times as a factor. 

268. There are two rules f<» the comttnation of indices 
Rule I. a*xa*-a"^. 
Rule' n. (a")- -a"-.- 

iHi. To prove "RvhE li , " ^■"; -. , 

a?*mo . a t g to m Ikcioin^ . *' 



/•<*•' 



:^^3£*; 






rfl.a tc^kiacton^ 



>T 



ioM 



XHB THEORY OF INDICES, 



■¥•■ 



Tlierefbre ' •^ , X 

«*xa-=(a.o.a, toii^factors) x (a.a.a.....\tonfactoi») 

^a.a.a to (m + n^^actorSy 



To prove Rule IL ' - 
(a»)"«tt* .or. or ...... to n fiictoiB,' 






■(^•^•* to w factors) (<x; a. a, ..to m factors).^ 

repeated n tiiueg, 

^a.a.a to mn factorsy 

*a"", by the Definition. 



• ( 



i.V 



270. We have deduced immediately from the" Definition 
that when ifi and n are positive integers a* x a" =.«*+•. When " 
m and n are not positive integers, -the Definition has no mean- 
ing. We therefore extend^the Definition by saying that a" and 
«"> whatever w* and n may be, shall be such that a- x a"=a-^, 
and we shaU noMr proceed to shew what meanings we assign to 
a", in consequence, of this definition, in theJoUowing cases. - 

^71. Case I. To find (he meaning of a% p and a -being 
pontive integers, . 



a»xa»=a« V 



•m^ 



N-.- 



lit tjL.t t l^t^JL 

and by continiiing this process, 

/ ixJx ...... to gr factors «=(^"^t;!"f+"^*^'*^. 

■ ^ ■ ■'■■ ■--:■.■,■■■■.■. . " ■ • . 

Bui by the nature of the symbol Jff^ * 

Xft^xUfcfx to g faptors«ar;|^ \ 

.% tt« X of X .. ....'to g factow ^of X 4/^x ... to g factoia i 



I 



-mkm 



" " "' " ! H ' .. ' ,^ i . i . i . i l.. ' li|, i , l J.. i , i ..i i ,l.. 



iOf' 



\ factois) 



.^ 



- 



^ f72. Case II, To find the meaning of a~*, « being apod' '* 
vltw ntmbeTf whoh orfractionaL ■ ^> • t 4 



>-■' .•>■ 



emlat^fitst 



store) ,^ 



1 .^^: 



^finitioii 

Whe» 

mean- 

; a" and^ 

ssignto 
ases. < ^ 



XttB; 



-TWehayt 



4 uie meaning of a\ 



-^./. 



r 



o!J^a«=a"»+«>* 



V«i 



Now: 



a*xa-'=ar 






^ 



.( ■» 



■^■:-.-- ■:•;■■■■:■ ' ?a-.=r. \.----.' ■ 

: - — • • ■ «'■ V . 

trs; Thus the interpretation of «• has oeen deduced from 
Bule I. It remains to be proved that this interpretation 
agrees with,Rule II. This we shall do by shewing that Rule 
II. follows from Rule I.^ whatever m and » may be. 

"i 274. To shew that (ya.*y== or for all values of m and tk 
^ (1) Let n be a "positive integer : then, what^er m may be, 
(a*)"=a" .a'*. a* iw^.. to n factors 



\ 



=a**. 



X2)« Let n be a gpsitive fraction, and equal to ^,j> and f 
being positive ini^rs ; then, whatevei? be the valik of fik 

(a-)'x(a«)'x to2factor8=:(^-)^^■•••*••*•*' • 

,.,,."■ '*. " ' ■. r' ■■'.■■■■ ^ " "^- ■-■ 



:.{!^ 



*=«*= 



Lt ♦ 



tliaii^ 



«i*i-:;C»^«on 



V 



# 



.» 



' \' 



*04. 



rirjs t^JBOJsy 01^ mD/cES, 



(0) Let ff-> ->f, « being a positive numbeiy whok or iiaa- 
tional : then, whatever m may be, —- ^ * " 



■ ,y' 



(•■)--^.i>r-4rt-«s, 



ii;n-. 



-5=;, ty (1) and (2)fof this Artich| 



fliatK 






•r 




4' «/ 




876. We shall now give some examples of tffe mode Irf 
which the Theorems established in the preceding articles aie 
applied to particular cases. We shaU commence with exam- 
ples of the combination of the indices of two'single tenna. 



;•' ■ ■>; J* 



V 



87fi. Since aJ" x af =ar**, • ^ 

, , (2) ji^fi^afM. v.. ': ■-'*^^- : ^- -■ ;■■ ': 

• (4) ar-*.b''^'xar^.b'-*,9 ^. 



'tt. 



.ft^-r**-",*- 



-l.l.d 



■w* 



m. Since (di^=ip- ■ 
(1) (a;«)3=a^x3=jB». 

,v; (2) (a;*)W*^=x« 




;1 .i 



.■*i 




); ili, \ I**' ^ 



t" 



"I7a IpfiMe aj'- Jffgf, 



m 



^M. 



ciD flU^o^: 




TffB THEORY OF INDICES, 



-M. 



Notb; Wh€h Examples are given of actual numbera raiiv I 
to fractional fwwera^they may often be put in a form mora t\ 
for easy solution, tnus : 

^ ;■ ^ 0) l^)-{'=(0''=«^. ^ "^ 



\ 



• _ 



V 



aaO»^ Since ar«-~, 

we may replace an expression raised to a negative power \x\ 
the reciprocal (Art. 199) of the exp^ssion raised to the same 
positive power : thus ^ ^ 



(I) or 



vf 



Examples.— c 

(1) Express with fractional indices : 

^ .(2f Express^th negative indices so as to remofe all powers 
from the denominators ; - ' » ^ 






^ E*jmji« wHh 



fcnia|he numerfttom : 




*-,-■-■ _ r-a^f~ ■, 

.c jjy . 1 . « 



. ^'J 



■■■•w 



:\ 



^.^ ; Tir^ THEORY OF IlfDICBS, 



^^-^oS+F + T 






III Mi if i ' -alf. 
^:1 



i/xy . .yo^y ^^5^ 



^ 'sr-^'"?-*- 



t;^ 



(4)° -Express with root-symbols and porative indices : 

I. 2aj» + 3a;^f + ar V*. 3- -^g + — j + -^^ 

V y"* y~* ay"* 



«"*+«»+«-». 



••-t 



X 



.4 ■ 4 



r 



sr 



^T^- 



:^ 



281. Since ar-faf=—=sr.a-«i=jr?»i^ V 

•c" ■ .♦■■ 

' (1) a^^«?=aM=a*. 
(2) a?-fx8=a:»-8=i-5=l 

282. £ll{^ MvUiply a^-a^'ine-lhya'^'L 
• ' . -^ o"'-a*'+ar-l ^ 

^ o'+l 






■H*--! 



,*■> 



Multiply 



I 



E^CAMPUES. 



-*- — . 






'W',; 






TttR THRORY OF INDICRS. 



— «t, ■ ' ■ " 

9b Foni$;;ihe square of a^+as^+l. 

10. Foim the sqiuure of a^— af + L 















of-l 



•07 



■A 



■s. 



E2:jiJCPtES.->ciU 

IMvide 

a. **'+f*byar+^. 4. «>*+»»» by rf*+«Pr, 

5. «*-243bya^-a. 

^6. a*-+4a*^+ieas*»byi^+8a"af+4i^. 

.7. 8a^+aa^+14a^+Sbyl+&Ef+a^. ' 



/. 



Jjl^ Fliod ihe eqitaxe root of V: ^ 



la Find the tqiian root of 



+i^+^+ao-6'+2aV+ttW 



"if^^ 



ao8 



THE THEORY OF INDICES, 



y Fractional tndieet, 

884. ^^. MuUiplyJ-ahi+b^byaK^. 



a -ah^+ah^ 


• v 


+ah^-ah^+h 


' 


*.; a +ft ^ 


' * 


Ex AMPLES.— Cllli 


III 


Multiply . 




I. «»-^*+l by x»-l. 




3. w* + «2+y* + lby«*-l. 






A 



THE THEORY OF INDICES. 



- '■■' — ^•-- '■ ' " ■-- -j ■ 



m 



285. Ex. Dimdea-hhy l^a- ijh. 

Putting a^ for 4^a, and 6^ for 4/6, we proceed thus 



,£^ 






aM-l 



Examples.— Civ. 



Diyide 



I. X- 



■y^y 



i. J 



2. a-bhya^+bK 

3. a;-yby«»-y». 

4. a+6bya»+6». 

5. x + yhyx^+y\ 



7. a;-81ybya;*-3y*. c 

8. 81a - 166 by 3a^- 26?, ) 



9. a 



-xhj 



•2 a. /. z 



a;*+a 



,i- 



m 



*-nby 



L* — nO 



m^-n 



13- 6^-36* + 36-6Hy6*- 



10. m-243bym»-3. 

11. a; + 17a;^+70byx^ + 7, 

12. a»+a»-12by«^+a. 



[ — Hai«<iJ*ti9 



14. x-iry+Z" 3x'y«j8» by x*+y* + z 



•* 4. «* a. «». 



i-Sa:* — 4fi3:»- 



15. «-6a«-46x»-40bya;*+4. 



1 



16. 



m 






+ m »n* + n by m^ - m*n* + n 






«7. y^^4-ept-^4p*^.l by i>t-2p^+L 

18. 2a; + x«y« ^ 3y - 4y*i!* - xK^ - a by 2x^ + 3y^ + A 






Negati/ve Indices, . 

•^ ' ' , ■' ■ ^ ■ 

286. Ex. ' Multiply arH^-V'+arV+r' ^ «"*~r*« 

■ , •* ■ 

c — 7- 

■ - EXAMPLES.— CV. • 

--V-, - __ 

Multiplfi / 

1. a-i + 6-ibya-i-6-i. 2. x-^+^-^y ar«-M. 

^, aP+x+x-^ + x-^hyx-arK 4. a^ _ 1 + 35-2 by «« + 1 + «"•• 
5.' a-« + 6-2 by a-8 - 6-2. 6. a'l - &-» + c"! by a"! + 6"^ + <r\ 
7.1 + 06-1 + a26-2 by 1 - aft-i + a^-K 1 

8. a26-2 + 2 + a-262byNa26-2-2-a-m 

9. 4!r'' + 3x-H2ari+lbyjir2~a;-i + L 

287." Ex. Di«wi«K' +!+«"« 6y«-l+ar"b 
' a:«-a;+l .^ 



a+x-" 




a- 


l+ar» 


• ' 




1-x-i 


+ar* 




1 - «-i 


+ar« 


-.^-f 




■" 



Note. Tlie order of tbe powers of a is 



.0'. o*. a\ a", a 



.0 A-i. «-» or* 



CI •••M^ 



A leries wliich may be written thus 

. , ,111 



C 



TH& THkOkY OP INDICES, 



n% 



m, .1 



♦ EXAMPLES.— CVL/ 

JMvide^ ";■■--;.■; ^-^^-, 

3. m»+n-»bym+n-». 4. c^-d-^by «-tf^. 

5. «»y-*+2+x-Vbya!y-*+ariy. 

, 6. a-* + o-»6-« + 6-* by a-« - ar^r^ + 6-«. 

» __ _. . 

7. a?r'--«-V-3a^*+^3ariybyay-^--ari|^ 

4 *^ ^84 4 ^*' 

- 'by^-ari+a 

9. a'&-« + a-'ft' by olri + a-»ft. . 
10. ar»+&-«+(r«r Sorifr-iflTi by a^i+&-^+r*. 



^1' 






.:'\ 



''ls^, 



S88. To ahew that (a6)r«a*. 6". 

(a5)"Ba&.a6.a&...tonfiactor8 ' ' . 

«-(a~ a. a ... to n £Eu;toi8) X (6. 6. & ... to » fiaeton} 

We shall now give a series of Examples to introdueo the 
▼arious forma of combination of indices explained in this 
Chapter; \„^ -■ ■ >? - — *- 

Examples.— <5vii,\ ^ 

I.' Divide. »»- 4ajy+4fl}*y + 4y« by x^-^2x^y* + 2y,^ 

V Simplify (f*%|(i»fr*. 
1' 1 >i 



3. SimpUfy |(a^»)».(ai«)»| 



I 



- cj. ,.- / 1 ''1 x + a X — a 






■■!•■ 



d^Mi. 



Iti 



THE THEOkY OP WDtCkS. 



( , 



5. Multiply |ar2 + 4flri - 1 by 3flra.- ^'\ 

d.'si4iify?^-^-*^ 



f. f 



af~* 



7. Divide »■" - j/*" by af +y*. 



8. Multiply(a* + 6*)»bya;^--6^ 

'9. Divide a-6 by J^a- J^h. la Prove that (a2)-«(«-)^ 
n* If a^«i(a*)» find m in terms of n. t. ' "^ v 

'■•4 rf \ ^ r 

^■' ;■ . ' ,_, ■'„„:^ 

12. Simplify af^**^.a!***~*/{C*~*^.fls^**~^ 
;.3.. Simplify (^)%(^)".. .4. Divide*^- by "^ 

15: SimpUfy[|(0-^l''K[l(«-)''|-*]. ^ 

t4 Multiplj^ a* + ft' - 2c* by 20** - 3ft. 

17, Multiply a"»-6-' by a'^6^<5. ' 



■iii Shew that r 



;•■'.• '^■■^^. ;'. ■ ' ■• ' • \ . ■ 

19. Multiply x»+*a« + l -by x»-»» + l 

•nd their product by »*- «f+ 1. 
aa Multiply «• - 6a'*-!* ^ ca"*-«a;« byLa* ■¥ hoT^ z - ca»^^ * . 
ai. . Divide x»<^« - »»^" by af^«-« + y^". 

Ba. SitnplifyKa-)"^!^. 

13. Multiply ajS'+x^'ir + aS'y*' + «** by af- If. ' 

%/L JUfnto down the values of G25* and X2r\ 



>.: 



86. M\atipJ^»^+3fl^-Il>y.«^7«»** 



< ,v 



«f 



\- 



,/ ' 



JT 



V 



. 



XXIY. QN SURDS. 



>, 



289. All numbera whic^i we cannot exactly detennine, 
because they are not multiples of a Primary or Subordinate 
Unit, are called Sur4s. 

290. We shall confine. our attention to those Surds which 
originate in the Extraction of roots where the results cannot 
be exhibited as whole or fractional numbers. 



^or example, if we perform the operati)n of extracting the 
square root of 2, we obtain 1-4142..., aiid though w« may 
cjirry on the pr96e8S to^^ny required extent, we shall never be 

ticular point and to say that we have 
iber which is equivilent to the Square 



able to stop alf ij 



found the 
Hoot of 2. 




# 



291. We can approximate to the real^alue of a sura by 
findmgtwo numbers bettoeen wJUch it liet, diffeiing from each 
other by a fraction as small as we please. 

Thus, since ^2 « 1-4142 • "^ - 

V2 lies between ~ and ~, which differby i; 

also between ~ and ~, which dffer by ~- 



100 



100' 



100* 



also between ^ and ^, which differ by j^ 



wwf Uuclnmls, wTsTiallffnT two numkrsba ween which >s^ Hes. 
^ff<iiini| from each other by the fraction ^. 




292. Next, we can always find a fractioi differing from the 
real value ofa surd by lesB than any a»OTSfn«i quantity. 






fai exampWs^PPOse it required to find a frac^n diffeiv 
ing fifom V2 hy less than j^. 

Now 2(12)*, that is 238, Hes between (IG)* and (17)«, 

/16\2 , /nV • 
/. 2 lies between ^^^2/ and^Y2/ » 

« <^ lies between ^ and j2 ; 



A- '■• 



'¥ 



..'^»S ■ ■' 16 ,1 

.•, <^diflFers from j^ hy-less than ^g* 



293. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three assertions . 
respecting them. - 

(1) Surds may be compared so far as asserting that one is . 
greater or less than another. Thus V3 is clearly greater than 
V2, and 4^9 is greater than #^8. 

(2) Surds may be multiples of other surds : thus 2 V2 ia 

the double of V2. 

•(3) Surds, when multipUed togeth^, may produce as t 
result a whole or fractiomil number: thus 



and 



J2X V2=2, . 

•/3 'M */?-? 



194.' The symbols Ja, 4^a, >, /^a, in cases where the 
Becond, third, fourth, and n* roots respectively of a cannot be 
exhibited as whple or fractional numbers, will represent surds 
III l^e second, third, fourth, and n^ order. ^ 



ThoM symbols we may, in accordance wilh the principlai 
laid down in Chapter XXIIL, replace by A a», a\ a% „^ 



ON SURDS, 



»>5 



295. Surds 0/ the same order are those for which th6 root- 
symbol OE sAird-index is th^ same. 

Thus ija^ 3 V(3&)> 4 ;^(mn),r* are surds of the same order. 

Like surds are those in which the same root-symbol or surd- 
index appears over the same quantity. • 

. .- -v. 

Thus 2 V*^ 3 V*> 4a* are like surds. . 

296. A whole or fractional number may be expressed in 
the form of a' surd, by raising the number to the power denoted 
by the ord^r of the surd, and placing the result under the^ 
isymbol of evolution that corresponds to the surd-index. 

Thus a= A/<*^ ' 



m%^ 



b_ 'Ib^ 



297. Surds of different orders may be transformed into surds 
K)f the same order by reducing the surd-indices to fractions 
with the same denominator. 

Thus we may transform ^x and i^y into surds of the same 
lorder, for 

•and ^i/=2/i=y^=i«/y3, 

and thus both surds are transformed into surds of the twelfth 

lOrder. ' , 

Examples.— cviii. 

Transform into Surds of the same order : ^^s 

1. sf^andj^y. 2. 4/4 and ^2. 3. ^(18) and 4^(60). ; 
4. V2 and ;/2. 5. X/a and ^h. 6. i/{a + b) and ^{a-h}. 

. 298. If a whole or fractional number be multiplied into a 
^rd, the product will be represented by placing the multiplier 
and the multiplicand side by side with no sign, or with a 4fi!t 
i(.) between them. 

Thus tiie product of 3 and ></!?i8 repieaentei by ft ^/^ 



««*..*^»<^*.»*«..;....>. 01 4 and D /^^ *«A...i.ji.«^.».... by SUj^aj' 



yijAt 



299. Like\8urds may be combined by the ordinary pro- 
cesses of addition and SHbtractioii, that is, by'<addiiig the 
coefficients of the surd and placing^the result as a coefficient 
of the sukL -^ 



Thus 



x»Jc- »Jc= (x.- 1) V& ^ 



"V.' 



860. We now proceed to prove a T)^rem of great im-^ 
j^rtance, which may be thus stated. 



-1 a' 'f.' 



y The root of any eocipression is the fame 'as. tJie product of /A* 
foots of the separate fifctors of the expression, that is 



'% 






!^i:P9T)- 



a/^-;/ 



We have in fact to shew from the Theory of Indices thajt^ 

■■ ' ■ 111 '■ !, 

. (a&)"=a».6". . " . 

'In" 

Now j(a6)-}-=(a6)»=xa&, 

11 1 1 * E 

•nd ,|a''.6-|*=(a")-/(6»)"=a».J"=a.5;, 

1 I'll 

: - V. j(a6)- (-={»-. 6-}-; 

; 111 



801. We can sometimes reduce an expression in the form 
of a surd to an equivalent expression witjb a whole or frao^ 
tional number as one fiactor.*^- -- ^ -^ - -----i^r- -•^^^"-^-^^- 

Th^ r4^72)=V(36><^==>^36).V2=eV2, a 



J^(a-aj)»;ra-.^»»a.^* 



ON SURDS, 



Wtt 



-T 



4' 



EXAMPLES.~ClXi ^ 



«r 1^' 



7. V(720c2). 
lo. a.y-^. 



Eeduce to equiv^ent expresj^ons with a. whole or fractional 
number as one factor : . 

I. V(24). 2. V(50). 3. y(4a»). 

4. V(125a*(P). 5. V(32i/!8^. 6. V(1000a>r^ 

8. 7.V(396x) 9. 18.^^f). 

12. ^{aP^2xh/ + mj^. 13. V(50da^lOOrt5 + 50&«). 

14^ y(63c4y-42cV + 7y3). 15. /^(Wja). 

16. y(160«V). j;. ^^(lOSmV?; , ^ 

i«. -^(1372a«6i«)- '9. 4^(aJ* + 3a:»y + 3a;V4.a»j»). 

20. 4^(a* - 3a'6 + 3a263 - «J3) 

302. An expression cqiitaining two factors, one a 'surd, the 
» other a whole or fractional number, as 3 ^2, a Ji/x^ may h« 
traiiBformed into a complete surd. v . 

■ ■ ■ ■ -i^ 

Thus 3V*=(32)iv2= Va.V2=V(18),.' , • ^ j 



■-)■ 



^ 


" Examples. 


-«*■■-...;' " 


-4 %■■■■*< 


Reduce to oomplete Surds : 


* # 




I. 

■ ■ 


4^/3. 2. 3V7. 


3- 


6^ .>,... 


4. 

• 


2 4^«. 5. 3^|. 


. 6. 


1 ' , 


7v 


4aV(3a!). 


«• >-V(SX 




9- 


(™W(^)- 




^i :: " 


•1. 









'W. 



;«:: 



ai9^ 



■* 



,V."*>:. '' 



o^r SURDS:^ 



V !: 



' *l 



303. Sards may be compared by transfonning them int« , ^ ^^ 
Bnrds of the same order. Thus if it be requised to determinf 
whether *^% be greater or less than ^^3, we proceed thm ; 

" '^- ^^,4^-3*=3«-.4^3«->. . - '\ '■■'2 ' 

' And sittce 4^ is greater th&n /^8i " V ..' ^^ " 

[,: 4^3 is greater than V2.^-^s 



-v [Examples.— cxlr ^ 

Arrange in order of ^magnitude the following Surd» r 
J. V3and >y4. 6. 2 ^87 and 3 a/33. 

a. ;v/10 and ^16. . 7. 2 4^22, 3 4^7 and 4^2. , 

3. 2V3aiid3V2. 8. 3 ^1 9, 6 4^18 and 3 4^84 

/3 



'S* 3V7mid4V3. 



9. 24^14, 64^2 *nd 3 4^3. 
10. iy2,iv3 and 1^74. 



304, The following are e3|^amples in the application of the 
rules of Additipn, Subtraction, Multiplication, and Division to 



Surds of the 



san^e order. 



I. Pmd tiie sum of V18, V12^ and V32. 
V(18)+ V(I28) + V(32)= V(9x2)+ V(64x2)+ V(16x2) 

.' '■. :■ =16 V2. I 



1; From3V(76)take4V(12). 

-; ^V(76)-4^/(12)=3^/(26x3)-4V(4x^ 
V ' =3.6.^3-4. 2. Va 




■ 16V3-8i^3 - 

•7V3. 



r 






ON SURDS, 



SIf 



M 



1 



I IIiatiplyV8l>jrV(12). . • 

V8xV(12)-V(8xl8) 

4, Divide V32 by V18; 

V(32) V(16x2) _4V2_4 
■;7(i5='. V(9x2) 3V2,3V 



EXAMPLES.— CXiL 

Simplify '^ 

1. V(27) + 2 V(48) + 3 V(108). 1 1. V« x ^8. ^ ' 

2. 3V(1000)+4V(60) + 12V(288). 12. V(l4)x ^(20). - 

3. V V(a'a') + & V(&'«) + " VW- ^3- V W ^ V(200). 

4. ^(128) + .^(686) + ^(16). 14. y(3a'&) x ^^(9«^- 

5. 7 :^(54) +3 4^(16) + >y(432), \^I5. -y(12a&) x 4^(8a«Zr> 

6. /s^(96) - V(54). 16. V(12)-^• V3. 

7. V(24^- V(48). 17. Va8)-f VW. . 

8. 12V(72)-3V(128). iZ. tj{a%)^ ij{ai^ 

9. 5 {^(16)- 2^(64). 19. 4'(a'6H4^(«6^ 

10. 7^(81) -3^^(1029), 2a ^(«"+ic8y)-J- V(«+2a^+«V*)• 
306. We now proceSi to "treat of the Multiplication of 
Compound Surda, an operation which will be frequently re- 
quired in a later part of the subject. 
The Student must bear in mind the two following Bulfit^ 

Rule I. V<»x >/&= V(a&), V — '/ 

.Rul&ri. /s/axVa-*» /^ 

which wiU be true for aU values of a and K ^ ^ 



. -ir'- 



ii. 



:.. e 



\ 



¥■ k 



S9Q ' 



bjitSt/RDS, 



^•'A- ' 



EX:AMPLES.-TCXiI!. 

Multiply 



a. VO»-y)by^,; 



9. *Jxhj ~ ^x. • 

iaV(x-l)by-V(«-lX 

11. 3Vajby-4Va^ 

12. -2Vaby-3Va. 



V 



; V 13. aAoj - 7) by - ;^ 

6. 7V(»+l)by8V(i+i), ^4. -^V(a;+7) by -3Vat 

7. 10ya;by9V(«-l). 15. ~4V(a*-l) by -2V(a*-lX 

8. V(3«)byV(4j^). 16. 2^(aa-2a + 3)by-3V(a«-2a+3X 

306 The following Examples ^^iU illustrate the way of 
proceeding in forming tlie products of Compound Surda, 

Ex.1- TomultiplyVx + 3by^a; + 2. 

\/« + 3 * ' ' ' • 

■ ':'■ ■ ■.."^'' , v«+2 . •• 

• ^^' ^®™^%ly4A/« + 3Vyby4Va;-3V'lk 

f - l(kl-l«V(a5y) 

>-12V(xy)~0y ^ / 



Bbt. 3. To form the Bquare of V(«— 7) - ,^ 



■;??•■ ^ 



- V(»*-7a!)+i!| 



^^ 



^fa~T~aV(ai'-7«^ "• 






'W, 



&}/Si/jfDS, 



m 



Ex AMl^USS.— cziv. 

■ / f 



/ 



/- 



.■a: 



Multiply 

I. V«+7byV«+^ 2. V«-6byV«+lL 

3. V(a+8)+3byV(a+9)-3. 

6. 8/^-^4 by 3^-6)~6. L .^ 

7.V(Y^+V«byV(6+«)-V«. 

8. A^^4-l)+V(2«-l)byV3«--y(a»-l). 

la V(3 +«) + V« by V(3 + «). 

11. V«+ Vy+ V« by Vas- ^/y+ V«. - 

12. ^/a+^/(a-aO+y«byVa- V(a~aO+y**^^^^^^^^^^^^% 

• Fofm the aqnaies of the following expreeaions : 

13. «l + y(x«-9). . 17. 2V«-3. ' 

14. V(«+3) + V<«+8). 18. V(«+»)-V(«-f). ^ 

15. V«>V(«~4). 19. V«.V(«+l)-«/(«-lV 

16. V(»-6)+Vas.' . 20. V(«+l)+V«-V(»-l). 

• 307. We, may now extend the Theorem explained In 
Alt. 101. We^ there shewed how to resolve expiessions of, 
tiiefona 

into focton, lestitcting our obeerrations to the case qf perfect 
•ouaret. , 

Tlic ThecfKna extends to the difference between any' (top 
miantHieM, 



#*»-(«+Vf)(»-Vf)- 



ft- 



Hi 



ON SURJ)S, 



■ i l I ".- l i - 



308. Hence we can always ^d a multiplier which wiU 
ftee£romgiirdianexpieB8ipnofany oftheyinirfonns ^ 

• I. ii+V* . or 2. ^A»+iA ' 7; • 

5. a— ijh or 4. M/a-tJh. 

For since the >»-«« and <fcir<i of these expressions giy» 
as a product o*-6, which is free ficom surdS, and since the 
tecorui and fmxQk give as a product a -6, which is free from 
Burds, it follows that the required multiplier may be in all 
cases found. - ^ - _ __^ 

Ex. 1. To find the multiplier which will free from surda 
each of the following expressions : 

I. (i+V3. 2. V6-^^6, 



The multipliers will be 
I. 6- V3- 2- V6-^/6. 

The products will be 
I. 25-3. 2. 6-6. 

Thatisyaa, 1, -1, andS. 



3. 2-^/6. 
3. 2+ V6. 
3. 4-6. ' 



4. V7-V2. 

y 
4. 7-2. ' 



■•-, 



Ex. 2. To reduce the fraction j^^ to an equivalent 

fraction with a denominator free from surds. 
Multiply both terms of the fraction by 6+ V«» ^^A it 1»> 



<Bomet 



tfe. 






wjuch is in the required form. 



' 



ji^t, ,■ 



Examples.— CX7- 



IBxpreas in fiM^o : 

— g. 1 — 8ocr. 



I, 4a^-33& 



3; c-d^. ^ 
6l 5m* ■>L'' 






9. ai«^-i«i 



ON SURDS. 



■^ 



► -.-..v/~- 



«J 



Reduce the following fractions, to equivalent fractions with 
denominatois free frpm aurda, " 



13; 

16. 



_2 

2-~:;72- 



14. 
n 



^a 



V3 



* 2--V3* 



TO Va+ Va; 

21. V(« + a')+ V(o-g) 



IS 1±?^ 



22 V(^-fl)-V(nt«-l) 
,^^ a~V(a*-l)-, . '^ 

309. The squares of all numbers, negative as well ae poai- 
tivQ, axe poHHve. . •/. „ • 

Sincg there is no assignabli number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form V( - a*) represents an impossible 
quantity. 

310. All impossible square roots may be reduced to oliA 
common form, thus 

V(-al)-V{a»x(-l)|-Va«.V(-l)-a.V(-l)" 
^/(--a;)-Vl« x(-l)|-Va! .V(-l). 

Where, since a and ^x are possible numbers, the whole 
Impossibility of the expressions is reduced to the appearance of 
V( - 1) »8 a factor. 

311. Dbf. By V(- 1) we understand an, expression wlaok 
when multiplied by itself produces -1. , . 

Therefore ^.^ ~ v -^ — ^ • 

U(-i)|«--l, 



^V(-i)|*p.lV(-"i)|«.U-i)|«-(-i}.(-i)-i, 

•ad .«) on." ;---" , • __. - • . _«'ff- , ..„.._ 



"^' 



t24 



ON St/RPS. 







r*»— "MMMifc 



-V 



{ -^' .. ., ,-■ ^*- ■ ■ ~- -"■•■: 

"V EXAMPLES.^^XVL 

■ . . ■••" ■. , ■ ' .'\ -' 

• Multiply ^ 

^ 4-l^V(-3)1)y4-V(-3). V 

• 2. >^/3-2V(-2)l)y V3 + 2V(-2).. 

3. 4V(-2)-2V2Lyiv(-2)-^V2. •. 

5. 3V(-a)+V(-6)by4V(-^).-2V(-6). 

.7. aV(-a)' + 6V(-6)byaV(-oKM-6). 

8. a+j8^-l)bya-^V(-^). 

9. l-V(i-««)byl+V(l-e»). 

la ^<-«4.c*Y'~^by^<-«-r»^^ , 

''. ?/■■■': 'i ■ ■ . ■ ■ ■' :■ / ■ ,. '^ ■' 

812. Wo shall now give a few Miscellaneous Examples, ftp 
illustrate the principles expkined in this Chapter. 



)- - 



.-'-S- 



Ex AMPLES.— CXViL 




I. sjmpiify ^<'+^>^y.A''yy. 



a. Prbvethat|l+ V(-l){'+|l-/v^-l)|»-a ' 

4. Ptovethatjl+ V(-l)(«-ll- V(-1)1'tV(-16). 

5. Divide»* + a*by x"+ V2aa; + a*. ' ' 

6. Divide m* + n* by m^- n/imn + n*. ^^ 7 -^ - ^ -^ 

7. Simplify VOk" + S^ + »K*) + V(«^^ 2!B>ijr + xy^ 



-«H-^ 



o< I 



8. simplify-^^j - ^1^' and Veri^ Igr potang 
ft»0 and6<^g|k 



— ff.'^,^^_- 






9 
^ 



X, 




oj^^sc/rd;§. 



aa| 



9. Fmd the square of aj~ - ^{^ / f 

ta\ Find the square of aV« L. 

ii. Simplify ^^ ' . ^ 

M. Simplify —_.v(L±^ 



J 
1^ 



^■^,V(I^ '. 



13. Simplify ^JiiL. J -« ) 

14. Foip the s^are of J(| + 3) - J(| ^ 3). ' 

f S. Form the square of V(a: + a) - V(a?-o). 
16. Multiply y(a*--y*f »c*) by ;5^(a-ft*-V-*>. ^ 
-fT^f Raise to th* '6* power - 1 - a V( - 1). 



18. i ^mpKfy^{81)- 4r(-612)+ 4^(192).. 



' W 






J: 



19. . Simplify j^^(: 

21. Simplify g(n.^)'/n^- T^^ \ 

.22. SimpUf^2(n-;)V(63}+|v(lW)--=^^ '"' 

aj^ Whut is the difference between , ' 

v.. V{n-^(33)|xVJ17+V(33)| 
^^'''^106+ V(i;^l X 4^165- ^129)1 ! . -— 



* • 



r^: 



i36 



ONSURDS, 



\til^ituitmmmmti 



313. We Jhave iiow to treat of the method of finding the 
* Square Kpot of a Binomial Siird, that is, of an ^leBWon of 

one of the following forms: . . * * 

, ■ ■ " " - •:%, - " ■ ■ ■ . , ■; ■ ■ 

where to stands fori a whole or fractional immbef, and \Jn for 

a'Vird of the wcotu? Older. ' \* 

* • ' '■■■--■-.,..--■' " . . f ' '^^ • . 

. ■ ■ ■■■■'■*■. \1' ■ ■'--":'. '■■-,''-■■).. ;■.>■, _ . . ■ , : - '..- : ' . , 

314. We "hare first to prove two jheorema. 

T: TTheorem I. If ,Ja^m-{- »Jn, m tMut he atrtk ~ — - 
"^^ fiqiiaSng Iwth ^^ * ' . 

/:,■ ■ •■, ^ ^ A%M^/n'=a:'m^-n; ■ ' - 

.-'^=— 25r-' 
.::::^-■ •.•.■■-,.■■ , < ■ ' .•:■-'. 
>, th^t is, */n, a surd, is equal to a whole or ffafcUonal number, 
' which IS impossible. \ * . > 

'^Hence the assumed equality -can never hold unless msO, in 
which case ^/a= Vfi» •« ^ ^.<' 

Theorem II. JOf 6 + V<»-«»+ V«i <V» «*«•«' ***>»» "•••'^^ 

. For,ifnot,let ft^TO+iB. # - '^ 

- . Then TO + as-t^ Va=»n|*'yf!!t. ' 

which, by Theorem L,4b imposniWe unless ««0, m whiih case 

t w m and V<* '^ V *** ^ *• ^ ''^ 

il5. To^ind (fc« iSgitor* Root ofa+ ,Jh, 
■ • AsBum* ' »/(fl+\/h)^ ^x+ ^y*^^0^^ y 

Then ; a+ V&=« + 2 VW + y; ^ ^ ' - , -. 

;. flc + ygg » ....4.(1), 



8/y(iB|f)- V&. 



JOrom wluch wtt have to ilud x aud |f. ( sw- 



•?> 



wr 



M. 



^N SURDS. 



' Now from (1) 
and from (2) 






f-SkmrnMlma^titmi 



^ 



'•'■- V' " 




• "Si 

Similarly t<re may i^ow that » 

316. The practical use of this method will be more clearly, 
seen from the following example. * ^■'■■ 

♦ ^ndtheSquareiUK>to£l8 + 2V(77). 

^Mm'-^^ : 18 + 2y(77)=a; + 2V0cy)+y; 



. NKf 



Hence 



■!.^ 



'^vr 



:t^ 



alflo, 



- ?.%^y«18 \ 

^ 2^«2V(77)r 

#+ i>y +^x^ 324 \ ^ — ,^ * 
1 4»y=»308i* 

•V«^-2a5y4-y2=i6; 



A 



Haice *. u-ai or 7, and 1^ ]r or li;: 
That i^ ths sqnai^ root required is V(ll)4 ^^ 




•r 



Aai 



6NSmi>S, 



wiiMmmiilfiimliimtllltIt 



■ '1 



.., \ 



Examples,— cxviii. 

Find the Bquare roots of the following Binomial SmdB : 

i. 10 + 2^(21). 2. 16 + 2 V(56). 

4. 94-42V5. 5- 13-2 V(30). 

7. 14-4V6. 8. 103-12V(11). 9- 75-13^^(2^). 






-■\ 



3. 9-2>s/(14). >. 
6. 38-12V(l6);J i 






10. 87-12V(42). II. 3^-V(10). 12. 67-12 






317. It is often easy to det^imine the square roots of 
compressions such as those' given in the preceding set of 
Examples ly inspection. 

Take for instance the expression 18+2 V(77). 

What we want is to find two Itumhers whose sum is 18 and 
whose product is 77 : these are evidently 11- and 7. 

iTheii 18+2VC?7)-11+VkW(11><7) ?^ 

• > . -IV(11)+V7[«. , . 

ThAt is V(n)+ -s/7 is the square root of ^8 +2 V(W). 

To effect this resolution by inspection it is necessary ^< ^ 
eoefficient of the mrd should he 2, and this we can always ensure. 

For example, if the proposed ex^saion be 4+ V(15)» 
proceed thus: . . ^^ 

•^ ^!^4^ is the aqnaie loot of 4+ V(16). 

igain, to find the Square Root of 28 - X0V3r ^" ^^ 
' ' a8-10>/3-=28-2V(75) ' 

• . i^2ft + 3-2 j(25x3) 

■ /*■/■ ,;/ m(j^^:^i ■ 

„ Jlk ft-* ^4l the t0m» root rc^ttirod.' ^^ i e^ 



we 



■Ar^ 



;* 



•**>##• 






i 



nrds: . 

JV(14). |, 

12 V(i6) ;| :.* 



12 v^l^? 



) roots of 
Lg Bet of 



ia 18 and 






■«^»- — 1. 



'^ 



^ 
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XXV. ON EQUATlbijfS INVOLVING SURDS. 

■ . '-aV^x ■ , . : , ■:, ' i .-,,,, . 

818. Ant equation may be cleared of a dngk Bjad, by 
transposing all the other terms to the contrary ride of the 
equation, and then r^ing each ride to the power cori^pond^. 
mg to thd order of the surd. *^ 

The process wiU be explained by the following Examples, :, 
Ex. i; is/x=4. '\ . ■ - ,' '■-' '■ ■. 

' Raising both rides to the awimi |(iwei^ 

*■ ■,;,..,-;/■«= la) ' , - ' ' *;,;;:v-r 

Ex.2. 4^=3. ";"r-"' 



'.i'^t. ■ 



*;'" 



'» '^H.. 


Raisuig both sides to the third power, 


W). ■ 


. .. «=27. 


rythat the 


\ Ex. 3. 1 V(a;H7)-a!-»Sl. 


lys ensure. 


Transposing the second term, » 


V(15);we' 


. f ^ V(ir« + 7)=l+k 


• ,' ' 


Hairing both rides to the second power. 


C:- 


»»+^--l + 2a? + a;» 


4 


v. «-a 






-4 -- ,. 



I. V«-7. 

4 



Examples.— GxiXp 

5. a^-a 6. 4^-4. 






\i 



r 



t30 Oir EQUATIONS INVOLVING SURDS, 



13- /y(2«+3)d^4»7^^, 

15. V(i^-9)+aj-9. 

16. V(a^-ll)-aj-l. 



18. V(9a^-12a5-61) + 3»3aB^ 

19. V(a5'-aa5+6)-a=as. ■' '^ 

20. V(26x* - 3nia + n) - 5a; » tub 



.^■S^ 



319. When <«» butcU are involved in an equation, one at 
least may be made to disappear by disposing tibe terms in 
such, a way, that one of the surds stands by itself on, one side 
' : of the equation, and then raising each side to the power coiv 
'-. responding to the order of the surd. If a snrd be still left, it 
tan be made to stand by itself, and removed by raising eaoh 
side to a certain power; 



Ex. 1. V(2c-16)+ V«-8. 

Transposing the second term, we get 
a • VC»-16)=8->^ 

Hien, squaring both sides (Art. 306), 
^ as- 16=64- 16^/a;+»| 

therefore 16V«=64 + 16, 

^ , (» 16Va;=80, / 

or i^»6; / 



• *\ » ' 



^ :. «-i26. 

Ex. 2. ^^^^xi)^^ jf^^'T)^^ 

l^sposing the second term, 

V(«-6)=6- V(aj+7). 

Squaring both sides, « - 5 =» 36 - 12 V(« -l/7) + ^V 7 1 
12 a/(« + V)*- 36 + aj + Y - a; /h5, \ 



therefore 

or 

or 



12V(aJ+7)-=48, 
V(a!+7)«4. 







therefore 



;• ":. i ^ i ir !i ii ii ll>li.."7 

= 08. ■ ' % 

■'■- » i. 

on, one at 
terms in 
i one aide 
aowet cor- 
tillleft,it 
ising eaoli 



ON EQUATIONS INVOLVING SU^nS, t$% 



■J 



\-^'- 



:^;_.Ji. 



m: -if 



■«* 



Examples.— cxx. tw 

f, V(16+aO+Ayaj=8. 6. 1+ aASx + I)- ^4»+4)t 

"». V(a;-16)=8-V«. 7. l-V(l-3aj)=2V(l-«). 

3,. V(«+l{^)+V«='15. '^ 8. o-V(»-a)=V«. 

^ 3^0; When surds appear in the denominators of fractions 
in equations, the equations may be cleared of fractional terms 
by the process described in Art 186, care being taken to 
follow the Laws of Combination of Surd Factors given in 
Art. 306. . . 



-i\ >■ 



\ ' 





^^^I. ^i.- -,vf:; 


Y 


;;: ._ ' 


",.^-i\ ■■.•■-,. ^-i . 








t 




' Examples.— cxxL , !^ ' 



35 



105 



2. yiW(«-21)=^. 4..V(-16)W»-^;^y 

8 



5. V«+ V(«-4)= 



9a 



V(3a+a;) 

8. (l+^(2--Vi«0=^^: 

. * 



=0. 



/ tJx-Q VaJ + 2* 

321. I^e following are examples of Surd Equations result- 
mg m quadraticaw «»«nr 



Ex. 1, 



2 



^ Z ^'; ^ 



. ■ ■ / ■ , : 

^"^^^F*^® ^«ation effractions, 2x + 2«6 ^ll 



i Bquiudng both sides, we get 4a;> + &b + 4 » 25x ; 
Wheueo we fiAd a5»»4 or -r. 

Sqnariiig; l)oth sides, a? + 9 m 4« - 12 Va; + 9 j 

therefore. 12V!K«3aj, 

or ■ - 4aJx=x, 

Squaring both sides, IQx^a?. 



Divide by OS, and we get I6^x. 

Hence the values of x which; salisfythe equation are 16 
and (Art. 248). , w , ^ 

21 



Ex. 3|i« 



V(2aj + l) + «» «- 



V(2a; + 1)* 
Clearing the equation of fractions, 
' ' ; 2a;+l + 2V(2aj3+aO=21; ^ 

therefore 2 V(2«'+«)=20-2a;, ' ' . 

or • , / is/(2«2+a5) = 10-«.. 

Squaring both sides, 2a!* + a; =100- 20a; +a^ / t 

•wh epca . ««-4or--25. 

322. We shall now give a set of examples of Surd Equa- 
tions some of which are reducible to Simple and otheis ta 
Quadratic Equations. _i.l ^ „ 



Examples.— cxxli. 

I. 4«-lS^-ie. .^ 4- V(6aj-ll)=- V(249-2a!^ 

J. 46-14,^=. -a. " ji V(6-a^ 

3. 3V(7 + 2««)-6V(4a!-3). 6. \«--2V(4-3a;)-vU=0^ 
7. «>^(tof7)-f ^^(3g-lft)«V(7;« + l). 



8. a V(204 - to) *.20 - V(3aJ - «8). 



ON EQUATIONS INVOLVING St^DS. 



«33 



""U I I <» I I T iliiii' 



9- /^x — 4'B* 



33 



Va;+4* 



14. V(«+4)+V(2a;-.i)-k 

15. Va3a>-i)^y<52iB-i)-^^ 



ii.VXaj+"6).V(a:+12)-12. i6,V(7ajill)-.';^(3«4^1j-li^ 



la V«+n=- 



608 



V«-ii* 




A 



. ^ 



. *''-/"'i?\ 



i". 



■A ■* , ■ftw 



■;^.-' 



ii- M 



/■■■J^■ 



XXVI. ON THE ROOTS PF EQUATION& 



..■V; 



323. Wh have alreaay provedthat a Simple Equation can 
have only 0910 root (Art. 193): we haje now to prove that a 
Qoadiatic Equation can have only ttoo io6ts. . . , 

884, We mnst first call attention to the following fed: 

It mnmiOf tiiher mmmQ^ or n^O. >" 

Thus there % aa aanhiguity : bijt if we know that m ^nnot 
be equal to Ojjhen we know for certain that n=iO, and if we 
know that n^iumot be equal to 0, then we know for certain 
thatm-^^^ 

Fulier, if lmn«0, then either '4^,0, or m-O, or »-0, and 
BO fjdiot any number of factors. 

f ElErX. Solve the equation («- 3) (sB + 4) -a 



:^i Here we mjost have 



*. 



thAtiii^ 



a->3,orai«-4 



jEX||^ (iB-8a)(5«-25)-.a * 

Here we must have 

ft 

«~3a-0.orCg~26»0L 
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f^ > EXAM|»]LES.-:-CXXlU. 

1. («-2)c«-6)=a 2. OB-^^+Y)^a' 3. («+9)0e+2)- 

4. ^-5a)(«-66)=a ^6. (19»-227]r(l4x + 83)=a 

5. (a«+7)(aa»-6)=0. 7. (6a:-4i»)(&!^ll«)-a 

> 8. (a^+6aas+6o«)(ai«-7a«+12a«)-.a . "^ 

i^ la «(aB^-6aj)=a - 

II. (OCX - 2a + 6) (6e« + 3a- 6) « a 
« (<»-d)(<»-«)-Q. 



826. The general fonn of a quadratic equatic^ ig 
Now a cannot ■nOt » 



V 



Hence 






* »■ 



Writfng^ji for - and g for 1, we may take th<r following 

■fi the^ of a quadratic equation of which the coefficient o(t 
the first term is %nitj, ; ■ ^ ;' 

888. 'fo show that a quadratic equation has on/yiuw roota. ' 
Let a!»+|w+f-0 be the equation. j 

Suppose it to hare ttm difleient ro<i^a, ft, «. - - 

'^ V+«P+g-0 .».....»...,{lj^ 

■ «* + qp + g-0..., „.„„,;...(3), 

finhtrnct f ng (8) ftom (1 ) , ' y 



•^-V+(a-6)|»-o^ 
^-ft)(a+ft+p)-a 




836 
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I 



^ Nowa-ftdoeanoteqilald, fflnceaandiJ'arenotalike^ 
V Aa + ft+l>=0....4. , (4). 

Again, subtracting (3) &om'(l), . ^ " ' 

-^ ' a«-c«+(a-c)j»=0, - . .^ ' 

"» (a-c)(a+c+|>)-a. 

Now a-c does not equal 0, since a and c are not alike^< . 

' .,^M- •• *''+*+J'^0 •••(^X 

^5?^ s'l^trocting (6) from (4), we get 

6 r 0=0, and therefore 6=ic. . . 

\ ,^^c^ there are not more than two distinct roots. 

^^27. We now proceed to show the rektions existing .« 
tween the Boots of a quadratic equation and the Coefficient 
of the terras of the Equation. ^'* ^ 

Is the general form of a quadratic equation, in which the co- 
^ efficient of the first term is unity. 

Hence ^ ' ««+|a-.-g 

#.■ ..■'^44" ^ t_ 

♦ Now if o and ^ be the roots of the equation, 



Xr 



••«**t»*i**«* 



• •••/'• (l}l 



'> 



P"l'^|(^ ?)•.— ••••(«). 



Adding (1) and (^, w^ got 



' ^.; : ty :? ^" 



^ .. 



'Wr 



OM tak kOOfS OPkQUAnONS, 



^37 



3 Multiplying (1) and (2), we get ' 






OP 



"^"'^* "•••- ••— ............^....^ 

From (3) we leam that tls awm. nf t3,M m^* • 

J^m^we lean. ^ 0. vr<;^ .of ,. rooU U ^ u, 

■ 329, The equation <^+p,+j»o h» It, root, real md 
iW^real and equal, o, in.po«ible aceorii^ „/to 

For the roots are ? ^ ' 

First, let p> be greater than 4», then »/i'»«-4»\ i. . ^ -u 
quantity, and the r«,t, are dilTeLt i^ X aS^ l!:^.^"' 

Next, let^-4j, then eaeh of the root* i, equal to the real 
quantity -^. 

Lastly, let i?« be less than 4(7, then ^r««-4«S 4. .« <«, 
«ble .uantit/ and the roots are'^iiferenlfL ^^^^ 

Examples.— cxxiv. 

t. If the equations ^ -— _ 

««'+6»+«-0,andaV+6^+^.0^ " 



iJt 



a^ 



PAT TffE ROOTS OF EQUATIONS, 




,2. If o, )3 be the roots of the equation a«* + 6a + c—0, prov« 
that :, .. ;^ ^ '"_^. ;.;■.' 

3. If a, i3 be tho Toota of ihe equation oa;^ + fee + c » 0, ptpYii 



that 



4.. Prove that, if the roots of the equation ox^ + &x + cs=0 be 
equal, 005'+ 6a!+ c is a perfect square with respect to a. -^--iii- 



•v. 



5. If a, )8 represent the two roots, of the equation 

'*■ : a»-(H-a)«+|(Hra+a»)l-Oi T 

show that 0' + /?**; * - • 



1 .- 



330. If a jpd )8 be the roots of the equation x' + j>x + ga^, 
# then - ' a2+|?x + g'=(x-o)(«-)8). '■ 

For since 2? -■ - (a + jS) and g = 0/3, 

(.,.*' a*+|)x+g'=x2-(a+/>)x + ojS 

' . p=(x-o)(x-6>. • ' f 

j Hence we may form a quadratic equation of which the rooti 

niegiveh. \ . 

- ■ ■ ,' ' ' ■. .. ■■* 

• j£Xi \% .Form the equation whose rocU we 4 and 6. 

'-%■ Herex-o«=x-4andx-)8=x-5; - ' ,• . 
y^ the equation is (aS ^4) (x-5)«-'0\ ' 
11^ " ^ ^. , ♦ x»-9x + 20«*.0; ' ^ 

' ' ' - ■, • ' I ' ^ 

Ex.. 2. Form the equation whose roots are v Mt^t - % 

.\j..;>-4v ■•■'-:, ■^....- -^- ■^■. , ,^ .■*.-.. ■ 

- f Kere x - o •ap - ^ and » - /3 * x + 3 j - --. -^ ^ 

■■' ' ''^ ■ ■■ ■* *' '■■- •■■ pr. / ' i\ - • '"■ ' ' ■' ' • 

.*. the wiuatioii is fx- = Hx + 3)«0; ,' * 






(ax-l)(xf3)«0;* 
, 2*' + Sjc-3-0. 
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. Form, the equations whose roots are ** 



^ •. 



i» Sand 6. ; 
4. I and I ; 

-V 

7. m+nandm-fk 



I* V. 



2. 4 and -6. 



5. 7and-^. 

8. - and* 7^' 
a ^_ 



3- -2 and -7; 
6. Vaanid -^a 

' ■■ ' , •«; . V 



I* 



lich the root! 



331. Any expression qonhiinkg ». is said to he a Fdnotioh 
ot a;. Aji expression containing any symbo| « is sajd to be r 
fovttni^ tntegndjunctim of x when All thfe powers ef « con^- 
tamed in it have positive inte^l indices, ' - '-'■ 



Fbr exampH6«;r^:2x»t|»^+ 1^ .3 ^.^^^ 

- function irfa^ but ftB?^'!3x^ + l an^ 5x?-2ar-»+3a;8 + l are 
not, because the first contains «*, of which the index is not 
integral, and the second contains. ar*> of which the index is not 

.positive. V • ' \ • - <s V " t js 

' ' -•'■','. .«-,. . «■• ■ % 

^332. The ek^WMion M+4ai«+2 is iaidtobetheexpres.' 
rtoh corresponding to the equation 6x» + 4««+2=0, ind the 
latter is the equation corresponding tq th^ farmer. 

^333^ If a t,e a w>ot»f an equati^^An .-i is a^r 
ot the corresponding expression; w^ovided the equation and 
expres^on contain'only positive ikegral powew of ^ This • 
Finciple IS useful in resolving suchVn expression into factors. 
.n!.f rr m?^^ proved it to be true ia the case ofa, quadmtio 
?'iimtion. The ^iiiioi-i^ proof of it is'ncrt imtameloFlhe sfSST 
at which the earner is now supposed to be arrived, bu^Vt 
wiU lUustrate It by wuw Examples ^ . \ 






'WT 



340 



ok TIt& ROOTS OF EQUATIOirS, 



BlX. 1. Rie8olve2ai'-6x + 3id^£wjtor8. ^ 

If «re Bolye tKe equation 2»>~6«+3aO, we shall find that 



its lootB are \ and ^ 



•v.}' , '•>■ --'.fcifiSifi' 



. Now divide 2a5*-5«+5 by ob-I ; the quotient is 2«-8 * 




mtisS 



.'. the given expression= 2{x-l)\x- ^\ 



-'i-"i 






Ex.2.' Besolve 2a!'+ap*- lias -10 into factori , 

By trial we find that this expression vanishes if we put 
«=» - 1 J- that is, — 1 is a root of the equation - ' , '. 

>:> -i:'"'^^- " ^ 2»»+»«-ii»-io=a. ■*•• ' 'Vrlf 

pivide the expression by »+ 1 : the quotient is,2«' - « - 10 j 
/. the expression »(2a;^-«-10)(» + l) ■ ■ - ..':\:^0 

: ^ -=2(ai«-|-6)0« + l> , 

We nnist now lesolve »*- 5-5. into factors, l5y solving th« 
•corresponding equation ac" - ^ - 6 ■» 0. 

The iQito of this equation are - 2 and ^ ; 

, ^^,, , . . IS 

y.&'+«^-lB8-lp«2(i5+2)(a-|)(«+l) * 

.• (as + 2) (a« - 6) (as -i- 1), 



^o* 



—I. 



Examples.— cxxvl. 

Bcsblve into simple factors the following expressions : ^• 

3. 5c'r5x«-46a8-40. 
5. gg'+lla ^-Qg-^^L 




lE^««-7x»4-l4a;-1B. 

4. 435'+ 6a? + 36-1. 

6. tfi + y^+ifi-^ix ytt^ 






8. 3a?- ««- 2335 +21. 



\*. 



gOlfind that 
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334. If we can find one root of such an equation as 
2x'+«'-llaj-10«a/ r < 

ire fjm find :aU the roots, p 7 ' 

One root ofthe equation is -1; / \ * ^ 

^' > ' -(aj+l)(2a?-a!-10)=0; f 

_ ^Mariy, if we can find oSe root of an equation involving 

, tnea «nd lower powers of «, from wMchwfim«^fi«^ A !r^ 

roote. And if again we ca,^ fbd W «^ ^thl^^f ' "^^ 

' two roote can be found fxom a quadTtic^uln "' ^' t*"^ 

.3^. -^y equation into which an unknown «irml.ri «. 
presaion enters in two tenns orilu k„^^7^ T^ . *^'^^' 

; Ex, Solye the equation^- 6ic»„7 

, ««-6jB3+9«li5, 

.tiierefore ;^-3:y + 4. ^ 

therefore ^, «»-7,ora:3«.i. . . ' 

Hience «« v^r or aj« ^ « i 

andonevalueof <y-ii8-.l^^ • : v- 

Bolution, ^^^ZZ'C'^ZL '' "*" '^ "^"^ ""^ ^ 

add 24 to eajih side, ^ c ■ , 

: Then - «*+5a;+28*|j;^4.5a,+28) + 24/^^^^^ "^^^^^^ 



)• 






W^i-^ 



>mpleting th« 

ft 



'.1. , 

1 






M» 
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a!« + 5a; + 28-5V(^ + 6a5+28)+-|-«=-^ 

A VOb* + 5a!+ 28) - 1= ± H ; . ^ i 



wbence 



> 



" A/(a*4-5a + 28)=8 or -3"; • .. 
* /.>+5a;+58=64or9; ; ' 

fi?oii;i whicli we liiay find fqur values of a, viz. 4,-9, and 

EXAMPLES.— CXXVil. 

'■ , '' ' ' . \ ■ ■ '■ ' 

Find roots af the following equations: 

■ i» . a*-12a^=13* 2. ac«+14a^ + 24==(K 

' * W a:' + 22aj* + 21=.a 4. aj*" + 3a5«'=4. j 



.A). 



^ 6^ 25 
7. arHSar^^g. 



.i= 



8. •ar^-ar*=20. 



9. al-2aj + 6(x2-2a;+6)2 = ll 
10. (^ - JC + 5 V(2a;' - 6x + 6) = — g — . 

' II. a!»-2>s/(3a;«-2ax+^) + 4=|^(a;+| + l). 
12. ito+2V(a«-oa;+a^='a;^ + 2o. ' . ^ 

•837. Eveiy equation has as many roots as it has dimen* 
idons, and no more. This we have proved in the case of 
limple wid quadratic equations (Arts. 193, 323). The general 
proof is not suited to this work, but we may illustrate it by 
the following Examples. 

ffiSi I* To solve the eqiiation «'--l=0. 
One root is clearly 1. 



ftxe 



zl±jt:^ ^i-Lzjt:^, 



s » 




ON RATTO* 



«*3 ( 



Hence the ilvrtt roots are 1, ^^^^"^ ^^^^ -1- V- 8 



Ex. 2. To solve the equation a^- l«af 

Two of the roots are evidently + 1 and - 1^ \ ? 5 S 

^Hence^dmding by (a;-lV« + i), that is by««-.i;^ obbun 
«'+ 1 «0, of which the roots W V~ 1 and - V- 1. 
, Hence the/our roots are 1, - 1, \j^ i, and - V- 1. 

The eqiiation V-6a:»»7 will in like manner have ^ 
roote, for It may be reduced, as in Art. 335, to two cubic 
equations, a'-T^O anda»+l«0,, 

^h of which has <Are« gpte^ which may be found as ii 



^ 



r 



XXVII. ON RATia 

338. If a and B stand for two tinequal quantities of 'the 
■nme Mnd, we may consider their inequaHty in two wave, We 

may ask ^ , *^ ' 

-(1) 5yw>Wguan«t^ one is greater than the other? 

The answer toHhis is made by stating the difference be- 
tween the two quantities. Now since quantities are represented 
m Algebra by their measures (Art. 33), if a and h be the 
measures of A and B, the difference between -4 and B ii 
representedalgebraically by a-6, • ,. , 

(2) 5^ A<Ho many «Miw one is greater than the othOTf K 
The answer to this question is made by stating the number 
of times the one contains the other. 

Note. The quantities must be of the «a^ Uni. We can- 
not compare inches with hours, nor lihes w^iK surfaces. 

33d. The second method of comparing A and B is called 
anding the Ratio of A to B, and we give the foUowing defi- 
nition. . ^ • » 

D b i f. Batio ii the gehti<»^whi<^-pttfr quantity "beam to 
anotlier of the ,8ame kind with respect to the number of timet 
the one contains t^i^ot hec. 



V- i'^.* 



-<«-■ -,- , ,r - 



I 



\M 



^^T^r' 



©y HATIO. 



340. The ratio of vl to B is expressed thus, AiB, 

A, and B are called the Tbrms of the ratio. 

" A is called the Antboedent and B the CoNSionaim. 
i ' . .^ 

341. Now smce quantities are represented in Algebra by 
their measures, we must jrepresent- the ratio between two 
quantities by the ratio b<^tween their measures. Our ne^t 
step then must be to show how to estimate the ratio between 
two ntmberg. This ratio is determined by finding bow many 
times one contains the other, that is, by obtaining the quotient 
resulting from the diYi4(»i of one by the other. li a and b, 

then, l^i^ny two nnn^bers, the fraction r wHl express the ratio 

of a to 6. (Art 136.) 

t? 342. Thus if a and 6 be the measures of A and B respec- 
tivelyi the ratio of il to B is represented algebraically by the 



fraction 



a 



•■■■■■■ ^ A 

il^ 343. If a or & or both are surd numbers, the fraction ? 
inay also be a surd, and its approximate value can be found by 
Art 291. Sff^pose this value to be^, where m and n are 
whole number^: then we should say that the ratio A :B ia 
approiimately represented by ". ' ; 

f 344. Batios may b^ compared with each other, by com- 
paring the fractions by which they are denoted. 

•• T^His the ratios 8 : 4 and 4:5 may be compared by com- 

3 4 

paring the fractions -: and r-. , . 



■^ 



ija* 



These are equivalent *« OQ ^"^ 20 '^^^^^^^^^yj °^^ ^^^^ 



j^is^reater 
xotio 3:4 



20' 



> 



ess the ratio 



t 



ON RATIO. 




^ 



i 



2. 
4. 



Examples.— cxxviii. 

Place in order of magnitude the ratios 1 : 3 6 • 7 7 • 9 
Compare tJiemtio8aJ+3y:a:+2ir and «+22;:x+; ' ' 
.Compare the ratios ..5y : .-4y and .-3y : .-^. 

ratio a^la?^ '' T* ^ "^^'^ *^ ^^^ ^^ *^« ^n^ of the 
^tio a . 6, that It may become the ratio c : d? "« *« "»« 

S- The sum of the squares of the Antecedpnf »«.i r< 
quent of a Ratio io loi j ^y. -<^««ceaent and Conse- 

346. X iJ^<M 0/ greater mejuality « («m«iArf &, .^i,, 

.XUusif 1 be added t. both terms of the ratio 6 : 2 it b«»^ 
6 : 3. which fa leae than the former ratio, since | that is, J, i, 

1 .• • ' ' ft' ■' ■. ■ 



less than §. 

2 



^^r 



"^KZ^'^t^^i ^both tennil, the »tio 
ratios thus, , ^ !^ ' ^ |r we may compare the two 

r '»*^«^+«^:&+»isles8th«Miralaoa;&.* ; > 



if 

if 

if 

if 

JfL 



'S. ^v 



f:^ be less that J 

^rfe be less than ^if? 

•6+&B be leap thftn ab+aes, 
' &» be less than ax. 



6 be learthan^ 



NowJialessthanli; 

__^ _.; a -tk ; 6 -hd^ is leas iJmu a ; & 



f 



^»- 



'if: 



S4<^ 



ON RATIO, 



347. We may observe that Art. 346 is merely a repetition 
of that which we proposed^as an Example at the end of th# / 
•chapter on Misdfllaneous Fraistions. There is not indeed any 

necessity for us to weary the reader with examples on Batio : , 
for since we express a ratio by a fraction, nearly all that we 
might have had to say abctut JRatios has been anticipated in * 
our remarks on Fractions. , ^* v , / 

348. The student may, however, wort the following Theo- 
rems as Examples. .■/'^: ■'^l)^',:.:k\-\' ■ 

(1) If a : 6 be a ratio o^ greater inequality^ and a? a positive^ 
.quantity, the ratio a-a? : 6-0; is greater than the" ratio a : &. 

(2) If a : 6 be a ratio of less inequality, and a a positive 
quantity, the ratio a+as : & +« is greater than the ratio a : 6. 

(3) If a : 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a-a; : 6 -« is l^ than the ratio a : 6. 

349. In some cases we may from ft lligle equation invohr- 
in» two unknown symbols determine the ratio between the 
two symbols. In other words we may be able to determine the 
relative, values of the two symbols, though we cannot determine 
their a6«oZ«te values. - ' 



Thus from the equation 4^'s=3y^^^ * ,' 



ky' 



we get 



Again, horn, the equatioU 



\ ^ ! 



Weget^=|; andtheref^e?^^/^ 

; EXAMPLESa—CXXIX. 

Find the ratio of x to y frpm the following equations : 
I. 9a;=6y. ^«i!v-aa;e5%^ 3* ax-hy=cx+dy, 

4. a;*+2a^=5y«. |.' |*-12xy=13y'». 6., o^+nuxy^nhf, 

7. Find two num^bew Ift the latio ot 3 : ^^ which the 
Bum is to the sum of their squareis : : 7 : 50i^ 
, 1 , Two number a are in the ratio of 6 ; 7, and when 12 ia 



added to each the resulting numbers are in the ratio of 12 : 13. 
Ifind the nuiubcijB. ^ • : 



<*. 



ad wlicn 12 ia 
it!Qori2;13. 



ON RATIO. 



*4» •) 



-^ 9; The sum of two munbera is 100, and the numhcw ow 
in the ratio of 7 : 13. Find them. 

lo The differfehce of the squares of two numbers is 48. 
and the sum of the numbers is to the difference of the nuin- 
• bew m the ratiq 12 : l^_JEind the numbers. 

ir. If 6 gold coins and ^Iver ones are worth as much ai 
3 gold coins and 12 silver ones, find the ratio of the value of a 
gold com to tiiatof a silver one. , i 

a ^^'Ai^^^^i ''''^'^ ^^ ^ silver ones are worth as mu3faa'' 

•1 JT^Sfe ^^ ^^^^ ®^®«' ^^^ ^^ ra^o of the value q£ a. 
Buve«(B«iUsB5ttai: of a gold one. 



'I. 




«^'.# . 



360. ^tios are compounded by multiplying together IHa 
fractions by which they are denoted. . ^ ; 

Thus the ratio compounded of a :6andc- dig ocjM;, '/• ,. 



» *•«; 



'■vf 



^ KXAMPLES.-~CXXX. 

IW:M0^^^^^ ratios co%ounded of the latioa 
* I. ^:3and4: 5. ^ ' ' - • • 






V 



, 2. 3 : 7, 14 : 9 and 4 : 3. ' — --^ 

4. a»-62+25c-c2 : ^»«.afe-c«and a + 6*4-c :a4.»-« 

' J. TO»+n8;m»-»3andw-n:m + ». . 

.6. «H6«+6:V''-7y + 12,andy2_3y.a.2+3^' 



r -«• 






851. ^e ratio a« : 6» is caUed the Duplicate Ratio of a :i 
ThuaJ^Jor^ris^edmmcateratidoflO:^ ' 

8^»*^ ^:26y»ifl the duplicate ratio of 6aj:5y. \, 
T he ratio a» ; 6« is called the T^liqate Ratio of a ; j 
Thu3 64:27i8thetripUcate^^4:3,* " / 

^ ^43a^:l331|f>kthetiiplicateWiQof7x':^ 



;, ,(?'■ 



M 



01^ pRoPokno^, 



ft- 



' 352. The definition of Ratio given in Euclid is the same as 
in Algebi», and so also is the expression for the ratio that ope 
quantity bears to another, that is, it : B. But Euclid cannot 
employ fractions, and hence he cannot represent the value of a 
latlo as we do in Alg^bnu 



■/ 



y 



.\ 



A 



, XXVIII ON PROPORTIOM. 



853. Proportion consists in the equality of two T^oi 

The algebraic test of Proportioh is (hat (^ tM* Jractwm 
\rq)re8entmg the ratios must ^iquoL 

Thui the ratio a : 6 will be equal to the ratio « : i^ 

a e 



if 



V'^d' 



and the /our nwmhers a, h, e, deaa in such a case eald tpjbe In 
jproportion; 

364. If the ratios a: b and o id form di piropcction, wa 

express the fact thus : ^ ■ 

This is the clearest manner of expressing the equality of tiie 
tatios a : b and c : (2, but there£;>is another way of exptMNiiug 
the sam«fact, ifchus », "' 

,; a:b\:eidf \ 

which is read thuBj^" * 

a i0 to 5 as « is to d, 

^The two terms a and d are called the Exl!BS]CDlk\ 
• »»•.....•.*.•••«••• 5 and o * ....;. the Means 

L 856. When four num^a^re in proportion, 

jir ~y . product^qf ^xtre^ ^j^rodiik meantf , 

Iffk a,t» 0^ i jy in proportiMu 

Than 



^ 



O 6 



4-^- 



ife 






t^^ PkoPonrroNi 



T 
t, I, 



^ / 



^^^g Iwth aWea Of the equiition b^^ 



>!«..> 



Ociivirsely, if ad« Je w« am ahow ^ «l^^l|^4 
diWding both aides by W, « gbt 







356. Ita^he, 



a e . 

3, i.e. a : ft»e : d. 



Dividing by od, we get ^^*, ie. a : eld : 4|, 

Dividing by oJ, we get ^.|, ie. rf : 6„c : a ; 
IM^dinglyrac,weget|=^^ V 

.The factor, of one of th. produote moA6ma the extremML^ 
The ftctor. of the other product mm* fom the meana 

Po^N^ r"*!"**;^ '»''• «° "» j» t^-^i^ P^ 

tte^So rft^ "."" °^'^'' ""* *" *• ««»>«» » e«"«J to 
Hieratiooftla^ecoodtothethiid. "i™ w 



.] 



•Thus a, ft. MB in continued proportion if 



f'l 



» . t"ft : ft 



•. ^-^^fr * » «^ . lu^ f »..M«w*»:tow.«. 



•#s, 



*i^ 



^^ 



, -, -j.U?: 



H 



«5o 



OJir pROPORTioir, 



a 



Fow quantities ate sldd to be in Continued Proportion 
when the ratios of the first to the second, of the second to, 
the third, and of the third to the fourth are all equaL 
•• ■ ' • ' \^-\:: 

Thus 0^ &, e, d iare in continued proportion when^; 

■ ". - ♦ , I' -" 

359. We showed in Art 205 the process hy which when 
two or more fractions are known to he equal, other relation* 
between the numbers involved in them may be determined. 
That process is of course applicable to Examples in Ratio and 
Projibrtion, aa we shall now show* by particular instances. 

Ex. 1. If a :6=c: d, provethat ^ 

Since . a:&=c:d, ^=j 



a 



Let ^=X. Then 2=Xj 

.*. aaX&, and eorXiL 



*. 



'■'" <i'W V 



How 



•ad 

Hence 
that is, 



- o» + 6a X«6« + 6» 6^(X»+1) X« + l 

cH<P x«(P+> <P(x«.fi) x«+i 

• ■ 1 > ^" -'ts'l 



.^r. 'i: 



% 



■■te., ■ 



Ex^ 2.' tf • ! I :s c : (2, prove that 

' ■■■,-.-:,■ . ^ ' '^ ■ t 

L i )tf"X.'Th^j X| 



*5r 

.^•-■X8^ and iiikli^ 



.Ji' 






y^^'.T*:*. 



:■» 



Tvliicli when 
tier relations 
determined, 
in Ratio and 
stances. 
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Nov 



%%\ 



J~ 






and ^)^)^4^(^*«'*+6*)_4^F.4^(X4 + i) ify^. 



^ence 



thaf 



IS, 

4^ 






is S!^lt; f/^* :-^''' ' '^'=' :Ap^ve that each of tJiesoratipa 
la eciual to the ratio #+ c + « ; 6 + d +/. 



Let 

h.4 






i 

r = X 



. Then o=X6, c=\(/, e=x/. 

Now #+<'+«=^A+^rf+V Hh+d'+f) \ 

b+d+f b + d+f.^ b+d+f ^^ 



'tf. 



a + c+e a <• « 



Hence «^ 
that is, « + c + «:6+d+/«a:6-c:d-,:/ 
Ex. 4. lfa,6,care in continued proportion, ah^ 



I 



r.,o* + ^:6>+c«-a:a 




[at 






Hencea-.'x6and6>»\ft > 

^' .1* li. . • .*-.-■■ # ■ .. - .*,, • ■"•■• . 

Now ^.^,^>^).5^)^5.^^^^^^^ 
Ef.5. IfitM.*:15.+ar.lSte+i:i2c+d,p™^ 

•nddwjc utoduciof MtremesWptoUuet ^f j 






.♦^, 



'W « 




oif PkoPOkTiotr. 



•.ifr.lrr.iiii ' r 



MM«hMM«MiHkMMMiiri4l 



(15a+ 6) (1% + (Q = (15c + d) (12a + 6), 
isOd? + 126c + 15ad + W =» ISOoc + l^od + 156c + ^ 
. - 126c%16od*lM+156<v • 

r '3ad=36c^ . 

ek23=&c. 



or, 
or, 






i.K.^f 



■[^- 



; Whence, by Art. 356^ aihi'C :d, 

^ Additional Examples wiU, be found in page 137, to wliich 

we may add the following, \ - ; 



' JEXAMPLES.— CXXXi. 

1. If a : 6—c : t?, show that a -t-6'f a=^c^S.' c 

2. If a: 6*c:<i.Bhowtfeita*-6': 6*=ic*-(P:d'. 

4. If a:6::c:(2, show th'tt,,,,.,.^ v 
^ 3a»+a5 + 26» : 3a»^26« ;: 3c' + cd + 2(P : Sc^ -2i». ' r 

5. If a: &»c: (2, show that '* . ^ 

o«+8«6 + 6« : c« + 3cd + (P=2a6 + 35': 2cd + 3(P. 

6. If o: 6=sc: (2««:/ then a: 6=mc—n«: mi-n/. 

,'7. If --a, —6, any piirts of a, 6, be taken from a ana 5 
jcepectively, show that a, 6^ and the remainders form a propoyw 

&^ If d :&«■«: if* :/, show that ♦'»"., 
*• . ;-ae:M«te*+m^+n««:i6*+«uP+f^^. '*' 



( ► Tf ffi ; ftiifl ^ v^i^fi ! 6i» »how that 



a»'+%«+ar«:'V+V+V:i«»*iV. 



■•■f;,. 



-^- jt-' 



A 



\ 



*"■ 
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. '^"^ ^^"i V*i^«« •• »i-a, : ite show that 

13. Ifa:ft«c:<^ghow*that . / j / "" / 

14* 1^0, : ^=. a, : 5^, show that . ^ 
; ^ ^ ' «>-^i-VW:+a.«):V(V+ft.«). 

Def. 6 and a) -^geoia. (Jiucl. Book v. 

, " If the multiple of the first be Uu than th^f «/«. Jftlt 
^ "*^**^"»«*t"^walsoequaltothatofthefotirth! 



/^ 



Aj 



I 






- » 



;#■' 




4' 



6n proportion: 



% 



. « If t»e ^aultiple of the 
•e(|^^ the multiple of the 

theilourth.'' , 

^^ ■ '' ■ ■■.■, 

shall now ^0Wj||rSt, 
equity of Kjliqe^omme ali 



ded 




e all 




Tc^lPW that \h 
ing'^to>%'alge1);^ 
in^ the g 




itffr than --that of the 
.than tha); of 



tesi of the 
dly, how to 
lUdid. 

bnaVaccord- 
proportional 




If a/^€, d. be propr 



' ' ' ■ Multiply each fijide by -^^tod we get 



,►* 



•^ V,, 






V 



,"^w, from the nature of fraCTiong, » .^ 

^ <^ if ma be less than n&, nt« %ill also be less than tuZ, and 
.>; ; if tnd be equal to n&, im will also be equal to n(2, and 
\ Mj^ b0 g^ter l^^tan iihfim wiU^also be greater than'ni. 

■'"'*/• \ ' '*^ ' '■ ■ *■' ' • '♦ ■ ' '-'•-"■■■■''■ 

Smce tiien of the four quantities a, o, e, d equimultiples have 

been ta^en of the first and third, and equimultiples of the 

second and fourth, and it appears J;hat when the multiple of 

the first is greater than, equal to, or less than the multiple of 

the second, the multiple of the third is also greater than,' 

equal to, or 1^ than the multiple of the Iburth, it follows that 

O) 5, c, (2 are proportionals according to the geometrical test^ 



•"868. tl To deduce t 
from that given' by Euclid 

^V Let a, (, c, (f be pro; 
Tl»6iif ' 



■: }^^''~ -'*''. 




ibr^io .test t>^ proportionaUty 

. ;.. ■\. ;. *"■ V'."- ■■■■'^ 

apeordin^Ho EtiGlid. ^ 1^ r, 

#' ■ '■'-'■' "«■ 

equal to ^, • ■ ' .«,; 

"5^ — ^^ — ~ ^^- — '■ 



■, rJ 



EXAMPLES ON RATTO. 



fSS 



i.#* 



- Take m and n such that . V' V : r 

tm is gppeater than nj^^ * " '^ v 

^^* less than n{*+iV .. ' ^ Vox 

.Tlien, by Euclid> definition,- • ' " - r 

I ' * r '^^^^'^^^^^^^^ 

But since, by m ^ « __wkj • ' 

and, by (2), ; nw is less i^ni^^x)^ ^ 

it f^ows that ^ I, lese-than n^... .:...,;.(4), f; • 

The results (3) ^d (4) therefore contmdict eacht>then^ ^- 
Hence (1) cannot be true. .- * 



\' 



^i'J 



""Vft 



_!S....t„^.„. __....>, 



i Therefore 



^ M equal to \ 



> 



Y^ 



We shall CMidude thi^«hapter with a mixed collection of 
ExamplQs on Eatip a^d Proportion. . . ^ouection of 

^ ' EXAMPLES.~CXXXil, : S 

"2. Ifa:6::c:d,showthat 



and. 






,N. •;:..' 



3-;^ <^'h::e:d, prove that 






\. 



' «f a mean proportional between a W c' * k# » V 



-*i^ 



. i 



*IS$' 



mXAmrLBS ON RATIO, 



:» .. 



mtmitmiml^ 



^ 



6. Solve the equation , ^ * 

'^--' .'V,::^'. . ,"a;-.l:«-2«2x+l:a!+2. _ '^' . 

7. If 2i^»£i;i. show that the ratios a : 6 and c : d ara 
also equal "' - ,^ , . 

& In a nyie race between a bicycle and a tricycle, their 
rates were proportional to 6 and 4. The tricycle had half-a- 
minute start, Jout was beaten by 176 yaaids. Find the rates of 

SUSSSl^- ■ ''' ''-X •" • :: '___: „ ^^ ;_ ; _.. 

i. 9. lia-.l :: c vd and a is the greatest of the four quanti- 
ties, show that aH d^ is greater than 6^ + c\ 

to. Show thlyC^2=i|-:-|, then a : 6 :: c : A 

11. If x\y ?: i(^: 2 and a : 26 : : 24 : y, find a? and y. 

12. If Or 6, be in continued proportion, then . " 

(1) o:a+6::a-6:a-c;- ,:te 
^ (2) (a^+62)(62-bc2)«=(a6 + 6c)2. 

13. Ifa:6::c:d, showthat^^«-^; 
and hence solve tlw eq\iation 



* 



14. If a, 6, c are in continued proportion, show that 
a + mJ : flf 7 m6 :: &+ w»c : 6 -WW- 

15. ' If a : & :: 5 : 4, find the vaiyie of the railio 

*i6. The sides of « triaxigie bw'm 9| : 3^ : 4, and the ^ri- , 

meter is 206 yards: find the sidoa^ ^^ U-'§ ' / - 

17. The sides of a triangle aro as^3 ; 4 : 6,l^d the perfr 
meter is 480 yards : find the sidea. > 



m 



• ■■^»Hte,.. 



wMWwfit 



AND PROPORTION. 



md e : <2 are 



ficycle, their 
had half-a- 
the rates of 



four qiianti-. 

c : L 
id y. 



^that 



,nd the 



le 1^- , 



>'* 




^d the 


y^^ ^ 







»3l> 



If It ^T""? «+» :!>+ J ■■■■f-i : «-6, prove that the ana' 

X, ^t ^ ^J^^*f"°an r«w^ 30 miles and back in 12 hours and 
he finds that he can row 6 miles with the stream in trsle 
time as 3 against it. Find the rate of the stream. 

2o.^^ere are three equal vessels A,B, (7;'the firet con- 
tains Water, the ^second brandy, the third brandy and water * 
If the contente of B and G be put together, it is found that 5.e 
mixt 11^ IS nine times as strong as if the contente of A and J 
had been put together. Find the ratio of the bi^ndy to the " ' 
water m the vessel a "c uiunay ro uie 

J^: ^' ^''''^^ ^^^' ^ ^''^*''' ^"^"*^*^J^ «f wheat which he 
We cleared as many pounds as each quarter cost shilling 



^'' f ."?.? „^T f ^^"^ ^A ?^"« !*>' ^lliHiimng ig 



■ , ^ ~ -> — v.*»w »iiu Dciio lu lor xi^HriBUnini? 

t^e horn r''^' "^ ^^'' ^''''' '°'^ ^- '^'^^ waTthFprice 

;^ 23 I buy goods and sell them again for ^£96, gainiuff ai 
ttrnqj^ PCT cent, as the goods cost. WJiat is the cost price ^ 1 

24. A man bought some sheep and sold them again for m\ 
" S ^"" """*• "" '^' '^'^ ''^E^. What did hei 



1^25. A certam crew, who row 40 strokes per minute, start 
at a distance equivalent to four of their own strokes behind 
another crew, who row 45 strokes to the minute. In 8 minutes 
the former succeed in bumping the latter. Find the ratio 
between the lengths of the strokes of the two boats, 

r 26. The time which" an express train takes to ti»vel a 
journey of 180 miles is to that taken' by an ordinary train a» 
» : 14. The ordinaij tmrn Toaea as jmick time from stoppa g 



769" 



( 



4^- 



M It would take to travel 30 miles without stopping. The * 
ejcpress train only loaea. half as much tuae aa the other in tHi* .- ^^ 




258 



ON VARIATION. 



\ 



^ 



manner, and it also travels 15 miles an hour quiclcw: Sup- 
u|g tb« rates of travelUim^ ^Qiform, w^at are they in miles 

r An article is sold at a loss of as much per cent, as it 
is worth in pounds. Show that it cannot bd 80I4 for more 
than J26. -^ • * - " >. 




'-^ 



~: < a 



l%- ^ 



XXIX. ON VARIATIOBt. 



■ mr 



lt<* . 
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.^ 
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363. If a sum of mond^jr is put out at interest at ^lier Cent, 
the principal is 20 timps as great as the annual interest, what- 
ever the suBpt may be.^ , ^, d 

Hence if x be the prindpal, an^S^he interest, 

I Now if we chan^ x we must change y in the «a?3^^|rop<»'-^ 
Horij for so long ab the rate of interest remains the|p%e, x 
Will afoays'be 20 times as greaf'lp y, and hence if x 
don!tled%r trebled, #. will also be doubled or tijebled. 

^is is' IP inritan^ of what is cialled Direct Vabiatioit, 
of which we may give the.foUowing definition. ^ 

^iDep.. One qua^^tit^ fe said to vary directly as another 
?!^antity «, ^en y, ^ep^ds dtr a in such a manner that any 
, increase or deo^^ma^S in wfe va|ie of x produces a propor- 
tiol&al ingreatfEv decrease in.thp^#{^ue of y. 

364 

J^ quanti 

and ifi ■^; 

* - tl y will vary directly as jc 

For any tncf«a«e made in the value of x must produce a 
• " proportional increase in the value of y. Thus if g be doubled, 




a^my, Vhere m is a constant quantity, that fs^* 
mm is not altered by any change in the values of a; 



ri- 



y mustalw) be Hoiibled, to preserve the equali^onraBCl^, 
fiincte^m jannot be changed. 








T Variatiow, 






ON VARIATION. 
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366; Suppose a man can reap an acre of com in a day. ' 
Then 10 men can reap 60 acres in 6 days, r - ^ , 
and 20 men can reap 60 acres in 3 days. i. 

So that to do the same amount of work if we iavUiiU thQ 
number of men we must halw the number of daya 

This is an instance of what is called Inverse Vamation 
of which we may give the following definition. ' 

Def. One quantity y is said to varg inversely as another 
quantity a?, when y depends on x in such a manner that any 
increase or decrease made in the value of x produces a propor* 
tional decrulte or increase in the value of y, " 



366. 



m 



If «==— •, where m is constflnt. 

y ' ': 

y will vary inversely as x,_ 



ti^i' 



For any increase made in the value of x must produce i pro- 
pprtional DECREASE in the value of y. Thus if a; be doubled, 

y must be halved, to preserve the equality of x fuid — , 



For 



y y 

\ 2 



Mi: 



367. If 1 man can reap 1 acre in 1 dayj^ 
6 men can reap 20 acres in 4 days, ' 
and." 10 men can reJap 80 acres in 8 

That is, 'the number of acred rJURPI^l depend on tha 
product of the number of men into Clumber of days. 

This is an example oi joint variation, of which we may give 
the following definition. . '~ ~ 

Dep. One quantity x is said to vary jotnOya^o otheiB 
y and tt, when any change made in x produces a proportional 
change in the product of y and », ^ 

3C8> One qiiiuillty a ; la sai d to vaiy diruetlj an y j^ 
inversely as a when « varies as ?. ^ • i I 



a 



-v 
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369. Theorem. If x varies as y when z is constant, and 
its 3 when y i* constant, then when y and « are both variaUe, 

^ X varies as j/a. 

^Xet x^m.yz, 

*rhen we have to show that m is constantit 
Now when » is constant, 

ac varies as y; 

«_^ __^ ____u. „ >. nu? is constant. 



i/ 



Kow « cannot involve y^ since z is constant when y changes, 
and therefore m cannot involve y. 
Similarly it may be shown that m cannot involve • ; - 
* • .'. m is constant, 

and a varies as yi!. 



370. The symbol oc is used to express variation ; thus xccy 
stands for the words x varies as y. 

8#. Variation ia only an abbreviated form of expressing 
proportions 

Thus when we say that x varies as y, we mean tbat x bears 
to y the same ratio that any given value of as bears to the 
corresponding value of y, or 

» : y-a given value of x: the corresponding value of y. 

And similarly for the other kinds of variation, as will be 
Been from our examples. 

Ex, 1. Ifa;ocyandyoc«,toBhowtha,ta:<x3. 
. j^ - aoiwy, andy«n«.* 

" mien substituting this value of y m the first e<iuatiou. , 



■nd thiU ' t ^ff^ 




ti Mt is cQBstanty 



ISOCtt 



--'i/.'^i^^^- . 



rlien y changeSi 



ion; tlitis «<xy 



u of expiesaiDg 



,., i'.t;figriltis>'b- 







■Mi,.' /■• 



Ex. 2. If aocy and xop», then will ajoc ^(ya), 
Let x«=myj and-«an«.v 

* Then a^t^rmyz; 

Now /s/(mn) is constant; t 

Ex. 3. Ift/varya8a,andwhena:=l,y«2,whatwiUb6 

the value of y when aj= 2? *t 

Here y : «« a given value of y rconresponding value of a? j 

.*. y:»=-2:l; ^ 

Hence, when a!=»2, y=4. 

Ex. 4. If ^ vary inversely as 5, and when A-2 5«12 
what will J5 become when il=a 9? ' 

-J^^ro ^ ' D=» a given value of A : ^ . 

° -" corresponding valne of B * 



\ 



Hence, when ^=9^ 



whence 




A_2 

" i2"jr 



9__% 
12 5' 

24 8 



%^-^=2^. 



9 3~^3' 

o.f^" ;; w*y"yj''*"*^y««-^a'^d<^»andwhenil=t:6,5=«a. 
and C= 15, find the value of A when £= 10 and (7^3. 

Here- "' ■ ° ' "^; " ' '■ ■;■■■"■';■ "'!--■• ;/,^- 

^ ; m^ a given value of A ^^esponding; v>i1ii^ /^f ftfy; 

v,904=a^a 
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a *■ 
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vA 



^ence, ^iiB-lOand (7=3, 



' . 180 o 






: f Exf 6. If « vary as « directly and y iiiVerBely, ana if Wliaii 
f t«2, r*«3 and y =4, what iff iho yalu? 6f s when «= 16 and 

y=8? .;.■„: .■■;•■ ..'.. ^ ■_ ■ ■ -■,''^"^^'- ■■■■ - \ -': '■^''^'-: 

^ m . , - corresponding value of «; 

- Hete « : ^« a given value 6f « : eon:e8ponding value of y * ^ 



i . 



»(- 



#» « 3 
f "Sa' 2aj 



V .*" 



'^^ce,Vlien »«16 and i/N»8, i 



r ^ ^ 



^ 30. 

^•'' ' 4 " 8 * 
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120^ 
24' 
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j^. 
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u •• ' 



'l. '-If iioci and Boc Tj^ then will.4«Ct ' 



A B 



a. If v4 « S th«fi 1^ •©«;■» 



J'! Hi. 



*^ • 



5 If ^oc]5M^(7«Bfl>«^iidU-ACfocBli^ 



*.. . 



/^ 



f-1^ 



If ««y; and when;*-?, yr ^ find^the value ^ *^^ 



«J i^ll^ 



■0^ 



■ ~% m..^fj^ — 1^ . . . . 

5. -^tS^mm-, and wj^eti»* ft), ^«2,fli>;ailie;vajue^6f y ^H 



mm4^ 



m 



s--^^ 



^ 
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6. H»9cj^ and wlien »=1, y=2, >=3,ii>d the i^ue of »V 



7.^^ ««|, and When «=e, y-4, and «=3,^nd the yidue 

ofa8wheny=6anda=.7. r ,; 

■ " . ' -^' ■■■ - ■ ■ V." y-.. / ■■ ' ''- - V ., ^ 

8.^If 3«+8yoc6a5+3y, and wfen «=2,y^6, find Wvafae ^ 

-"§^¥'-V. ■ " ••■■ • . •■ ' ■.■■■>.■■'«'-■-/- ■. 
, , ■ . • - ■ = ' ^ #. '■ ' ■ ,,,,r;;'- /,■■■. 

of a ^ '**'^ ^'^^ ^«C», express ho# .4 varies in respect - 

•id If » vary conjointly as a; and y, arid «=4 when %^ \ 
3^ ' ^ ^^ ^ *^^® ^"® of « when a*30 and y^3l, • 
If ilocP, and when A is 8, S is 1«; expifess A ill 



*«nns of B, 




'f «^ri* '^''*'® of « vary as the cAbe of y,ahd x=3 wh^'^ 
y=4, find the equation<,between a and y. \ 

13. If the sqiwife of » vary inversely as the cubl of y, and 
«-2^eny=3,find%he equation beti^reenx and iT 

« '^ fi ^^^^ ''''^ f"' 3^ *" ^^"^ '^^" «f y ^'^^ «^8 when 
y=2, nnd the.equation between s and y. 

" ' ■ .'' I • ' -"■ , _•'■-*■ ■ ■ ' 

15. If ««f andy«-,8lioir thataocl. 

^6, Show that ii^^angles of equal ar«^ the altitadeeTaiy? 
inversdy as the bases. ' "/ p f ^' >* ^ 

17: Show that in |)arailelogram8 oi eqnalSa the inildes 
vary^iivtreelyasthebaaei. ^-^ umMTOaes 

•.%.>. ;V. ■■•■:■. ' • «... ■ .. ^ M 
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j^ QN, ARITHMETICAL PROGRESSIOIT, 



-t&-r' 



^••■••■*wr«>«!'"?*!fiiiS'. 



feet square and the height of which is 10 feet, isibund to con- 
taia 10 cubic yards. What must be the heiglit of a pyramid 
upon a base 3 feet square in order that it may cont^i\^ cubic 

J adu The amount of glass in a window, the panes of which 
■re in every respect equal, varies as the ikuinber, length, and 
breadth of the panes jointly. Sho# that if their number yarMi 
as the square of their breadth inversely, and their length varies 
as their breadth inversely, the whole area of ^ass vai^ as^thft 

-iquar« of the length of the panes. \^^ ^ . 



XXX. ON ARITHMET)[C AL PROGRE^Sf OH* 

372. All Arithmetical Progression is a series of 
Bitoibeni which increase or decrease, 5t/ a constant ^iffertnnx. 

lirasy tho following scries are Arithmetical PnodBBBSioNa : 

2, 4, 6, 8," 10; , 



■f 



9, 7, 6, ,3, K i 



The Constant Difference being 2 in the first series and -2 
inAhe second. - • • 

373. ' In 'Algebra wq express an Arithmetical Progression 
thu%{ taking a to represent the first term ^d A to represent 
the constant difference, we ihall have as a series of numbers in 
Arithmetical Progression .*^' « '' 



^aya+<Z,a'l-2d|a+3(2, 






and 80 on. , ' 4; 

We^bserve that the terms of the series differ onl/:in fiit 
m'JJkimt of df and that each^|flicient of din always Jess by 1 
than the number^f the term^Bj^ch ^hat particular cpc^cicnl 
•tand% Thus . 7^^ . .^ 

|]^A r/u.f!^<' jftnt (if dm the f>rd term is 2» ' 






_#»•«•♦»»•»♦•»••..♦>•»*•■•>•■• 



in the 4th .*««^m#* % .; 



».ft,..M*KA....:«M«.» te^t^-6!A>»*M»i4^'4^':^^''^. ■■ >•■.. 



« *; 



■I 






A S ' #" 



".' < ' 



ooaBBSioNat 



srios and" - 2 



' . . , ^ ,■■ ■ -'■■ 'y- 

.'-■..■■' ■ ;.•(,■■ 

*-■■■/- • - ' . 1> 

*. Oonsequentfy Oie i^^ ^ in i^ «» term wiU fee ^ 

Therefore % n* term of the MeswiU l^irf (nilni t ^^ 
^ ^. If the aeries be . Cv 

aiid « the last term, the term next before wiU cleiirly b© a - A 
and the term next beibre it will be a-2^ andso on. ' ° 

Hence, the series written backwards will be i*> * 

«, «-(f,a,-2d, . ....... .a+2(«,a+d, (l' ;#v»^^^ ^^ ^ 

375. TojmdtU«umof aimn of mmbers in AnthmeHeai 
rrogresnon. —■■ 

Let a denote the first term; '/ ki"^ ', 

# ••• ^ the constant diflference.' ' > ,^ ~ 

••• » the last term. 

••• * the number of i^rms. . ' 

.......... ...the ffl]pi of then terms. . " \. '<^ 

; Also #-« + (a-d)-j;(i-2rf)> ..I... +(a+2d) + (a + d)^.a,^ 

the series in the seconar^case being the same aa in the first but 
written in the^reverse order, r ^ 

Therefore, by addii| the two series together, we get' ' \ - % 

^-(a-^zl^(a-^z)+(a4Mf+ + (a+»)+(«+«)-»'(at«5;' 

, ^d since on the right-hand side of thf, equatioii we have »■ 
•eftes of n numbers ea<ar equal to a ^i^,, we get .'.• 

Vplace of a we may put a4^n^;i)rf,Vil(^ 3VS. 

. „ • • . . • • • I » ^- 1- , """"„■' 

.,•.». '-■•..' . ■ - ■ ... - .. • • 

iirj.-AV'v ■■•••■'• ■"•■•';•■.•.• , . .i- .,'.,.ir> ■ " '' ■•"^'^- ..«•■„ >■ • ■ ' ■ 

.' " ■ ■ ■» > "'■'.' 

' ». " ■ ■" ■ l«< " ...■',' » 



Ta66 onarit:hmeticalpkqgression.m^-^ 

- _■ ''—:'■ ^ ' _.. * , ■' I ■.■-■■■■■ ■ ■ -I., .— lai-p ^— Si-uMteig- ~" 

^76, We have now obtained the following results : ** 
-*, » ;-*^»-ia+(n'l)d......... (A), '• 

' , •-|(a-HO.....;...:.................::...(B), " 

«-||2a(+(»i-l)i(.. ..v(C). 

^ From one or inoie of these equations we have in Eiampleg 
to determine the values of-^ i, n, « or «. We sh«41 now pi5o- 
ceed to* give ins tanc es of such Eacan^lea, j^ ^^ ; [,*:'[ ' . 

ElX. 1. Find the LAST TBRM of the series 
; 7,10,13, to 20 terms, 

\ Taking the equation »ai a + («-l)d, 
for a put 7 and for n put 20j and we get 

• ' i-i7 + (20-l)d, ^ -'^ 

0^ »-7 + 19(i. "i, ^ ' ' • 

NoV i is always found by teWn^ «A«)?r«« feiro/rom il^Mcojv^ 
andinthitisase, 

' d=io-7-.3t .; 

J* A •-7 + 19x3-7+67=64. v 

„ ^'■> ' ' ■' ■ ^ .'■'-■" ■- 

fix. 2. Find the last term of the scries • 

, ,5^;: . 12,8,4, tolltennt; '\. 

Li^ equation ' «»a + (n-l)i, ^ 

',tai'''*. •', '' '-'""^ ■ a-»i2andn«"ll.' ,' ■ ; <'.\ 
,i;iieii„ , ' ' »- 12 + 16(2. • 

IJroif ' (!-»«- 12 — -4. V 

^Henoa jj-- 12-40- -28. J ^ ;^ 

• . - "-.'*-. " • . . ■ ' "'. 

•. Fwd the Ust lerin. ^ each of the foUowii^ scries ( v • ,. ' 

• ?. ." i ;4i.8, M,..*.-<(^to^tdwv -*■ r •'-\.^v :.-•'. 

«'•« " ?^».-.' " >•«' 



■■\-- 



» j iii w ifeKwwiy"'"''' 

...(A), 
...(B), " 

....(C). 

1 Ukamplet 
^ now pib- 



%_ 



w 



li^Aecom^ 






j» ^ — ■ V ^ — 

I ■ 



■ ' J- J. * 



O^ ARIT HUETICAZ PROGRESSIOir. 

"- — ■ -^ — - 



* « 'T'T toififerfi^ 

.*• 2* "" * ~2 to2ateiiai ' 

7 6 11 , 

6*2*6 to 12 tenpa. ^ « 

> - 12, - 8, - 4 . ..... to 14 terma. 

7\ ~3, 6, 13 ;.j,,.. to 16 terms. - 



#, 



*^ 



8 2:il n-2 n-3 ' 

■ ' to n terms. 



>: 



» ' n * » 



m ■ ■ 
9. («+y^V««+yV^-y)« to n terms. 

o?^' ~a?& ' IT+F • ton terms. 

377. Ex. 1. Fii^ the bum of the aeries 

S* 2,5,7. tol2term8. 

'in th^ equation «=||2a + (n^l)(|| . . 
put 3 for a andl^.for n, and we get 



1:4 



'. 



• ^ 



,«^{0j^ni|. 



•• »i> 



. .Nowrf«,6-S-.«,4md 



80 



V 



"^ 12 

**-|^i6 + 22j«6xi»-16ft 



^EX-^S. Find the swmjaf the serial 



1 *>. 



10^»^ t ...... to 10 tehnsi* 



.•ti.'''-%;,V=''''*-if8«+(»-i)i|i '. 

» * * 



Vr 



^. 




rfor(».aj>d^bfi>t f i ,t heu 









^r 



.^ . 






36B 



ON ARITHMETICAL PROGRESSION, 



Now d'-'t - 10= - 3, and therefove 



4-^|20-27H6x(-?r)--3a. 



'3% 



- — fe ' 



EXAMPLES.— CXXXVS 

' - ' ■ . ■ .^^ 

Find the sum of the foUo^fing serica : 
3' 8,4,6 toSOtei 



3. 8, 7, 11 ...7,: to 20 tenina; 









V 113 ♦*,.*_ 

4r 7» 9» Z ■ terms, 

5. -9,-7,-6 to 12 termtk 



^ 6 1^ 1 
**• 6' 2» 6 



... to 17 tenna. 
7. 1,2,3 ton terms. 



8, ~ 1, 4, 7 ; to n tenns. 

9. 1, 8, 15 ,...., to n terms. 



-n-l n-2 n-3 



tt * « * » 



— • to ti terms. 



378. Ex. What is the Constant Bipferencb when (&t 
firat term is 24 and the tenth term is - 12? 

Taking the equation (A), 1 ^ 

Itad legaiiteg thrfeli^ « taie4a8t t^, we get ^ 



=w= 



.,-*ao»H 



;-| || p e we#>ta>n,:^;i<« ^-V;; 



« . 




. EXAMPtfiS.~cxXXvl/ \. ^ : 

' ""''' " "^^ ^^^^ ^^'e^'^e in the fbllowW cases! ■ 
, I. When the fu.t term is'lOO and the twentieth is r^C 

< * -".....v...:..... X iifty.fir8fcig i^ ; 

-* ; ••••**••••- -^-^.../forty-nmthisli. 

/••^^••••••"•••••r....;. -4 .......... twentjr^fifth is - 21? 

^^v-^- ••• ; -10...:..... sixth is -20. - 

' •••••'-•••'•••••^ ....150 :ninety.fostisa r 

' 379. Ex. What is the First Term when • " 

' ^*^«^^ tennis 28 and the 43rd tern is 32? ^-' 
TalMng equatioif (A), /. ^ - ^ 

•■'d regarfipg the te terrij to t^ „., ^^^^^^ ^^^ . 

Again, .«^,u.eu^ten„ to .:;;;^;i;";:;f^ 

32=a + 42£Z /gv v 

^^Fro^ equation. (.) „d (2). we nu.y fiaU t^^^-y, ^ 

EXAMPLES.-~CXXXVJ 

t. WhM je the fiat tenn when , . f 

« TheSOlhlemi. 70 .»d the ecth tcmi.84^ '^ 

^ _P ^*""'"«™"93-356andtb.airti,98-37fr, ^" 



e' 



^^ 



:'4 



fiy^s tW ARmtMEtlCAL PROGRESSION. 



i " 



i,-ilttli''- 



i. The sum of the S^rd arid .ethterms of a series is 31, and 
the sum of the 5tli and lOth terms is 43. Find the sum of: 
10 terms./' '■ '" • r. V . ^ ..^:- 

\ The sum of the 1st aii?3i:d terms of a series is 0, and 
the'sum of the 2nd and 7th terms is 40. Find the sum of 
7 terms. ' 

4. If 24 and 33 he the fourth and^h terms of a series, 
what lathe 100th term 1 *' 

^ 5 Of how many .te^m8^doe8 an Arithmetical ftrogreseion 
consist,' whose difference is 3) first term 5, and last term 302 ? , 

, 1 ■ 

■ 6. Sufposing that a body falls through a space of le^ feel; 

in the first second of its fall, and in ^ch succeeding second 

32- feet more than in the next preceding one, how far will a 

6 y. 

body fall in 20 seconds? fi 

T Whatdebtcan'be^8chargedinayear%weeldyp^^^ 
mente In arithmetical i)rogression ; the first payment ^efng 1 
Bhillihg and the last i6. 3f. 1 

8. JmA the 4l8t term and the sum of "41 terind in each of 
the following series : 

'(i) -6, 4,13.. U 

(2) 4a*, 0, -4a*. * . ' 

(3) 1 + 35,6 + 335,9 + 5* ....•• ... 



(4) -4 -i;f •••••• ' 



'2 

,. 19 
y^<S) i» 20-" 



i^ 



.*' 






- fc To how many terms do the foll^w'^rig series ktend, an4 
whfitisUieium-ofallthetfcrmB? ^^ \ «- : 

(1) looa ...... 10,^ > ^ 



-(•■^ 



ONAlilTIIMETlCAL ^KOGRESSION^ 





" ^'^^ 2' 4 ••••••"-24. / 

^5) m-1 137(1 -m), 139(1. m). 

(^) «+254; a;'+2,a;-2. 

- 380. To insert 3 anUm.<tc means between 2 ami la 
The number of terms will be 5. 
Taking the equation z=a + (n - 1) d, 

Whence. 8=4i; • rf.=a 

TIenceihe series will be • 

■ ^ 2, 4, 6, 8, la ■ 






>5./<. 



<S * -- 



I. Insert 4 arithiUc means between 3 and la 



2. Insert.6 arithmetic means between 2 and ^2, 

3^ -.Insert 3 arithmetic means betweep 3 id 2 „ 

, J ^ 4. Insert 4 arithmetic means between 1 and^^ ' 

2/^3* .-J 
^ 2b inhere 3 -.^.^ „^^^,^^^ ^; V 4 

The number of termFin the aeries will v. « ^ . 
Hre to be 3 terms in addition ^ T aJI^ ^^ ^* "'"^^^ ttew 
j^nu i. / ^ ***^^*^ f" ^^ ^ term a M the ksfc^ 

T«l^ngthe«i^^^«^^j^^ 
^''■' have to flit ^J*^^ ' ' * ^ • 



k t 



-4 



.'»® 



) .1. 



T— ' ; " 



272 . , OA^ ARITHMETICAL PROGHESSIO. 



i 



^'^'^W^ 



'^^ 



V ''!£'V; . 



\fleiice 



'b=a+{^l)d, 



«, 



Ad 



1. 



9 



a,' A d* 



&-a 




J 



ce the B^es will be 



#•"' 



that is, 



5-11 . 6-0 , 3(5-a) . 

1"^ I 3a + 6 a + 6 o + 36 



a. 



2 



,6. 



K K 






' "t Examples.— cxxxix. 4 

I, Insert 3 arithmetic means between m and Tk 

3. Insert 4 arithmetic means between m + 1 and m - 1. 

■ ' ' ■ ■ • ■ ■•■-. ■ ■■"- '■■ .A '■■',- ■'•'■ 

3. Insert 4 arithmetic means between r? and n* + 1. 

4, Insert 3 arithmetic means between v? + y'^ and a" - y\ 

' ■ ■ ■ ■. • ■■ . ' ' ' • .# 

382. We shall now give the general form of the proposuiou 
" To insert m arithmetie means between a and b." yj. , 

The number of terms in the.series will be m + 2; « i" 

Then taki^ the- equation «= d + (»- 1 ) (^, 
we have in this case 6=a + (m + 2-l)dI, . 

&-a 



Hence 



({> 



and the form of the scries will be / . ~" 

". 5-a 26-2a ' , 2&-2a', ^-<? t 



w+r 



that iS| 













XXXI. ON GEOMETRJCAL PROGRESSION. 



^383. A Geometrical Progression is a series of numbers ^ 
which increase or decrease hy a constant factor. " ' 

Thua the foUowing sg| are Gbometbicai. PaoaaBsaionfl, #, 

6: ^ ^8i 16, 32,^4y- ^ -r-- 



iQ Q 3 3 3 



4 -i 1 
* 2' 16' 



128' 1024' 



The Constant Factors being 2 in the first series, I in the 

second, and -1 in the third, 
o 

Kom .That which we shau'call the Constant Factor ia 
usuaUy caUed the Common Eatio. ^ 

°th!«^f«v "^f^"* ^e express a Geometrical Progression 
ftus : taking a to represent the first term and / to Resent 
the Constant Factor, we shall have as a series of nu^Et 
Geometrical Ph)gression numbers m 

Y a, af, ap, a/^ and so on. 

We observe that the terms of the series differ onlv in th^ 
i^umber of the term m which that particular index stands. 

Thus the index of/ in the 3rd tennis 2, ' 

- -- - ,-'■-:;- , -- -S. ,^-^ . ^^m the ^k^^^^^^ -3y-^— — -~r~rE~5 

— ^=^ the 6^ 4 i; ^ 



Consequently the ii 



XtiQ nth turn will be n- 1. 



Therefore the nth term of the series will be a/*-» 
[S.A.] , _ *v • , 






P",'"; .■'-■'■: 
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■"■;t''"' 






■ ^f' 


A 




'^■-" 


■■** 




■ 






u:. 






/ 

/ , 
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■* . 








.'■ 
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. / - 
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^ 


Mt 














Mi. 












■ .s-. 






-»- ' 


f. 


-ir- 


t 








- 






/ 


\. 




iV'-- 
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. -.- 






'■«♦■ 








"" 


*• 








■ 


■ 




J. 




,:«l» 


II 





' 




/< r 




\ 
\ 

* 






- 


->' 


1 
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i • 
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k. 
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1 
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■ 
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IMAGE EVALUATION 
TEST TAltGET (MT-3) 
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X U£ 12.0 
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■llv;*-. 



1«1 






u. 




^« 



■f I 




,jM^ ; • 







%l 



. *• 



-'dT- 



■" ^ 



s 



. / 



t^^ 
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ON GEOMETRICAL PROGR ESSIOI^. 



' Hence if be the last tezm^ 

, . ' '■ • ■ "■■■ ' 

S85. if the series contdn n tenn% a heing the first tenii 
nnd/ the Conatant Factor/ 

the last term will be a/*^, 

r ' the last term but on« wjUl be o/^, v y^ . 

the last tenn but tvao will be a/^ 

Nowo/*-»:></=:fll^'^x/-=a/*-^+»=»o/»i^- ^' . 

►. :/ ,.••■■- '*:." . • ■■;- •.. ' ■■-. ■■■•■-•■ ;■; j» <K 

8M. iiWe may now proceed to find ike mm of a^ uriet 0/ 
mL-mben in Oeometrical Progressioni, .^^ 



Let a denote the fir^t tenn, * 

f ' the constant factor, 

ji- the number of ter^ 

• the sum of the n termsL ' ; 

■■"■.'■ ■. • ■" ' ^ ■ ■ ■ , 

llien f - a + 0/+ <|^+ . ./+ d/^ + a/*-* + «/•-*, 
Now multiply both sides of this equation by/, then 

Henoe, subtracting the first equation from the sdbond, 
, •ft-i'mt^r-m ■■■ 
' I f p V; • (/- 1) -a (/• - 1) ; \ 






•% 



KoTS. The proposition just pTOve44>resents a difficulty to 
i beginner, which we shall endeayotlr to explain. When 




•+*i^w+ +<i^-»+<^+^r*^ 



5lt 



blie fiist teim 



ON GEOMETktCAL PMOGKESSION 



•*. . , »»- 



•75 



is'f 



by/, wie shall obtain another series 

which also contains n («rmi. ^ ^^ * 

^^ ITion^ we cannot Ml up Che gap in each aeries^ c^ 
we see thattte tenns in the two aeries must be the sani 
Moept the^ Urm in the former series, and the lcL,t Urm ii 
the kttei* Haic^ when we subtract, aU the tenns wiUdis- 
appear except th<^ two. 



189; Aom the IbnniihB : 

. ^ ^■' ■■■"■■'■ -. f 'P '■','.'-" - '*' " 

''■■■>.•:. ,^-:.' ;"■ ,, .-, . ■ ■•»*|f »..'•••■»•».. (•A.)> 

prove the following : 



V' 






nf-j-- 



"saa Ex. 



Find the last term of the series 
8» 6, 12 ...... to 9 terms. 

The Constant^^utor Ib f, that is, 8. 
In the fonniila 

".; f-q^ ■ .-^ 

patting 3 for «» 8 far/» and 9 for «, w« get . 

»-8x 1^-8x266- Tea 




' I 



:* f 



¥* 





- 


EXAMPLES^—CXl, , 


IKflMI 


^ tem'of file folWinff wrioa 


k 


I. 


1. «,4 to7teniifc . 


*■ 


- & 


4, 18^86 ...... to 10 term* 


* */ 


J- 

■ *■ • 


^ ^ mm^.. to 9 teRHi. . ^ 






' • 



216 ON GEOMETRICAL PROGRESSIOfh 



8, 4. 2 



3, ■«, 



•••••• 



*• tti» 16* 4 -^ 

2 11 
^ ^3* 3* ~6 



to 15 temuk 
. todtemiB. 



to 11 tenoBk 



to7 



889. Ex. Find the sum of the aeries 



«. 8, I 



to 8 tismiib^ 



W. 



Qenerallyj 



-•-¥ 



zfi 



**'>« 

-*<, 



md heie' 



#-6,/-5,ii-8» 



.*■ 



A •— 



•^-t) 'Oe-O 



t-l 



6 

S56 



-6 6- 



26S 769 

r""-6r 



» 



... „-■.. ■ . .., ,-1 ,. . .- ,, „ 

; _^ _ EXAMPLES.— CXlL 
Knd the sum of lihe following seriet | ,, ^ 



^ «, -*. 8 
1. 1, S, «► 



to 16 terma. 
to6tenBi^ 



.3» a, 00^, oat* to 13 tcniit. 



><? 



mm 



4- »> ;;> ;;! 



•v>>* 



to9tetmii 



|» a^-oB^, a-«, 






...... to 7 temMk 



■■**'; ' 
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■) 



A 8, 6, 18...„,to n teinna. 

7» •» 14, 88 to n terms. 

.«. 6, -10, 20 ...... 16 8 termB. 

« -? ^ 1 

9' "s* «) ""g to 7 tetin^ 



"■I ii 11 



><, 



^^a To find th^snm of an Infinite Series in Qeometrical 
^^^ression, when tlie Constant Factor is a proper fraction. 

—r ^/^ * proper fraction and n veiv k^ - 

/^w « veiy small number. 

.^Hence if the nam W of terms be u,/i«tto,/w ig go ffl^ 
^irpiinay neglect it in the expression -osmauuutt 



:iiipi;:weget 



^_ 1 » 



•i^^. 









k« 



i8^ BK. 1,, Kndthesiuiiiof theseric85 + l+?+ " «» 
infini^ • * ' 






Here 












:s^ 



Ir- 



% 



Eli 2. Sum to infinity the series ?-i?+-i.,.,^ 






•Vf* 



T=t 



'"' -(-^)^^ 



j 

2 27 



d 

^ 
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■^^ 






■to^ 



Example^.— cxlil. 

^d the sum. of the following iufmito scries t 

o, ;|, ...••• ^ 9, 4', 2*, .„!►,» 

■ i - 

fa t«^ --2^ 



^2 ^ 11 






. 1 1 ^ 

'4* IS* ****** 



V ■ 



> «»> g» 5w» ••^•» 
^ 8 11' 

4« 3» 3. g» *•*••• 

^■■■13 ■!. V^>\:: 
5» ^» |» •**••• 

^ i* "8V****^^ 







•» 


Vf **••«# 


K 




1 


■ : ^'S-- 


■ :;■ **• 


I. 

16 


1 


« 


•a;,. 


1 



2 
3' 



"2" « "'■ 
7* ^ 5» ••#*•• 



y. '-V 



^ la* *^^ •••• 



'^>^«•^'' 



t3« *> —y* .»•••• 

86 _8«^ 

'*• loo' 10000* •••••• 

15, '54444, 

l6< *83636y •••••■ 



302. To inmt 3 geometno means Utwcen 10 and IGQ. 

Tiiking the equation »-«of*"^i , 
we put 10 for a, 100 for », and ^ for n, and*1«re obtain 

160-10./'-*; ' , 

;;.■.•;:-.. /.l6--/\ '' ''"^ 

ie-«2x2x2x2«2*| 



H^co/-«8, and the series will be 
10, 20, 40, 80, 



10, 20, 40, 80, ica 



C>;, 



^; 
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. EXAMPI-ES.— CXuh. 
I. Insert 3 geometric means between 3 and 243. 
3. Insert 4 geometric means between 1 and 1024 
, 3. Inseri; 3 geometric means between 1 and Id 

'4. Insert 4 geometric meajuB between 5 and -~. 

393. To insert m geometric meam hetwem a and b. 
Tjbe number.pf terms in tlie series will be m-f Ik 
I](i the formula ; timaf*-^\ 
putting h for «, and »»+ 2 for n, we get ' - . 

b 



"*'.. 



•■♦y OB— - 



tf^ 



/- 



]^ee the serieri "irfll be, 



1 
or** 



\ 



i- ' 






6^ 



»^ 



<r+* 



thatii^ 



'..W 



iH^. tf^ 



'it: 



■ _-■'., \ - , t 'I 

894. We shall now give some mixed Examples on Aritb: 
ineti|cal and Geometrical Progression. 



.('■* 



> ,'ii 



^ :^ Examples.— cxHvi 

t* fSiun the following Mriet: 



(1) 8+15 +«?+:..... to 12 terms. ^ 

(2) 110 +108 + 100 + to 10 teiiaa» 



*,« 



# ' 



28o 



On geometrical progression. 



-r¥" 



■♦:'-■■ 



V-'^^-^ 



(3) 3 +0+Y0 +/.,... to' infinity, 

<4) 2-|4J^-;..«. to inanity; " - %V 

■ ^,; ■■'■■ > "■ , ^/' ■■"•'■"■"" ^ : ; ''■'\^ '"' ". - 

,.. 1 2 11 ^ ,« i 

v5) Q~3--g'- ••♦••• to 13 tenn§. ' ^ 

11 2' ' ■ ' •'■ ' ' ' -" 

* (^) 5— 5 +«—.••••• to 6 terms, 

(7) S"-l~5~ "'V" to 29 temuEk — ^-~--- 

* (8) 1 + 1^ l|+ ...... to 8 term«. 

I (^ 3+9 + 27+ •••••to infinity. ' * ) 

/^ 3 14 51 * ,n* 

(KM r-^TT— r-^- .i.... to 10term& 

* ' 5 10 15 ^ • 

(11) ^J\- 3+2 V(l5)- ...... to 8 terms. ■ 

' *' 7 7 35 " %■ 

(12) -g+5— -^+ ".7.,., to 6 terms. 



a. If the continued product of 5 terms in Geometrical 
ProgressicHi be 32, show that the middle term is 2. "^ 

« ■■ 

3. 1i n^hfC are in arithmetic progression, and % V^ e arc 

n geoinetrical progression, show that f^a^^'-yrr—r. 



r 



' 4. Show that the arithmetical mean l)et#een a and 1^ is 
greater than the geometrical mean. « . " 

5. The sum of the first three terms of an arithmetic scries 
is 12, and the sixth term is 12 also. Find the sum of the fii-st 
6 tenifttk' ?* 



6. What is neoesssisr ^t a, &, # may he in geometric pro* 
gressiout >. • r* 



•ib^ 



01^ GEomriircAL pi^ocREssiou. iSt 



Qeometrical 



7« ^2ii>x and ijj^aro in geometric progreeaion, what ifl«f 

^ K an, y and ~ are in arithmetic pogression, what ia y t 

9^ The Bom of a geometric prggreasion whose fiist tenn ia 
1, constant iactor 3, and number of terms 4, is eqnal to the sum 
of an anthmetic progression, whose first term is 4 and constant 

. difference 4: how manjtei:nia are theia in thaarithmetit pro- 
gresfflont ■ ' / ;. *^ 

la The first (7+n) natural numben when 
make 153. Find ik 

II. Prove that the ram of imy number of terms of the 
senes 1, 3, 6, ...... ia the square of the number of terms. 

yi2. If the sum of a series of 6 terms in arithmetic progres- 
sion be 96, show that the middle term is 19. 

.13. , ^ere Is an arithmetical progression whose first term is 
33, the constant difference is l| and the aum of the terms is 
22. Bequired the number of terms. 

14. The 3 digits of a certain number are in arithmetical 
progresmon; if the number be divided by the sum of th^ilkta 
in the units' and tens' place, the quotient is 107. If ^mU 
Bubtracted &om the number, its digits will be invwted. 
Bequired the number. » . „ 

irj.^ ^ the fp+j)* tem of a geometric progr&don be »w 
. and the (p-j)* term be n, show that the ^ term is »J{mn). 

16. The difference between two numbers is 48, and the 
anthmetic mean exceeds the geometric by la ; Find the 
numben. 

.J?* "^^ *'"^ arithmcitic means between 1 and 11. 

At. The first term of an increasing arithmetic series is "034, 
the constant difference -0004, and ^he sum 2:74a yind the 
-Jwntber-ef terms. 

^1^ riaee nine arithmetic upaas between 1 and - ]« 



> 



2Ss 



ON HARMOmCAL PROGRESisIOM. 



20. l^rove that every term of the series 1, 8, ^ .;.•«• Jb 

greater by unity than the sum of all that precede it. 

21. Show that if a series of mp terms forming a geometrical 
progression w^ose constant factor is r be divided into sets of p 
consecutive terms, the sunw of the sets will foim a geometrical 
progression whose consttot fiictpr ist*. : >* 

22.* Find five numbers in arithmetical progression; such 
that their sum is 65, and the sum of their squares 765. 

23. In a geometrical profession of 5 terms the difference 
of the extremes is to the differenpe ^ the 2nd and 4th terma 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of^he 1st and 2nd. Find tEe series. 

24.! Show that the amountis of a sum of mottey put out at 
Compound Interest form a series in geometrical progression. 

25. A certain number consists of three digits in' geometrical 
progression. The sum of the digits is 13, and if 792 be added 
to the number, the digits will be inverted. Find the number. 

26. The population of a county increases in 4 yeara from 
10000 to 14641 ; what is the xate of increase ? 



XXXII. ON HARMONICAL PROGRESSION. | pr 

395. A Harmonical Progressioi^is a series of numbers 
of which the reciprocals form an Arithmetical Progression. 

Thus the series of numbers a, 6, c, <?, is a Habmonical 

Pboorbssion, if thl^series \, \, \, \ ia an Arithmetical 

Progression. \ . 

If o, 6, c be in. Harmonical Progression, B is called the 
flarroonicai Aliwn between a and & - 



NoTR. There is no way of finding a general expression for 
the auin of a Harmonical Series, but many problems with- 



«r. 



OAT HAHMONICAL PROQUESSTON. 



2S3 



rcferenBe to auch a series maybe solved by inverting the t<^ina 
and treating the reciprocals as an Arithmetical Series. 



~> 



306. >(jf 8) b, c Uin Harmonical Progression, to show thai 

: , •;c::a-6 : 6-<5. , 

«. 1 1 1 

Since -, ^, - aje in Arithmetical ProgreBdjii, 



or 



or 



or 



• 1 1 


■ii 


5-c 


a-h 


M 


^r 


ab 







is called the 



... ^ 

397. To insert m harmonie means between a and \k 
First to insert m° arithmetic means between - and 1 
Proceeding as in .an;. 357, we have 



■ \ 



or 



a-6+|P-l).aM 



-* 



Hence the arithmetic series will be , ; 

a» a a6 (m + 1)' a ^a6(m+l)» ;*'•; ' * a ^ itb(fn-fiy I' 

r 1 ^-t-g bm + 2a-h am + b 1 

' <.a6(m + iy ct6(m + l)' """ab{m+iyV 

Therefore the Harmonic Series ia 



<iHm + l) db (m + l) ah(m + l) . 



^ 



ON HAHMONICAL PROGRESSION 



-Jt. 



398. Qiven a and &.tbe fitst two terms of a series in Hai> ,. 
.monical ^progression, to find the n*^ term. . ■.:■"■ 

' - '-.. ; . ,; ^ • " 
-% T are the first two terms of an Arithmetical Series of ' 

which the common difference is t— -. - - ^- . ''. 



'•■■ c 



The n*^ term of this Arithmetical Series i« 



a fAh a/ - ^ i 






.» 1 + (* - 1) (fl -'^) _ ^ ■¥na-a—nh-\' h ^ 



ab 



fib 



> ^ (n« - o)/- (w5 - 2^) ^ (n - 1) g - (n - 2) b 






.» 



A the n** term bf the Harmonical Series is 

■-'-/.■-■-■■•■;-■-■'■ '■' ah "**. ■ 



■ ■ "^ -- ■' j-i^ ft. 






■•1 



399. Let a and c he any two numhera, %^ 

^ ,, ' b the Hjirmpnical Mean hetween^heo^ 



Then 
. ■■.* 



ll^lll 
1 ^ e i* 



2 ajj 
m 



1*"^^ 



:.l 



tt + C 



%' 



11 400. iTie following restdts should -he rememhered. 

J^ . ' ■ 

"■>;•■* \ '"n,^ 

Aiithmetioal ]\leai\. between a and c«--^-^ 

Gcometoical Mean he^weeic^ <|iuHl 6«> V^ . 

, „ ■ ■ . -^, x — ■ , ., — „. .^ - i. - ^ , .. - - ^ ^ 

. Hacmonical Mean between a and c=— ^« 

1 a + c 






W HARMOI^rCAL P ROGRk^wk rfj 

rS^^^ «^. ^^ ^>^e letter A. orn 



{ 



<. 



■ ' 2 a+tf 



:-3. 

■■ ■ * . 



'■-^:' ^ 



■)> ■ 



that 18, flfig a mean prop^onal betweeit^ and m 



't 



y :. 



-— fflagnitude. 

" ' ( Va- Vc)' is greater than 0, 
'• a-2Vac + c greater than 0^ 
^^ ' '»+« greater tiians^^ 



or 



OT 



a + e 



greSter than i/oc; 



.,.^., 



:;^. 



2^ - , 
that ia, A is greater than (?, - v 

, .Also, aince a+cia greater Ji^ 2 ^S? 
• » - ^(<*'+c) 18 greater than 2a6| • 

: /. iJaeiB greater than — V^ -"^ 
- a+c* / 

ia. flf ia greater than B, 



^i^j 






■■,v 



■■ :. ■;:"-:■■•■ "■'."■« . -■'-■'■ 

I. Inaort two harmonk means between ftand-24. 
'^ 3- Al^tiiree .»>...»...:.,....:u..^...Jand|^ 



^ 



^"'••— v-^...:-:.........:. I and -i; 

' ' « 18 



.U^ 




♦"^v 



^ 
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ON HARMONICAL PROGRESSION, 



•Jmim 



«, Inaeiifive harmonic meana between -1 an»V2rV 

■* /•■ „■■■•■-■•. r^/' 



BIZ 



3 and 



23* 



\ 



(t , ♦;!,.. H ..•••••••••••••••••••«••••••• , zx anil «jy, 

' ^ The sum of three terms of a hannonical series is j^; and 

the first term is i : fiJld the series, and continue it both ways. 

io. The arijthmetinal mean hetw^TEWiriHVttheTs exm^ 
the geometrical by 13, and the geometrical exceeds the har- 
monicalbylS. What are the numbers I . 

II. There are four numbers o,''5, i, d, the first three in 
arithmetical, the last three in hannonical «rogpres8ion; show 
that a : 6=»e :4> .*. ' 

ia. If « is the harmonic niean between m and n, show that 

1 +-i— -L+l. 



»-m x-n m n 

13. ihe vatb. of three terms of a harmonic series is 11, and 
the 8uml)f their squares is 49 ; finH the numbers. 

14. If «, f^W l>e tl»e !>*» 8*, and r* terms of a kp., show 
■that '^-g)y» + (l>-r)aii+(a-i)>«y-0. 

if If ^the H.M. between each pair of the numbers, a, 6,c 
beiiiA.P.,then^,»«,c* willboinH.P.: and if theH.M.beiQ 

H.P., t, a, fl will be in hS? 

. ,4 Show that ?i^+^-4,>7, or >10, accordiug ai 
|jtii.ihe A^^^ B« ^^^ between a and 6. 



I J* •"' 



\'A, 



1&~7' 



. . ■- - ,L,„ - 



I 



••^mMtmmimmm 



lae it both ways. 



I and n, show that 



>10, according ai 



K 



*^ - "^ PERMUTATIONS* 

' 402. Thb different arrangements in respect of order of anfi. 
cession whi^i can be made of a riVen numlLr Ji? 
caUed Permutations. °^ things are 

^^ns if from a box of letters I' select too, P md Q I can 



»• 



iTj 



■ 'i^g.and^i^ ' ■ ■■ - •■;■■, 4-. V:: 
Q.PyS;Q,B;p, Q ^"^ ^ 

ij.i'.ejjj.e, P. bIZZ'. Z^' 

403 In the Eample. just given att the things in eaci ««, 
.« tdcen together; but we may be required to find h^^^ 
pennatation, can be made out of a number of thinr^C a 
certam mmim- only of them a« token at a time. °*^ ""^ » 

Thus a.e permutotions'that can be formed out of the lett«. 
P, e. and i taken ««x, a« a «m. are «x in number/ th» 

P,<iiP,S;Q,P;Q,B;S,P;B,Q. " :r. - 

i^t a, 6, c d.,. Stand for n different things. ;^ 

If a be placed before each of the other tlwbgs h e d \l 
which t he number isn- 1, wa sh^ll hav. >^] * ' ^ '" ^' 






Jn which d stands firs^lh^ 



888 



PERMUTATIONS, 



If 6 be placed before each of the other things, a,c,d ... we 
•ball have n- 1 pemiatations in which 6 stands firat, thus ; 
- — ^' 6a, &C, 5(1) ...••>!' :^ ' ■ 

Similarly there will be n - 1 permutations in which c stands 
first: and so of the rest. In this Wajr we get every possible 
'' permutation of the n things taken two at a time. 

Hence there will be » . (^ ~4) permu^tions of n things^l^en 



tations of the n things 



ttao at a time. 

Next to find the number of pe 
taken three at a time, tttt - 

Leaving a out, we* can form (n-1) .|[n-2) permutations of 
the remaining (n-1) things taken m> at a time, and if we 
place a before each of these permutkitions we shall have 
(w-l).(n- 2) permutations of the n things taken ihree at a 
time in which a stands first. 

Similarly there will be (n- 1) . (n-2i permutations of the 
H things taken three at a time in which h stands first : and so 
for tiie rest. 

Hence the whole number of permutations of the n thirigs 
taken (hree at a time will be n. (n- 1) . (n-2), the factors of 
the formula decreasing each by 1, and the fgwre inO^ kut factor 
being lless than the number taken at a tvm$. 

We now assume that the formula holds good for the number, 
of permutations of n things taken r- 1 at a time, and we shall 
proceed to show that it will hold good for the number of per- 
mutations of n things taken r at a time. 

The Amber^f permutations of the n things taken r- 1 at 

"itimewiUbe -- ^ . 

* fi.(n-l).(n-^. Ln-l(r-l)-l|], 

thatis n..(n-l),(n~2) (»-r+2)» 

Leaving a out we can form (n- 1) . (n-2) (n-1 -r+2) 

J|>eniiutationB of the (n-1) remaining things taken r-1 at a 

tUOM* 

Puttinc a before each of these, we shall have 



(»-l).( n 2 ) (r 



^ 



permutations of the n thingi taken r at 4 Ume-ln whkh • 
l^oudslkat. . _ ■ "..■ '" - 



>f the n things 



8 taken r-1 at 



mria wlikli • 




'SAnrTAT/OArS. 
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So again we shall have (ii-l) Cn-SV /« . ,n 

^'^T^^^^'' P-utationa of the V thing. 

,: ■^ • *;(n-I).(n-2)^ (»-r:f 1). ; ! 

If then the formula holds eood whpn fi,^ « ♦l.• 
r- 1 at a time, it will Z\A 7 T ^ ** *^'"S8 are taken 
' time. ^^^ will hold good when they are taken r at a 

, Bat we have shown it to hold wlren thevSteS^f 
time; hence it wiU hold when they are tokenTafa h ? 

J^«^« things be taken «« together, r-n^ahd the 

th«t«» 1 «•(«-!). (n-2) ...... 1 - 

as the numbed of permutations that can be formed of «>i;r 
ferent things taken a« together. «^ /^ '^tpied of n dil, 

Forbreidtytheformuhi « 1 , 

,., .'^ *>-!)•(*-«) 1. ' 

wmon 18 the same as 1.2.3 « 

iswrittenln. This symbol ia^yi^tofta^^ - 

Simikrij tisputforl.2.3 .r; 't 

llzi ......for 1.2.3....... (^_1)^ 

06^ U!^».|«:ii-».(»-l).Jn-2-&o; ' I 

^'^i^ ^'^ certain 0/ the things are alih. ^*"»' ««*«» «« 

Let the n things be represented by the letter a, L e, rf, 
M suppose that . « recursp times^ * «> ^ «' 

• ••»... J times, 
, • ...... r times. 



»»*«tr 



aSi. 



^f^other proof of tbk iWm my b. «•« ii Art m 



s^o 



PERMUTA TlOffS, 



Let P represent the whole numher of peniiutatioiia 

Then if all the p letters a were changed into p other letteis, 
different from each oth§r and from all the rest of the n letters, 
the pkcea of these -p letters in -a>iy one permutation could no\> 
be interchanged, each interchange giving rise to a new pennn- 
tation, and thus from eacsh single permutation we could form 
1.2...... p permutations in all, and the whole number of per- 
mutations would be (1 . 2 . . . p) P, that ia |jp . P. 

Similarly if in addition the g letters I were changed into q 
letters different firom each other and from all the xesk of the » 
Isttcis^ the whole number of permutations would be --—-rr-: 

ind if the r letters c were also similarly changed, ^ whole 
number of permutations would be . 

and so on, if more were alike. - / * 

' But when the _p, q, and r, &c. , letters have thus been changed, 
we shall have n letters all different, and t^ number of peima- 
tations that can be formed of them is | fi^^Aii. 405). < 

Hence P«|p_-lx-l21 "1*8 



'; t 



• Pi 



\v-WAl. 



Examples.— cxlvi. ^ 

I. ' How many permutations can be formed out of 12 thingB 

taken ^ at a time? . . 

2. How many permutations can be formed ont i)f 16 things 
taken 3 at a time 1 

3. How many pcnnntations can be formed out of SO things 
taken 4 9t a tim9 1 ^ J _ ^ , 

4. How many changeii csm be rung with S bells out of 81 

5. How many permutations 6an be made of the letters in 



the word A'ja i iitno<t o » ^a k e n all tog e ther \ 

; 4. in how irmny ways can 8 men be placed side by sidet 

r^i_i^,^i:!i: ; .^.-_- . .:..^ -■ , ,.^ ,._ , r. M l Mi- — ." ----- ^-v------: ^ 



4.^ 



CO.VB/NAT/OArS^ 



39t 



^ 7. In liow maiiy ways can 10 men be pijjced side by side? 
• 8. Tbree flags «e reqwred to make a signal. How manv 

tl.r ♦'?• "o '"'*' ."'' ""^8° = ""'"'*' "f permutations of the 
thing, taken 3 .t . time = 1 : 20, How many thing, are there! 

«™i' ,?*«."»^*«' »f permutations of ,« things taken 3 at a 
toe : the number of permulati^ibs «f » + 2 thing, taken 3 at 
atuneml:6. Fmdm. ■._,--■. 

U^^hJ;\^^ permutation, of a J, «, i, .,/,, taken aU 
together, lind Low many begin with cd. 

« 'f *'^f *^« °«°i»^r of permutations of the letters of the 
product a^b\* written at full length. 

™.!\;f ]v1 ^^ ^^°^V^ permutations that can be fb^ 
Sllf rw^." m each of the following words: C<m^ 
Talavern^Oalcutta, Proposition, Missim^ 



XXXIV. COMBINATIONS. 

H-f ^' *^f ^.°™l^*«ations of a nuntber of things are th^ 
diflfereiit collections that can be formed out of them by takinc 

l^T^ T^^ ** * *^'' ^^*^«"' ^««i to the Older in 
which the things stand in each collection. 

Thn, 4e combinations of a, 6, c, ci taken ««, at a time an 

Here ftom' each combination we coJld make two permuta- 
toons; thiis «ft,^; ae, m; and so on : for ai, 6a ai^ the same 
combination, and so are oc, c* 

SimUariy the combinations of a, 5, c, i tok^ ^ree at a time 
ft>» (nbr, flftrf, nrcrf, bed, 



Hew from each combination we could make tu permute. 




PI- 

•4 



t 
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COMBINATIOJN-S, 



And, generally, in accordance with Art. 405, any combina- 
tion of » things may be made into 1 . 2 . 3 ... n permutations. 

s -,,,•--■■■■■."■.■."■-■. ^ ■■"■ , 

408. To find the nvmber of combinations of n different thing§ . 
taken T at a Imie. y \ 

Let C, denote the number of combinations required. . ^ 

Since each combination contains r things it cp^ be mada 
into Ir pennutations (Art. 405)} - ' 

A the w^de nu^^^J^^J'®'?^^'^*^?!^ "" LL* ^ 

But also (from Art. 404) the whole numbOTof^rmutt^tioni 
flCn things: taken rat a time ^ ^|^ 

^n(n-'l)......(n^r+l)l 

^X J A[r^C^=»(»-l) (n-r+1); 

^ n(»-l) ...... (n-r+1) 

■ Vv" -: - ' . ' ."■ TZT. ■. ,' ,•■ ' 






4^. To show that ih« number of comhinatidns of m thingi 
taken t ai a time ie the same as. the number /taken n— r at'ci 

n.(n-l) (n-r+1) 

1.2.0 ....*• r 



M 



a- 



.<*T 



tfiA 



A i^.(n-l) {n-(nVr) + lt , 

*^"-'" V.a.3......(n-^) 

n.(n->"l).......(r + iy / ^^' 

^ , 1.2.3 (n-r) * '^ 



Benee 

a <i.(>i-l) .....(n-r+1) l.fl .8......(ii-^»> 

VZT l.a.3 r n.(n-l) (r+l) 

n.fi-l) (n-f+l).(n'^r) 9.8.1 

" -1.2.3......r.(r+l)......(n-l).i» . 

% 



-I. 

Thatisy , 



M' 



a-O^ 
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410. Mdiig r«], 2, 3 :...,.jr- 1, ,^ r+ 1 in <^ 

n n-\ 



i^J^ 






»•■••• ^,, 



v***« 



^/_ n. (n-1) fn~r4a 

*" 1.2 • (*•-!), ^ 

/7-. ^' (»-!)...>.. fa-rr-f 2). (n-r-H] 
l;a.... ,. (r^l) /r 

^ 1.2 r.(r+l) 

••••• • uy/T^^ gj t 



.y 



* 1 



onfn^'fh^'Tr^ expression for Jhe factor connecting CL 
one of the set of numbers (7,, a,,..... O,, ...... (?., with 0^ 

that which stands next before it, is '*~*'-^\ that i«^ 

Wittiregardtothi8lactor?^=I±i,weobser^ ' V 

(1) It is always positive, because n + 1 is greater than r . 

(2) Ite value continually decreases, for ^^i 

^w + 1 , 



*>~r4-I _wj-^l . 



which decreases as r increase*. 

» fhoagh ?irr±i continMlly dectcMc, yrt fot nvenl 

■S« value, of , it U peife, th»n «nity, and th«rcfoi. 
eaeh of the c«rre.poni.g tenn^is greater tta the piS " 

■ "L* _ i' ' -'.:■:■ ■.■"/■ 



=w 



tt inch that ^izi±i is leas than xaiX^ the cor. 



Iliponding term ia leas than the preceding. 



*r^ 



m 



COMBINATIONS. 



(6) If n and r be such that — — - — - = 1, C> and G^^x are a 

► '*'.■ 

pair of eqnal terms, each greater than any preceding or sivhso- 
({uent t(^rm. « " 

Hence up tea certain term (or pair of terms) the terms In- 
crease, and after that decrease : this term (or pair of terms) is 
the- greatest, of the series, and it is the object of the next Article 
to determine what ^alue of r gives this greatest term (or pair 
oftemis). ' V ■■'•'■.■;•- -'..-^^ -'■■■'" ^' ■;'■"■"- ■■;'-:S-v--;>:i ■. 

411. To pnd the value of r for which the number of comUnlfh 
Hone of n tiiiitga taken T together 18 the greatest. ^ 

^; "-'~~~T72TZTr(f^;^i) " ' > 

y^^ n..(n-l). (n-r + 2) (w-r-H) 

t ''^ 1.2 (r-1) ' r . 

Q _ n. (n- 1) (n-r+1) n-r, '" . 

■•/r-; . "^^ . : , 1 . 2 ,r ■ ■!.' r+r "■ •' - ' V - . '^ 

Hence, if C, denote the number of conibinations required, 

G G ' . t':- M^i' ' 

77-'- and TT- n^^st neither of ibe»i be less than 1. 



mi 



0, n-,r + l 



-'H-J 






n-r+1 . 



f+1 
is not less than 1 and is not less than 1, 



Hence - 

I' n—r 

or, n — r + 1 is not less than r and r + 1 not less than n-r, 
w, • n + 1 is not less than 2r and 2r not less than n - 1 ; 

.'. 2r is »ot greater thfiain+ 1 and not less than ti - 1. 
Hence 2r can have only three values, n- 1, », n + 1. 
Now 2r must be an even number, and thercfbro 
(1) If n be odd, n - 1 and n + 1 being both even nnmbcis, 



"IBfMuiay Tie etj^ual to n -Tor n+ 1 j 



^ik 
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■v— -— ~ 
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. 2 "-2 

9r^« ^^/^ evcn^ n- 1 and n + 1 being both odd numbers. 
2r can only be equal to n • ""wu, 

th^^o^' ^^^f^ *^'"^ h^w many must fee taken together 
t^at^ the number of combinations may be the great J pos- 

Here «=8, an even numbeivlheraoi^ the number to be 
taken is 4. which will fr.>^ 8 x 7 x 6 x 5 ' 
' . "* givts i j^ 2 X 3 X 4 ®' "^ combinations. 

^ Ex. 2. If tfie number of things be d, then the numW 
to be token is -^ or ^, that is 4 or 5, which wiU giv« 
respectively _ 

9x8x7x6 " ■ ' ■<:^/^-^ 

1x2 X 3ir4' "'" ^^^ combinations, and 

9x^6x7x6x5 '^ 

1x2 x^lHhdS' ®'^^® combinations. 



Ex AMPLES.— cxlvii. 



b.. dio^"^'^ '^^''" ^""^ "'"^^ *^^^'^* rarties of 4 can 
6 a'*a timT?"'"^ «>«»Wnations can be made of 6 things taken 

taken 5 together, in how many will a occur? : 

4. How many words can be formed, consisting of 3 con- 
Bj^nto andcme vowel, m a language containing 19^cons!n:i 

% M& amubcr of sombinSis of n thiu^^bi^ 
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• 3 

ft time, is 3^ times the n imber of comLinationa taken 3 at a 

time. Find»u t r?^ 



*>f?'' 



7. Out of 17 consonants and 6 yowels, how many words 
con be formed, each containing 2 vowels and 3 consonants ? 

a Out of 12 consonants and 5 vowels how many words can 
be lormed, each containing 6 consonants and 3 vowels ? \;~ 

9., • The number of permutations of n tilings, 3 at a time is 
6 times the number olcomblnations, 4 at a time. Find lu 'j_^ 

10. How many different sums may be formed with a guin(l 
a half-gumea, a crown, a half-crown, a shilling, and a sixpence? 

♦ ..= .«•.. ■'■■''' ... 

11. At a game of cards, 3 being dealt to each person, anyf 
one oan have 425 times as many hands as there ate cards in ' 
the pack. How many cards are there ? 

12. There are 12 soldiers and 16 sailors. How many dif- 
ferent parties of 6 can be made, each party consisting of 3 
'soldiers and 3 sailors ? ' 

13. On how many nights can'a diifemnt patrol of 6 men be 
draughted from a corps of 36 ? On how many of these would 
ftay one man b6 taken ? ^ ' ,. 



XXXV. THE BINOMIAL THEOREM. 
* POSITIVE INTEGRAL INDEXJ*. 

412. The Binomial ThBorem, first explained by 
Newton, is a method of raising a binomial expression to any 
power without going through the process of actual multipliV 
cation. . ' 






V 



18 taken 3 at i 



'or a PosUm 



Tfm BTNOMtAL THEOREl^. 

n , 



m 

-^^ 



: ^ Bj actual multiplication Ve can show that 

R tieae results we observe the following laws j .; 

I. Rich product is composed of a (ftscendi^ seriAs of 

the number of factors, and the indices of x decrease by uuitv 
m,each>ucceeding t<mn. " ' w«^*«wb oy uujtj 

of lito^''* """"^ °^ ''T " SKot*' by 1 than tl.e nWher " 

III. Th^oefficient ofthe^rffi term is unity. ^^ 

of the secontf t!ie sum of tti, a„ a, ... 
I - -. of tlie Mfd, tlie sum of the products of ^ 

^if ^at C'3'- taken iwo^at a time. 
• •; ; : ''/oftiie/oifrt^ the sum of tlie products of 

^i the last term ist[ie. product of a^ the quantitie. . ^ ^ "/ 

Suppose now tJiis kw to hold fbrn- r factors^ so Uiat 1 
, («+^Oe + a,)(x+a,) ...... (x + a^^) '^ , 

where^«a, + a,+a,+'...+a_^,...,, J _: J^^^^ _.. . »» . 
; ' ' .tiiat is, thesum of Oj, a,, a, ...cv4, . "^ > 



^<='fli«t-fai g a-f< 



■-I + ^i ' V-i + ... 



that IS, the sum of the products of a„ a^a^,,.a^,, 
taken two ttti a time, i> i»"»-..«^-i, 



ii 




>- 



T^B BWOM/AL TlIEOKEAi. 



"x' 



that is, the sum of tho products 
token three at a time, 




■ ' ' that is, the product of a^, a„ a^ ... a^-^ 
Now multiply both sitles by «+%, 

. Tluati::_...^:_.__:^__j.^ .., 1 __ _ '1 ._ .^._^._ 

-. ''-■ . ' ■^- , 

(«-l-Oi)(x + aJ... (a;+a„_,)(x+a^ a- ' 



'W 



J 



I ■ 



J 



NowSi + a,=ai-fo3 + c^...+.a,^i + a„ * 

that 10, the sum (Siaifa^ai...a^ . 

, £>, + a^Si==S, + a.(ai + aj+... + o^i), 

that is, the sum of the prodjacts of n^y a^.^a^ 
taken two at II time, ' 

that is, the flp||L,of the producTi^Hn0t9.>*<'. 



taken three at a time. 





it Is, the product of ai, a„ Og ... a^ 



le law My» good for n.- 1 factors, it will hold good 
irs : and M we have shown that it holds good up to 4 



4. • 
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^ 

Now let each of the n auawtitiw. «. ;, - , , 

ff, and let -ua wnte our resulfe thus : 

.^The left-hand side l^cpmes . * . - * "' . 

I jf + a)(x+a)..:(a,^.a) ton factors, that i«,(a + a)-.* ' 
*"»»«" the nght-hand side ' 

^.. • s** + <'+«■»- ...to n terms =na' 
i6 — ^-^— — I ' 



1.2 



-: : / • 

c »" 1.2 •'*' 



T,ii;^ilrf '^"''it'^f •••**^ «« "^y terms as aJe eq«al tothe 



,j„ ».(w-l).(n--2) 

1.2.3 ' • 



"">. 



.c* 






■A, ~ a . a . a . . . to n factorti :;«a". 
Hence we obtain as our final result 

1.2 






414. Ex. Expand OB + aj« -' . ^ 

. Here the number of terms wiU be^k-en, and we have 



i.fl.a.4 



1.2.3. 




V B-H l P- 






i 




«,. 



iJ. 



" Hwni. TKiB coMcieiit* jof terms equidistant from the end 
' flytitl frpin the beginiiing are the same. The general proof of 

tl^ idU' be given in Art. 420. 

'' .'I? .-■■■- , ■ 

Hence in the Example just given when the coefficients of 

/our terms had been found those of the other three might have 

been^written db^jat once. , - 



• Examples.— oxWli. 

'•*■ ■ ■ , *■■. . • 

f" Expand the following expressions : 

I. (a + a;)«. 2. (6 + c)«. 3. (a4 6)n 

4. (« + y)*. ' 5. (5+ 4a)*. ,6. (ejr+6c)». ^ 

^ 416. Sinc^ > «* ^ '' 

* (a+a)-=af+naar-i + -J^^^.oV-«+...+cr, 

tf we put «=» 1, we shall have 

- (l+a)" = l+no + ~-^^-i^\o«+ ...+*•. 

^416. Every binomial may be rcdnocd to such a form that 
Uie part to be expanded may liave 1 for its first term. 

Thussincfi * ./a + a=a;f 1+-V 

. . (x + a>"=af (1 + -)*; 

and we may then expand (l +-) and multiply each term of 
the result by af. ' . • 

E» Expand (2x+3y)^ 
(Ste+3y)»-(2x)«».(l+|); , - 



- + 



i.2.3.4Viii/ ^ A;ix/ j 



the coefficients of 



TffE BimMrALTNKomu. 



-32.^ + 24(teV+ 72()xVH 108(teV + aiOay + 2^^^ 

"* V*T»; , except that the sism of terma in ™Ki^u xt ,, 
pou-ers of a enter, tiia^.is the secoird S Jth '^ *?' ^^^ 
^y^ntetmB,y,m he negative. .. ''''''' ^'^^^ ^^'h, and other 



Thug (»-a)--af-„aa--i^.!Li(n;;il)^^ 

1 1 A 



(ot 



i *L'(^-l).(n --2) 

17273 — ^•«"^~*+...... 

(*-«)"* |a: + (-a)|- . 

Ex, Expand (a- c)< ^ 

-d*-6a«c + I0o'c«« IO0V+ 5ac*^c». 



tply eacli term of 



Examples cxiix. 

Expand the following oxpresaiona; 



, V power 

regard two terms as one, thus: 



w 









t|^":*^rf# 
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\, 



Ex. Expand (1 + a; + x^\ 

.'.^ ^ ' \. . A 

= (1 + 3x + 3x2 + «3) + 3 (1+ 2a; + a:«) a^ 
* m +3(l+x)a^+x« 

= llli; + 35:9 + x3 + 3a;2 + 6r» + 3x< + 3a:* v 

. - 1 + 3x + 6x2 + 7x3 + (jjp4 + 3aJ5 ^. aj«. 



Examples.— cL 

Expand the following expressions : 
I. j(a + 26-c)3. 

4. (3a:i + 2x* + l)«. 5. (x+l-l^. 6. (a* + 6^-c^)» 



2. (l-2x + 3xV. 3. (x»-x» + x)«.- "^ 



.419. 3*0 ^ni HKt r* or general term of the expansion of 
(x + a)". 

We have to determine (hres things to enable us to write 
down the r* term of the expansion of (x + a)". 

1. The/ index of X in that tenn. 
8. The index of a in that term. 
3. The coefficient of that term. 

.Now the index of x, decreasing by 1 in each term, is in the 
r* tenn n - r + 1 ; and the index of a, increasing by 1 iu each 
term, is in the r* term r^ 1. 

For example, in the third term 

the index of x is n-34- 1, that is, n-2 j < 
tjie index of a is 3 - 1, that is^ 2. 

'^^ In Msigning its pR»pff^oefficient to theV* term we have to 
4i-'tcmiine thu Uist ftictur in the denomiiiator and also in the 
numerator of the fraotioa ' 



« >(<t-'l).(ft>8).(n-8) 



•••• •• 



w: 



l+a;).x* + x" 

fa;2)x2 ] 
+ 3(l+x)a5*+a:« 



(»=' 


■■•■ Wi 

-x» + a:)».- 


(ai 


+ 6i^-c^)» 


the expansion of 


ible 


us to write 
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Now the te fector of the denominator is leas hv 1 fi *i ^ 

•2 to the KauT "^ "•* '*™ '" "»»«'' i' Wong, ^d addi,| i 

Thus in the 3- W the last factor of th^umerator is ; 

inthe4*.. n-3 + 2, thatisn-lj' 

and 80 inther* »*-4 + 2, that is n-2; 

•••*•• n-r-^^'-i. 



I. 



i.2T3::::::(rri)— — ^. * 

Collecting onr results, we write the r» f^i^ ^r *k 
<rf(«+a)-thu8: '^"^^^^♦^'^nnoftheexfansipii 

n.(n-l).(n-2) fa-^^^)^ 

«uu«wr. ine sum of the indices of a and a is n. 



h term, is in the 
ling by 1 iu each 



term we have to 
and also in the 



Find 



Examples.— cu, 

The 8* term of (1 +«)ir 

The 6* term of (a« - Wf\ 

The 4* term of (a - ft)>*». 

The »• term of (2a6 - crf)M. 

The middle term of (a - 6)»« 

6. The m iddle town of («^ f &^)V 



I. 

8. 

3. 
4- 
5 



7« The two middle terms of (a - 6)i» . 
Jfc_ The two middle terms of (a + ai;«t 
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&■ 



mmllJmmiiltllgtmA 



9» SI4QW tliftt the coefficient of the middle tenn cf 
; , v^.«*. 1-3.5 (4n-l) V 

ip. Show that the coefficient t)f the middle tern^ of 
(a + x).- ir2-^ix (^'^^n2n + 5^.....(4n-l)(4,4l) _ 

420. To show that the coej/icient of ike i* term Jnm A* 
beginning of the expansum of (».+a)f w identical mih the coeffir 
,cient of (he i*^ t&Fmfrom ^ md, • ^ . _ 

* Since the number of terms in the expansion is n -1-1, theie 
are n + l-r terms before the r* term from the end, and there- 
fore the »•* term from the end is the (n-r + 2)'* term from the 
beginning. ' ' « 

' 1" ' " ' " - \ : 

Thus in the t^xpansion of (aj-l-o)*, that is, 

sb6 -I- 5aa^ + lOaV + 10a«sB» + 5a*as + o^, 

the 3rd term from the end is the (6 - 3 + 2)* that ia tne 4* tenn 
from the beginning. 

Kow if we denote the coefficient of the r* term by C^ 
and the coefficient of the {n-r + 2)* term by C^.^^ 
we have 

^ ^ n.(n-l) (n~r + 2) 

*''"' 1.2 (r-1) * 

r> n.(n-l). }n-(n~r-t-2)4-2t 

C^rM= 1:2 ...... (n-r + 2-1) 

n.(n-l) r 

"1.2 (n-r-i-iy . 

< — 

Hence 

Cf,, _ n. (n>l) ...... ( n-rjj) ^ 1.8 .(n-r^-1). 



(I- 



•■-n 



1.2 



(r-1) 



«.(n-l) r 



it.(n-l) .{n- r-¥ 2).(n-r-H)> 2.1 

1.2. (*•-!). »■ Cn-1).» 



atl^-il, which proves the proposition. 



:a4;'i i'^&.i 



■ .'.:■ ■• -.,1; . - 

I'lie •* term of the expansion (x + a)- is ' , 

' IlC^JiI) (n-r + 2) * ' 

The (rV ir term of the expansion (X + «). i« 
!^ifcii):ii::i(!Li:l+2). (n - r + 1) 

Now V !Lr!jL] «;,«./, 

y — • i ^^ ^t Jess than 1 

^liea • t«^ -»« + « is first less than nr 

na + a first less than nc + ro, : ; 

'(^a) first greater than a (n + l); ' ^ . 

* ♦'^Fst greater than ?>±i) 

a; + a * . / 

If r be equal to ii^+D th.. n-r+l a , 

rr+n-f. . ; ''■^^ ' ~r~-i-I» and the 

1»'+ 1)- term is equal to the r» on,i i. • 

other term. ** ** ^ "^« ^ and each is greater than anj 

f. . ■ . ,,- ■■■ 

3 " ' '■ ■ 

Hew >(njJl)_ 2^^-H) j2 24 ' ^ ^ 



\ 



M 
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422. To find the 9um of all the coefficients m the exjpamion 
ofQ. + x)\ 

Since (1 + x)" - 1 .+ «« + -'^ 2 - a^' + • - ••• 



1.2 



putting x=l, weget ♦ ^ 

/ 2"=l + w + ^ — 1~2 "^ — j-^+»Hii 



or. 



f 



• the flum of all the coefiBcients. 



423/ To show that the mm. of the coefficientswf tlie odd terms 
in the expansion of (1 + a;)» is equal to the sum^of the coefficient/ 
of tke even terms. ^ ' 

.-■ ^ ■ ■ ■ ■ . . ■ "" - , ■ ■ . ' ' - ■ . 

SinCb , 

putting x=-l, weget' ^, . - 



or, 



— •In 



n.(»>-l).(n-2)^' 



1.2.3 



2) «.' 1 



■Bsum of coefficients of odd terms - sum of co 
^ efficients of even terms ; 

.-. sum oil coeiE&cients of odd terms =« sum of coefficients ol 
^ven terms. ' . •► 

Hence, by tlie preceding Article, v 

■um of coefficfents of odd terms = 2-=2"-»; 

* • 2" . 

itttii of coefficients df even terms = -^ «2*~V 



*> 



y 



m the expansion 



of coeflicieiitB oJ 






424.^ Wb We d.0^ th.t ,te„ „ i, . poaitive integer, 
:^ ' 1.8 ~+'t"" 

We hare now to ahow that thia equation hold. g^odlfheB 

»» 18 a positive fmcLirn. "^ ^^ ^ 

ive traction, u« -,anegatiyeinteger,as-3,ora 
negative fraction, as -- 
» ^- ■ 
We shall give the proof devised by Euler. 

426. If ^ be a positive integer we know that 

Let u^ agr«e to represent a series of the form 

l+m+^?i:i^)^^ 

% the symbol/C^, «^«,^ ;^ ^^^ ^^.^^ 

Then we know that when m is a positive integer 

(l+«)"=/(m); 

ZZ'^' to show that, also, when . ie ,.,,,,^ ^ ; 

1 . 2 "*" •'•••• 

...■■> 1.2 "•" •••••• 
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If we multiply together the two series, we shall obtain an 
expression of the form '' 

V " 1 + ck/it 5x^ + cce' + «^ + •••».-. ' 

that is, a series of ascending powers of a in which the coeffi- 
cients a. 6. c.....» ate formed by various combinations of 

- ■ ■■■'.■■ 

m and w. -■'■"■. ';\;' ■^"-■■:',.:.^- ■ "' 

To determine the mode in which a and 6 are formed, let us 
commence the multiplication of the two series and continue it 
as far as terms involving x2, thus \, 

V ? • /(TO) = l+ma:+—-Y--2--^a;'+ ...... 

'■■ ' -''x.- n. (w-1) « . ■ ■ • '.•■£ 

I _ /(n)=sl + nx + — ~-2-^!b''+ » 



TM.(m-l) o 



/(m)x/(ny=l+wx+ J 2 



W. (7l-1) o 
H -I a * ^ • 



fm. (m-1) 



+ WirH :j — 5 /■ * X 



A 

Comparing this product with the assumed expressim 



we see that 



a=m + n, 



. w.(m-l) ■^ n.(n~l) 
m^ - w + 2mn + n* — n 



1.2 






s 



lall obtain an 



■* . 


* ■ 
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Similariy we could show ?2,ac<wa;mwi%,^ca«*o» that ' 

-. 1.2.3 » - 

1.2.374 ^ • - f 



X" 



Tlie/omj of the coefficients, that is, the wavin wwit, «. 
and „ ^ involved in them, do 'not de^d L^" ''^f. ,^ 

«■! « be poative mtegera or any numbers whatsoever. " 

m^d'l^mr^'**'*™*"' ae law of their formation wha 

W?„f T "^ n ""f ""*«""• "» ^I**" know the law of their 
formation for aU values of m and n. , ■ 

* ■ ■ .'.,■." 

^ow when m and n are ^oMiivetnfg^en^ - f 

/(nO«(l+aO% 
/(n)=(l+aO"; 

-/(?») x/(n) = (l+aO«x(l+aO- \ , 

=(l+a!)"^ , 

- 1 + (m + n) a; + ^5i±?M^?±5zl)«.s . 

«=/(m + n). 

Hence we conclude that vHuxU^ be the values of m and » '. 



Hence 






*nd 80 gaierally 

■ - • . - 



3ro 



THE BINOMIAL THEOREM: 



Now let m=«n=j)= ... =jr, fc and Jfc being positive integers,, 
then 



/f ■r + x + r+ ...toft terms^ 



or. 



«• 






.a+«)*=l/(i)iV 



^ 



* • 



1.2 
wliieh proves the theorem for a positive fractioiial index. " 

Again, since / (m) ./ (n)—f{m + n) for all values of m aijid »i, 
let n*» -m, then 

f{m).f{'-m)=f{m-m) 
=/(0). 

Now the series l-nyia;+ ; — -V+ ... 

becomos 1 when m^ 0, that is, / (0) = 1 ; 
,-./(m)./(-«n) = l; 



r 



.-.(l+aj)— =/(-m) 



iH-(-»n)a+ 



-m( — m-1) 
n 2' 



35 + ••• 



wMoh proves the theorem for s^ neg(ntive Index, integral 



OX 



fractional, 



itive integers,^ 
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426. Ex. Expand (a4-a;)^ to four tonus.. * 



;*i. 






1.2.3 
3 



-a*+;^-^ + Jl_ ...... ' "^* " 

2a^ 8a^ 16a^ "* ' > 

Or we might proceed thus, as is explained in Art. 416, ■ 

C 2 a^ 1.2 'aa^ .1.2.3 -^"\ 

( 2a 8a2^16a3— j 

J 2a2 8a^ 



jx, integral <tt 



EXAMPLES.—CllL 

Expand the following expressions : 



I. 


(l+aJ)^ to five terras. 


7. 


(I - 058)^ to fire terms. 


2. 


(1 + a)3 to four terms. 


8. 


(l-a2)3 to four terms. 


3- 


(a+a)* to five terms. 


9. 


(1 - 3«)* to four terms. 


4. 


(l + 2x)2 to five terms. 


10. 


(a^'-f)^ to four terms. / 


5. 


/ 4a;\4 ' ^ 

\ ^ 3"/ *° ^*^^' terms. 


II. 


(1 -x)o to four terms. . ^ 


» 


(a* + X*) * to four terras. 


12. 


( T ~ 2 ) ^*^ *^'®° *®JpK ^ 


2^,.- 


• ' ■ ■ 


•":- 


'■>-. ■ - _.; ,,,.-■. 



2ft2 
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'**; 



427. ToeayandCl + x)-*. ° ' --^ - 
(l+»)-'-l+.(-n).a;+':^^'r=i^a;« ' » 

?' • , ^-n,(-n-l).(-n-2) 



•« T" •••••% 



the terms being alternately positive and negative. 

Ex. Expandr(l+a5)~' to five terms. 
" " 3 . 4 . 5 . 6 



U+x; -1 ^^ + 1.2* 1.2.3''^1.2.a;4 
\ , -»l-3a;'+6a;2-10a;3+15a^- ..• 

! 

428l' To ejBparwZ (1 - as)-*, | , , 

■, ■ * ■ » - I ■ 



■^-. 



&•* 



:,-a»- 



I 



• - ,n(-.n-rl)(-n-2) . 

1.2.3 '^*-. 



the terms being all positive. 

Ex. Expand (l-^)-3 to. five terms. 
fe VI N< T.o 3.4 „^ 3.4. 5, 3.4,5.6.. 



4 



' ■■.,'1 



'l + 3a; + 6x2+'10a;3+15ac*+ ... 

Examples.— ciiii. 



.^ 



-Expand 

1. (1 +a)~* to five terms. 

2. (1 - 3a;)~* to five terms. 



4. ( 1 ~ 5} to fi^ve terms. 

5. (a^ - 2i)-* to five terms. 



|. 41-2) to four tenns, d. (a* - ar)^ to four terms..^ 



ITS 
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THE BimMAL THEOREM, 



: 429. Toexpand(l+x)-l. 



^... 



1.2.3 






.0^ + 
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' ExAmiCes.— cltv. ^ 

Expand / 



Jilour 1 



?-(»--l)...(»-r+l) • > . 

From this we muat deduce the fo^ in aU casi " 



»^-l)...(n-r4.1) / 



1.2 ::r—~'V, 



^•;^'^ 



^ 



m* 



V, 
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T^mMrNOMIAL TTTEOREM, 



If n be negative and = -m, the (r + 1)* term of the 
sionof (l + a:)"ia 

(-m)(-w-l)...(-in-r-HX 



V. 



or. 



(-f)'.| T>t. (m + l)...(m+r-l){ af. 



Ix^i- 



If n be negative and «« - m, the (r + 1)* t^rm of th6 expan- 
sion of (t^as)" is -V ; 
^ -._ (-l)'.|m.(m+l)...(m + r-l)f v^_y. 



or. 



i».(m+l)-...'(m + r--|l) 



1.2 



.ar. 



,. • EXAMPLES.— civ. 

» * Find the r* terms of the following expansions: 

I. (i+x)'. 2. (1-x)". 3- («-«)'.; 4- (5«+2y)» 

5. (1+aO-^ 6. (l-3aO-^ 7- (1-^"*- »• (a + a:)^ 
a (l-2aj)"i lo. (a« -»»)"*. 

|(. II. Find the (r+ If term of (1 -aO"*. 
>^ la^ Find'the(r-lyl)*termof (l-4aO^. ^ - 

13. Fi9dthe(r+l)*termof (l+aO'^ 

, t4. Show that the coefficient gf af+Mn (1 +«)•+* is the Btim 
^ ^Uf the coefficients of af and a;^* in (I + x)^ ^ j .. . 

1^ What is the fifth tenn of (o^ - 6^* 1 



-^;M? 



17. What ia the ninth term of (a" + 2x«)^ ! 

18. What ii~flirfenth tWral of (« + 6) " I 

, m W iiat i<i thg MyjM#>rm of (a+ 6^"! 



• ■ 



h of th6 expan- 



4. 


(5x+2y)?. 


8. 


(a+x)i 


«-!. 


1 



x)*+* la the snm 



THE BINOMIAL THEOREM, 



— — _____^ ^'^ 

T^iW- ^'^J^^"^™^ are examples of the appKcation of the 
Binomial Theorem to the approximation to r^to of n^bers! 

(1) To approximate to the SiiuareiwtoAoc ^ 



10/1+4. 



'( 



1.2.3 



2 



\ •*•/ 



• (loo) ^ - 1 



100 10000 +roooooo- 

-10-19804 nearly/ 

(2) To approximate to the fifth root of 2. ' 
•^2 = (i + i)i ♦ ' " 



-i+»._i.+ 

6 25 250 2500 



3 _ Jl_. 



'^ + 5^ + ;r~r nearly 



26^2500 
-M236 nearly. 

(3) To approximate to the cube root of 25. 



^^5-*^(27-2)-3/l-^2)J 



Here we take the cube next ahw 2fi «a «. ♦ 1. / 
■econd term of the binomial m^Si^ « ,!^ """?" ^ 
Pwctied aa before. ^^ "* ^'^^'^^^^ «»d then 



EXAMPLKS.—clvL 



iSwximate to the following roots .- 



N, 



1)- .t 



":mi'<- 



XXXYIIi SCALES OF NOTATION. 



V 



432. Thb symbols employed in our common system hi ^ 
iA-ritlimetical Notation are the nine digits and zero. These 
digits when written consecutively acquire local values from 
their positions with respect to the place of units, the value of 
every digit increasing ten-fold as we advance towards the left 
hand,' and hence the number ten is called the Badix of the 
Scale. 

Jf we agree to represent the numb^ ten by the' letter t, a 
number, expressed according to the conventions of Arithmetical 
Notation by 3245, would assume^he form ^^ , 

3<3 + 2f2 + 4< + 6 



if, expressed according to the conventions of Algebra, 



'» 



' 433. TiCt us now suppose that some other number, safive, 
is the radix of a scale of notation, then a number expressed in 
this scale arithmetically by 234 1 will, if five be represented by 
/, assume the form 

2^+3f» + 4/"+l 

if expressed algebraically. 

And, generally,' if r be the radix of a scale of notation, a 

♦ number expressed arithmetically in that scale by 6789 will, 
when eipressed algebraically, since the value of each digit 
increases r-fold as we advance towards the left hand, be repi'e- 
; tented by !► , 



^ 434. The number which denotes the radix of any scale will 
hfi Tf> preBf>nt.dilin that scale by 10. 



Thug ki Che scale whose i^x is AMQ,;the i^umbe; 4v9 ncUl^ 
^ re^nsontcd bv la - — 



SCALES OF NOTATIOPT. 

— , l' ^ ^ 
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Qumbe^ ^Q wUl. 



I. «. 3, 4. ,0, „, xs!, ,3. 14 ^ 21. 22, 23, 24, 30, 31, 

I 32. 33. H 40, 41, 48, 43, 44, iJo.- 

ten in this 6caleT>y ^^^01 i,v' "^ "«"=' "• ^P«» 

1. 2, 3. 4, 6, (^ 7, 8, 9, ,, 10, U, ,2, 13, 14, 18; le; 1^ 

18, 19, K, 20, 21. 

.m.nbe» f„^ „i„, ^ "^^l^^ ^J/^^ W . the nat„«l 
who66 rodii is twelve thus : represented m the scale 

9. «. «. 10, 11. 
ut^J::;a^'^Tjr! ■'""'*"' '~'" '--''«<' '--ty-flve wil, 

18. 19, ", I., SO, M. 

^^^:^'^T^'' "r-""" ««' "«»« is ^.1. 

Hten-y. ^;^, ^Z:^' STnT^'H**"'"'"^' ^'"^' ^ 
denary. /»>^"nary, lienaiy, Undenary and Duo. / 



3i8 



SCALES OF NOTATION. 



Elx. 1. Find the kmn of 4325 and'5234 in tlie senaiy scale. 

s.^ ' ' -4326^ ■■ ,. " -rf^' 

' ' • 5234 

^ ,.■...■■ , <» 

the sum -14003 

which is obtained by adding the numbers in veitical lines, 
carrying 1 for every six« contained in the several results, and 
setting, down the excesses above it. 

Thus 4 units and 5 units make nine unit?, tha^ is, six units 
tpgether with 3 units, so we set down 3 and carry 1 to the 
next column*- — - f ^ _,:,.;_ _ 

<» * ■ . * 

Ex. 2. Find the difference between 62345 and 53466 iu 

the septenary scale. V c 

• -^ 62345 . ' 

: / . "53466 ' / 

the difference^ ' ■* 6546 • 

which is obtained by the following process. tVe cannot take 
six units from five units, we therefore add Moen units to the 
five units, making 12 units, and take six unit* from twelve 
units, and then we add 1 to the lower figure in the second 
' column, and so on. „ 

. i£x. 3. Multiply 2471 by 358 in the' duodenary scale. 

24 7 1 , • 

; ■;;• 3 58 '^^'■■'' ■ ^ 

:. Vo^ •, 

e c 5 . 

^ 8 3 3111 8 

Ex. 4. Divide 367286 by 8 in tlic nonary scale. 

8 ; 367286 

"^42033 * v^ 

tlie following is the process. We ask how often 8 is contained 
in 36, which iu the nonary scale represents dhirt/^'ikrm miite ; 
the answer is 4 and 1 over. We Uien aak how often 8 is con- 
tained in 17, which inUie nonttryscale rejweseats mlifii.vaiiU; 
the answer is 2 and no ranaindet. , And so ixx the other digiti 



^ >1 



a 



'\ 



^_..3^' 



.VtvJ^f 



Teitical lines, 
al results, and 

a^ is, sLc unite 
carry 1 to the 

» 

i and &34€6 in 



7e cannot take 

m Units to the 

to firoin twelve 

in the second 



SCALES OF NOTA TIOI^. 



3'9 



^^ 5. Divide 1184323 by 



589 in tlie duodenary scaler 
589; 1184323 (2483 . 




Ofe<- "■ 



39^0 

1523 

1523 

f 



J^. 6. Extract the square root of 10614521 in the sena 



senary 



10534521 ( 2345 

4, 



43 

,504 
6125 



253 
213 

4045: 
8224 

42121 
42121 



,** 



en8iscontaine<l 
irty-ikrw units ; 
r often 8 is oon- 



E±AMPLES.— clvU, « 4, 

I. Add 23561„42613, 645325'in the septenary scale: ' 

^ Add 3074852, 4635628, 1247653 in the nonary scale. 

3. Subtract 267862 from 358423in the non^ scale 

,4^ Subtract 124321 iW 211010 in the quinary scale ^ 

5. Multiply 67204 by 675 in the octonary scale. 

6. Multiply 1456 by 6541 in the septenary scale. ' 

r. Divide 243012 by 5 in'the senary €cale. '^ T" 

8. Bivide 3756025 by 6 in the octonary 'scale. • ' ' 
-9. g^tr ^ctt,h«^sqn flrer nn tnf26 ^ 00 B l.liial .esuiiaiy3Cft| <^, 
U^ f **!*JV"»« n^« 'oot of 5fi898n in the duodenary 




•y 
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SCALES OF NO TA TJON. 



■PWimi »i«nAii!W^<ii»i^iiMi 



• « 439. 'To~train>sf(yrm a gwen integral iiwmher from ovfi scale to 

vnother. ' * , ; • .' • 

i Let N be the given integer expressed in the first scale, , 

r th.e radix of the new scale in which the number is to 
■'/ -be (expressed, • ' 

Of if e ...... nifPyq the digits, n + 1. in number, expressing 

the nurab^c, in the new scale ; -i^ 
' 80 that the number in |he new scale will be expressed thus : 
ar* + 6r*~^H(-c»*~^+ *'+mr^+pr + q, . • ' 

Wa have now from tlie equation 
'^"~~"'' ' N=aT^ + hrf^+cr-^+ +mr^-\-pr+ig['' 

. 'V, , . j < 

to determine the valueip of a, 6, c ,„,.. m, p, q. 
. _ Divide N by r, the riemainder is q. Let A be the quotient : 

then ' I ' ' ' 

' Divide il by r, the remainder is p. Let B be the quotient : 

\ - Hence the ; 

first digit to the right of the number expressed hi tl^e 
7/ , new scale is gi the first remainder ; " 

second ^'...V... ...:......... p^ the second remainder; 

third ..*....'....,...... .....m, the third remainder; 

and'^thus all the digits may be determined. 

O^X. 1< Transform 236791 from the coQimon scale to the 



icale whose radix is 6. 



6 

.6 

6 

I 

6 

t 

Q 
6 






f. * 






39298 remainder -3 



6549 remainder 4 



lodl remarndtair 



181 remainder 5 



30 remainder' I 



6 remainder 



AMUAijJidg ^ 



The liambcr required is therefore 0015343. 



'rom onfi scale to 



S(^j11j^S of mTATION, 



ber, expressing ; 



are the only r^^^L^^^^ 

which UiTtes ' ^'"^ "" ^^^^. ^"^ ^ <^vision in' 

Ex, 2. Express 35^8 in the scale H<i radix i« 12. ' 



12 
12 
12 
12 



3598 



'299 reminder % 
24 remainder « 

2 remainder 6 

— \ 

remainder 2 



.;. the number requi^d is 20«fc \ 

44a The method of transform^ a given inte«.r frnm «. 
8cale to another is of coiirsft fln^hv^fi ? integer from one 

-oale, are other to tlT^J'S^^k ^ ' '" t^ •»"' 

_be careful to perform the rmtL^f^i J° "".""' ''»'^«»«' 

.^iththe principle. .^ilZTkk^l^Xl "" """^'•" 



6 
.6 
6 
5 
6 
6 



142532 



I 



^ 20330 remainder 2 



2303 remainder 3 



300 remainder 3 

33 remainders 

4 remainder 1 

remaind^4 



The requi|ed number is thexefore 413332. 

"Bxprese . x 

/ *♦ 1828 in the septenary' Asale. ^ " 



:- '' 



a* 1820 in the senary scale. 
Li ij* 4^"5l in the du6denary 8cul\ 



-^- 



. ■♦. -i 



pi 



SCALES OF NOTAT/OAr. 



4. 3700 in the quinary scale. , ./^ 

5. 7631 in the binary scale. -^ 

6. 215855 in the duodenarj' scale. . • 

7. 790158 in the septenary scale. 

Transform • . 

1 

8. 34002 from the quinary to the quaternary acs^l^ 

9. 8978 from the nndcnary to the fluodonary scale. 
' i|p. 3256 from the septenary to the duodenary scale. 

11. 37704 from the nonary to the octonary scale. 

12. 5056 from the septenary to the quaternary scale. 

13. 654321 from the c|^uodenary to the septenary scale. 

14. 2304 from the quinary to the undenary scale, 

^i> In any. scale the positive integral powers of the num- 
ber which denote the radix of the scale are expressed by 
10, 100, 1000 ...... ^, 

Thus twenty -five, which is the square of five, is expressed ii 
the' scale whose radix is five by 100: one hundred and twent 
five will be expressed by 1000, and so- on. 

Generally, the n* power of the number denoting the ra<lix 
in any scale is expressed by 1 followed by n cyphers,* 

The highest number that can be expressed by JJ digits in a 
scale whose radix is r is expressed by »* - 1. - 

Thus "the highest number that can be expressed by 4sdigitB 
in the scale whose radix is five is _ ■■ 

' r 10* - 1, or 10000 - 1, that is 4444. ' .'( ' 

the least number that can be? expressed by jp di^t» in a 
scale whose radix is r is expressed by «*^*' 

Thus the least number that can be expresatd by 4 digiU in 



the scateixrhoseTs^x ifflhrrTr 



lU^-^.^lO^.thatislOOOt 




SCALES dp NOTATIok 



the i|e^ leaves yli div^ij^ri^^ ^"^" '''"^'" ^ 
Ui i^^e the number, and suppose 

. 4, « ^ +ww*+i»'+^^ r 



^ow all the expression^ f- l/r-*, i > V V i 
dmsibleby r-l« - ^ '^-1>T-Iare 

•*• Try"' «" JutogoT :^ <' + & + c4- .^;..m4.a)4.y 

"^:::has-^;^^ 

i^maindei. after dmsionai^^^'l^ 
'% ou/i^ n.n«. ''^ °V^"'t^P^^°«tion m Anthmetic by co.^ 



For let 
and 
tliexi 



-45= 9(9mn + an + 6m) 4- 06 • 
that is, ^i? and oft when dividefl hv o , ii 1 , 

remainder. ^ "^^ ^ ^" ^eave the same 



/I 



- ^ 

ifcirftm/ Fractions. 



".^ local value orJllTlect^""! T "«"' ^ '*«' «> '^'-s 
advasce from kft to right '*™' proportion „ we 



T«rtIiCTl^th« Xft^Z -^ "uuui naveTrir were one place 

uuita' pl^e i seri^ we shal have x,n the Tij^fat hand of the 

Place a series of Fmptions of which the deno.uinatoni 
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scale's of notation. 



are successively r, r«; r*, ....... while the "iiuraeratorB may be 

any numbers between r-1 and aero. These aie called 
Radical Fractions. ' » . 



- In our common systen* of notation tBfe word UaMiMX is 
replaced by Decvmcd, because ten is the radix of the scal^. 

Now adopting the ordinary system of notation, and mairkmg 
the place of units by putting a dot • to the right of it, we ^ave 
tkeipliowing results : 

In the denary scale 

U 4 7 8 ' 9 

^ 246-4789 = 2 x 102+4 x 10 + 6 + j^ + -j^^2 + y^^+ ^qV 

in the quinary scale . \ I 

4 2 1 5 . ' 
r 324-4213 = 3xl02 + 2xlO + 4 + Y^ + yQ2+^3- + -^^, 

rerapmbering that in tJds mle 10 stands forgive and not for ten 
(Art. 434). 

444 To show that in antj scale a radical fi'action is a ptmer 
fractihi' " : 

Suppose the fraction to contain n digits, a, 6, c 

Then, since r- 1 is tbe highest value tjiat each of the digits 
can have, 

- + i + ... is not greater than (r- 1) (^ + ,4+ -to « terms) 

not greater than (r- 1) ^ - •—— 
1 •- ( 



i-i 

r 



not greater than (r-1) [ji^nris p 
not "reatcr than — -— j ' ' 



r 



not greater than 1 - -j 



ction is a pepper 



SdAlES OP NOTATION, 



n. ^^' ;? ^''^"^f^r" « A^''^^^ ^^^^ in a given scale inta 
(^ radical fraction in any other 8caU. " ^caie %nta 

lH)t F be the given fraction expressed in the first scale, J ] 

y; f the radix of the new scale in whicli the fractioJ is to' ^ 
\,, be expressed, "* vl 



from^which equation the vaW of a, ^ ... are to be defS" 
Multiplying both sides of the equation >t^i^ 

r H^ *•• 
^^^ r '*";s ■♦\- is a proper fraction by ^rt. 444. 

r 



'-+^+ ••• 



Giving to Uiis fracLnal part of JV the sykbol F, we have 



6^c 
7+^+ ... 



Multiplying both aides ^f the equation by r, 



^0 -^^^ 



Kpu c o the i nte gral part of Af ^ A, the second Wi of the 
{"^.'r'.«-l thus, bya simiApri<^.aU the'JLl . 



new 



M^w IVftcUoi^ n;^ay be fo^n4^/' 



prp«iess,aU tUe digits of the 






■/ 
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SCALES OF NOTATION. 



3 



Ex. 1. Exprefss | as a radical fraction in the quinary 
Bcalo : » - 



'■ ."'. •. 




= x 5 = 

7 


15 


-4 


1 






^x.= 


5 

= 7 = 


■ 6 
--0 + ^ 




1 /■-" " 




1-= 


25 

" 7 " 
20 

~7" 


= ? + *. 

-4:- 


- . 


^ 


h- 


30 

~ 7 " 


=4.|, 






« ^ 


7» 


10 

7 


-4' 




therefore fraction IS 
, Ex. 2. Express 


•203241 recurring. 
•84375 in tie octenary 


scale : 




"- 




•84375 




. . / 


- 






8 





^6-75000 
6-00000 



The fraction rfeqiiirecl is "66. . " 

Ex. 3. Transform -42765 from the noi&ry to the 'senary 

scale. ^ ; ' ^- -^ ^ — 

•42765 ; ^ . 

6 ' ' ' 



2-78133 
6 

6-23820 
6 

1*55430 
6 






A'-'' 



3-65800 



Tlie Iruction rcqiiircd is -^512^..^ 



t< 



■«■ • 



SCALES OF NOTATIOir, 



- • I . 

quale'^Lat ^f"^ "'*'''' """' *^ ^"'^"-^ '» ^» 



4 J 124 

4 2937 - remainder 

83< -remainder 3 

ipg - remainder 2 

- remainder 3 




16 -remainder 2 

4 -T- remainder 2 

1 - remainder 

j ,0- remainder 1 ' 

Number required is 10223230-3121 ... 

I. Express ^ in tlie senary scale. 
3 



•<275 
4 

3-4/58 
4 

1-75 <8 
4 

2-5eC8 
4 

l-c/28 



-r 




^ 2. Express jj in the septenary scale. 

3/; Express 23-125 in the nobaiy scale. 

#-»£press^ 1820-3375 in the ^aiy scale. 

5. In what scale is 17486 written 212542 ? 

4 In what scale is„511l73 written 1746^6? !» 

^ Show that a i^umb^ the Common scale is divisible 
(0 by 3 if the suiaS its digits is divisible by 3. . 
(2) by 4 if «ie last two digits be divisible by 4 
G)j)^»illJ16 last three (ligite be divisible by 8^. ' 
ii) l>y 5 if the numbei, ends ;\:i|h 6 or .a.-l-^-' 1^ - 



4- 



■•2f* 
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ON LOGARITHMS. 



(5) by 11 if ihe difference between the siiin of ^th^ xligits 
" in the odd places and the sum of those in the even 
V places be divisible by 11. / . ; * 

8. If N be a ntimber in the scak whose radix is r, and n 
bo the number resulting when the digits of N are reversed, 



show that iV-n is divisible by r- 1. 



v/v 



I xxxviir: onvlogarithi\^s. 

, ■ , ■ ■ ,'. \ 

446. , Dbf. The Logarithm of a numberto a given base 
ialiie index of the power to which the base tnust be raised to 
give the number. 

Thus if m-o*, % is called the logarithm of m to the base a. 

For instance, if the base ai a system 6f Logarithms be 2, ^^ — 
3 is the logarithni|t)f the number 8, • 
y because 8=» 2*: , /• 

ftnd if the base be 6, tj>^** 

3 is thel^arithm of the number 1^5, 

because 12JN=:6*. 

f . . 

447. The logilHthm of a number to to the base a is written 
^ns, log^m; anil so, if m- a", 
'--■ .; ■ ^.. flB-log^TO, 

■■ -4*' /.'-,»'.' ■ • . 

.vllenco it follows that TO— a"*"**. 

' . - * 

,448. Smcp l-o», th^logarithm of unity to any baw i> 
zero. 

^* ^1: Since-a-a*^ Uii k^rithm' of the baae of $ni ByatiSm 
* u unity. / 

'JMf. We now proceed to describ e tliat irtrfoh i» tailed th^ 



Common System of logarithms 
^ TImj l>ase bf the nystem is 1^0^^ 



# 






**!»>■- 



[ise a is written 



;b is called th^ 



Off LOGARITHMS, 



3«9 



Bj a ^,Um oi logarithms to tKe base 10, we mean a ancceg.' 
am Devalues of » which satisfy the equation * "«^ 

for all positive valu«i ojti», integral or fractional 

thP^n!l */^'? ^ ^^"^^^ ^y *^« ««™« of logarittimfl of 

l«r::f '^^^^^ ^" ' '' ^^^' -W^h co^ituS^the 

Sl^^^f ,T? '"; '"' "^^^''^^^ **»^1«^ *^d which are 
tnerejpre called toWw %anU»w. 






and so on. 



1 = 100, 

10=10V 

100= 10«, 

1000=103, 



Hpnw» the locmrithm of lisO, . * 

of 10* is 1, 

of 100 is f, • 

of 1000 is 3, 
and so on. 

between 10 »d loo the logarithm ia .decimal betwoeii 1 



standlhiis in the tables : 




LoK 



o-ooooooo 

0-3010300 
6-4771213 
0-6020600 
0-6989 700 



0-7781613 




Log 



-■<,;' 
•^% 



0-8460980 
0-9030900 
0-9642426 
1-0000000 



1 41 3 927 



1*0791812 



tl^^ lc)prithais ire calculated V> seven tdacet irfhdNeMi^ 
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ON LOGARITHMS. 



452. The integral parts pf the logarithms (A nmnbers 
higher than 10 are called the characteristics of those logarithins, 
Mid the decimal parts of the logarithms are called the maw<t«sa5. 

Thu* : 1 18 tBi characteristic, 

*■ , K)'791812 the mantissa, 

' ' of the logarithm of 12. v '< ' .' 

"^'■. "■■*;■ ■ ' ■ ■ i- ^ " 

468. The logarithms for 100 and the numbers that succeed 
it (and in some tables those that precede 100) have no charac- 
teristic prefixed, because it can be supplied by the reader, being 
2 for all numbers between 100 and KXX), 3 for all between 
liXX) and 10000, and so on. Thus in the Tables we shall 
find 



%: 



No. 


Log 


•100 


0000000 . 


101 


0043214 


102. 


0086002 


103 


0128372 


104 


0170333 


106 


0211893 



Vi 



which we read thus: 

* f the logarithm of 100 is 2, 

: . of 101 is 2'00432l4. 

of 102 is 20086002; and so on. 

464 'Logarithms' are of great use in making arithmetical 

computations more easy, for by meians of a Table of Logarithms 

the operation 

of Multiplication is changed into that of Addition, 
... Division ; ...Subtraction, 

...^Involution *«.«^ „,m«m«m. Multiplicatien, 

...Evolution * ....Diviwpn, 

HB w« nhftll show in the next four Articlea. 



465:c TU hgamfhm qf a product it tfual to the mm o/<M 
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and 
. Then 



■U 



V .*. log,mn=a;+y 

Hence it follows that 

and 8imilrf?iy it may be ahown that the Theorem hold* good 
for any number of factora. ~ —- ^^^ ^"^^^M^^ 

Ad^Mprt!"* °**""°° of MultipUoation U changed into that of 



Sui 



K 



an/SBKfrwf T' ''\''^''* ^ ^""^ *^« P'^^"«* «f 246 

, .li^ *^^ losaiithms of the factors, and thrsum w 

the %ai1thm of the product : thus /^ 

• . log 246 = 2-3909351 ' 

log357 = 2-6526682 
their sum =4-9436033 . ; .. ' 

which is the logarithm of 87822, the product required. 

Note. We do not write log,^46, for so long as we aw 
tlTsX^- l^S^^ttms to the particular base 10, we may omit 



A ^5 • ' ^A ^>'*'^f^"» "/ « ^^^^ is equal to th. logarithm of ' 
the dtmdeiid dminished In, the logaritJm 0/ Uu divisor, ^^ 

Let 



and 
Then 



* n«o'. 
n * 



/I 



> 



*^Q j 8«w>"l«^% 



h.Sl "" T "^:** IM'^Won iB «h«,;g.a into that of Sub. 
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- If, for example, we are required to divide 371*49 by 62-376, 
we proc6ed l^osf, \ V . 

# ,-: . log37l-49=2-5699Sl7V .' ; 

* log 62-376 = 1'7191323 

• " their differeuceB /8608148 
which is the logarithm il 7'0927&2; the quotient leqoiied. 



/ 

<* 



467. The logarithm of any power of^ a number m equal to ike 
product of the logarithm of the number and ike index denoting (he 
poujer^ ~ ^"^ :;-■ ;-"-t7 - --;—-:<--^;-— ---■;-: -^~— -- 

?: Let ' ' m«"ttf. 

Thw / fW-rf*; * ' 

.'. \og^m'=rx . . ^ ^ 

■=r.log,w, ' 

Thus the operation of Involution is changed Into MnltipH- 
caUoTL ► •* , ' 

Suppose, for instaniie, we have to find the fourth power of 
, 13, we may prcMBeed thus, ^ t 

: , . '* log 13 -1-1139434 



I 



j -.4-4667736 

which is the Iqguithm of 28661, the number required. 






468. The logarithm of any root of a niim&«r it equal to (he 
quotient arieing fnym the division of ihe logarithm pf the number 
by the number denoting the root. 



Let 
Then 



» 1 

I a 
.•. log,m'-- 



• -|.log.«l.^ 



> •»■> . 



THu^ ^1^9 operation of Evolution is chanced into Divlaion. 



'49 by 52-376, 



f / 
<* 



; recoiled. 

•jis eqwU to tkt 
lex denoting (hi 



Into MiatipH- 



^urih poww of 



tquiied. 

' it equal toUu 
n QfiKe numher 
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. ^^>-- Wto fiud the 4fth r^ of 1680^ 

C - ^ ^6 i_^254902;the %of ieSOTJ 

"X: ■ -8450980 "/ " T ^ -■■■i*.. V ■.■^^.V 
which is the lo^rithm of 7, the root required. ^ i , 

'^ ovfr !;i ^^ T'"''" '^''*'"' of Logarithms has this advantage 
aam^ as the radix of th^common scale of notation. • - 

— Hen^it is that the same mantissa serves for all nui4er« 

^ which have^the same significant digits and A^ r LyS Se 

position of the place (if units relatively t^hose digiV ! 

For, since log ' 60=log la+log 6-r+lig 6, ' " '. ' 
^^ HeOO^log 100 + log6=:=^+:iog6^ . ^ 

log 6000 = log 1000+bg 6 = 341ogi ■' • \-^- 
^ Jji? clear that.if we kYiow the logarithm of ' any nnmber a^ 6 
we a 80 know the logarithms, of the numbers resulting' f^^m 
multiplymgthatnpmberbyt%pow^^QflO. '''''"^"^'^'^,"^ 

So again, if we know that ' . ^ " " •' *;.^ 

m . % i -7692 is -247783, ' 

we Also know that - . ' 

^' -.■-■ ■ 

. 'log 17-692 is 1-247783, • 
, '' '. . /• H 176-92 if 2^247783, ^ 
^ • "log 1769-2 is 3-247783; 4 

; Jog i7692 is 4-247783,' ^ , • 
log 176920 is 6-247783. ' : , 

tiiJ^nii^' "^"^ now tmt^f the h^n« of h^ml 









^ " 1 




• » • f < 


'^H 




into Divwom fl 




:«-pr?^.;^.V'/:^:. ■■ 


-.-v.^-^-.- -.U- ■■ ^M 





/ 




J«^ 



r 



thelogaritlim of a number 

................. betweeji 1 and •> •! lies between and,-!', 

...,.;.........».. between, -1 and -01 ....'^land -% 

......^.v^,*.... between 01 and -001 ................. -2 and -3, 

and 80 on. . /^~~^^. ^\ 




Hence the logarithms of all numbers less -than unity are 
negative. ' . '- ' ,' 

We*ao not require a separate table for these logarithms, for 
we can deduce them from the logarithms of numbers greater 
than unity by the following process : > 

; "v log-a =log^ =lo^6-logl0 =log6-l, / 
'': log -06 =log ^ =log 6 ->g 100 =log 6-2, 

.fix'- log -ooe^iog^^ioge-iog 1000=10^678. 

Now the logarithm of 6 # -7781513. 

. Hence • , 

log '6 -i-l + -77815i3, which is written T'7781513, 

■ log -06 « - 2 + -7781613, which is written 2-7781513, 
log -006= - 3 + •7781613, which is written 3-77816% 

the characteristics only being negative- and the mantissca 
'^sitive. .•■^■- . ■;■ - ;.^- ■ .-M'-.^M' 



.*-c 



461. Thus the same mantissfle serve Tor tlie logarithms of 
all numbers, whether greater or leas than unity, which have the 
same significant digits, and differ only in the^position of the 
place of units i-elatively to those digits. - . , = . 

* ■■,>'■ ■■;■■■■ .. ■ * , '■'' ,f^-^ -"■ ■■: M . ' • 

It is 'best to regard the Table as a register of the Jlogarithma 



of numberiwluch have ow wghlfiiMSrt digit "bcrfflre aecinilit 
\nnnt. 



~mn 
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No. 



I I*g 



ore Uie decimal 



For instance, when we read in the tables 144 1583C26. We 
Interpret the entry thus * / ^^ 

V log 1-44 is -1583625. 

^We then obtointJie following rules for the characterisUc tb^ 
be attached in each case. *- •« 

• L If the decimal point be shifted one, two! three n 
places to the right, i>rcfix as a characteristic 1, 2, 3 .. T '" 

11. If the decimal point be shifted 'One, two, three n 
places to the le«,-preflx as a characteristic r, 2, 3. ..ii, " ' 



Thus 






log 1-44 is -1583625, 
fog 14-4, is 1-1583625, 
leg 144 is 2-1583625, 
log 1440 is'3-1583te, 
log * -144 is 11583626, 
log -0144 is 2-1583626, 
•00144 is ^-1583626. 



^-. 



, •■ ■ •-\ ■ - . ■ 

462 In calculations with negative characteristics we follow 
tlie rules of algebra. Thus, «i""ow 



' ^!? AT\^^^ *° ^^ '^^ ^^S*^*^^"** 3-64628 and 2-42307 
.we hrst add the mantissa, and the result is 1-00996, ahd theh 
add the characteristics^ and this result is \: i, •• > |, ' - 

The*ftnal.result is 1 + 1-00995, that is, -06995; ^ ^ 4 \^: 

^^Ll^ ''^' fi- 3-245607S, wc^ ^ ' 

• ." • * -3+ '2456973 ' 4 

-■ -5 + -6249372* ' ■ * 

!l!!.!jr^1.*f '*^^^' M ibtrac^lon in the dociinal places\ 
' tf rola u ^^* ^"""^ ^^'^^ " "^ a ubtractod from - 3 giving 



H«ttW Uie resulting iogimlhrn in l-C^7ooi. * 



,.._.». 
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ti*^iiirii»hi.wpiiti- 



(3) "io mtdtiply 3-7482669 by 5. • . s. 
;; 3-74825C^ * 

' -- ' ^ "** m412845 ,^ . - .' * • 

the 3 carried on from the last multiplication of the decimal 
places being added to - 15, and thus giving .- 12 as a result. 

(4) To divide 14-2456736 by 4. « ^ ^ ^ 

'Increase the negative chara?kejfetic so that it may. be exactly 
divisible "By 4, making a proper compensation, thus, ' , 

y : ' 14-2456736 = 16 + 2-2456736. v 

Then 5:?^-^^'i?^'=4 + -56141^^^^^^ ; 
and so the result ia. 4-5614184. 



.^. 



Examples.— clx. 



, ' I. Add 3-1651563, 4-7505855, 6-6879746, 2-6150026. 

; 3, Add 4-6843785, 5-6660657, 3-8905196, 3-4675284. 

^ •; >|. ' Add 2-5324716, 3-6660667, 5-8906:196, -3156216. 

' A 4; From 2-483269 take 3-742891. ^ " * g^ 

5. From 2-362678 take 5-428619. . i 

- _ :^ ^ j«join 6.349162 take 3-624329. ^ . 

,7. Multiply 2-4696721 by 3. ^ ' 

VS. Multiply 7-429683 by 6. ^ 

V^ 9. Multiply 9-Si843617 by 7. 

'10. Divide 6-3726409 by 3. •• , 

V: , 'jj; Divide 14-432962 by 6. ' ' \. __ - _ ' 

.IX Divide 4-63627188 by 9. • ' ' 

403 . We s hall now explain how a B 3-at.cm of logaiitlimi 
calculated to a imse a may be tranaformed into another systm 
of which the base is 6. . 1 j,^ ^^ j : 



."-ft 
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%yi' 



Let m be a number of which the logarithm ia tlie first '^ 
system is X and in the second y. 



Then 
and 

Hence 






• logJ»' 



i^^—^ ' 



Hence if we multiply: the logarithm of any number in the 

system of which the 'base is > by j— , we shall obtain the 

logarithm of the same number in the syatei?i of which the baso 
is 6. ^ * ' .. 

This constant mr tiplier j— -t is called Thb Modulus o/^ 

system of which the ba$e. is b with reference to the system of 
which the base is a. 

464. The common. system of logarithms is used in all 
numerical calculations, bmt there is another system, which we • 
must notice, employed by the discoverer of logarithms, Napier,' 
and hence called Th« Napierian System. 

■ ■■ -I-'' ■ 

The base of this system, denoted by the symbol .^ is^the 
number which is the sum of the series a / * ' 



s-hUJL^ 



of which sum the first eight digits are 2-7182818. " 

■ . . '■ ^ . ... . I ' . . 

466. *Otir common logarithms are formed from the Lorrgu 
rithiua of the Napierian System M Jauitiplying each of tko. 



i^l 



W^' 
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latter !by a common multiplier called The Modulus of the 
Common System . 

This modulus is, in accordance with the conclusion of 

A . Ant\ *■ "•''■' ■•'■■'•■J., • -■ V' •■ TO'' ■/-.■' 

Art. 463, T T^. i ' V • 

■ ■« 

That is, if I and JV be the logarithms o£ the same number in 
the common and Napieiip systems respectively, 



i= 



102.40 



.N. 



?,#■ •. 



"* 



Now log. 10 is 8-30258509 ; • , ^ 

and 80 the modulus of the common system is -43429448*^ 
466. To prove that log,6 X log»ttocl, :, 



JLet;;--NU 


': ■a;«log.&. 


Thea 


- % &aa^; 




,: /.2r=a; 




, 1 , 


Thus 


log,^xlog»a=a;x- 



&i^' 



'n-^ 



467. The following are simple examples of the method of 
applying the principles explained in this Chapter. 

E^ 1. Given log 2 = -3010300, log 3 = -4771213 and 
' log 7^-8450980, find log 42. 

■ * 

Sinaj 42 = 2x3x7 

/ log 42 = log 2 + log 3 + log 7 



r!3m0300-f'4 
1 1-6232493 



InloB of the 



onclusion of 
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Ex. ?. Giveh log 2 =-3010300 and log 3 =-4771213, find 
thto loprithms of 64, 81 and 96. 

Iog64=log^«=61og2 .- ^' 

> log 2 =3010300 . 



r '% ' /. log 64- 1-8061800 

'tlog81=log3*=4lpg3 

^ _ _ _ log 3=« '4771213 

4 



x^ 



A ' • 






/.log 81 = 1-9084852 



and 



(•t 



"#D^ 96 = log (32 X 3) = log 32 + log 3, 
,^ log32=log2« = 5log2; 



'^ 



.-. Iog96=5log2 + Iog3-1-5051600+-4771213 = 1-98?2713. 

f^. 3. Given log 6 = -6989700, find the logarithm of 

^(6-25). *.. ., .^ 

Lg(6-25)^=^logo-26 = Jlog^=i(log626-logl00) 
'- k -^aog5*-2) = |(41og5-2) 

•i (2-7958800 - 2)- •1136667. 



^ 



Examples,— clxl. 



I. Given log 2= -3010300, find log 128, log 125 and 
log250a 

2iv Given log 2 =-3010300 and log 7 = -8450980, find the 
loganthius of 50, -005 and 196. 






3. Given log 2- -3010300, and log 3= -4771213, find the 
logarithma of 6^ 27/64 and 676. ^ 

4. Given log 2 = -3010300, log 3 = -4771213, log 7 --8450980, 
find log 60, log 03, log 1-05, and log -0000432. 



»o 
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5. Givenlog2=-3010300,logl8=l-255^6ana ^ 4*.' 

log 21 =^1-3222193, find log -00075 anMog 31*5. , ,- 

6. Given l;(«ii= 6989700, find the logarithW of 2, -004, 

7. Given log 2 « '3010300, find the iogarithma of6, '125, 

8. What are the logarithms of -01, 1 and 100 to the base 
101 What to the base -01 ] t %- 

' 9. What is the characteristic of log 1593, (1) to base. 10, 
(2) tp btf^e 12 ? ' I '<.. ' 

10. Given ^=«, and «=%. ^^ xm^y. ^ ' ^^z-^,. 
If. Given log 4= -6020600, log 1-04 = -0170333 : 
(a) Find the logarithms of 2, 25, 83-2, CW'**^. |^, 
. <6) How many digits are there in th^ :iBt^ral ^m*)^ 

M. ' Given log 25 = 1-3979400, logl-03^ "^ 



L*ii* 



(a) find the logarithms of 5, 4, 61-5, (•p64j«*^ 
(6) How many digits' are th^r^ in the, integr^ part of 
(V03)«»l--- , ,■; - -.>- ■, . ■; '\:-:r .-pyy 
13. Having given h>g 3 =-477l2I»/lQgi^-B45/G980, 
• • lo2ll = 10413927r: ;; ; ^ ' 



77 .-:>:■ -iji;'''-. 



find the logarithms of 7623, :^ *^^ B3§« : 



14 Solve the equations: ''~^'.:,'f. / -. - 1 






; (3) a^.&'=r>^ 



_x--^-. 



(^ art' 
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id ,■!:;<■ " ^- . 
31-6. ;., 

of 2, -004, 



I of 6, -125, 



to the base 

%■; ^ ■ 
to base. 10, 











r"^V"^^''^-- 


; 


- S» V;- ^ -1« J. 


'. ■ 


c-Vi ■. „- 




■" V^Vv'i 






.. 


■ i" ", 


'.J^ 



' "H' ' » ■■ ' — - — - 

468. We have explained in Arts. 469- — 461 the' advantages 

of the Common System of Logarithms, wl^g^ may be stated in 

J| more general form thus : ' 



•»■ 



li^tA be any sequence of figures (rach as 2-3$0l6), haviig 
,. owe di»it in the jfn|«gral,part, 

^ Then any numbet iV" havin^^heT'fflttne! se^ejice of figuTfes * 
(diich aa 235-916 or -00235910) is of the for»^ x 10", where » ; 
' is an integer, positive or negative, ' ^ * » 

• Therefore l°gw^5^J^^ ^ 10^)=-lQgio^ +"• V^^' • ; 

1^^^ X lies ^6^w^^pg||d -10», and tfercfdre log ii liei 
between and 1, aJ^^fcre&'e a pro^r fraction. > ^ ^> 

> JJutplogjoiV ajid log,^^p|#only by the integer n ; * 

•*• logio^ is t^fractiontapart of log.,,^. • iv • 

-ETeTwe <ft,e logarithms of all numbers haviTig Tfis SAlIB^^ 
SBQUENbE or FiqjDBES Juive the same ynardissa. " ' >^ - , , 

Therefore one register serves f»r the mantissa of logaritiim^ of aU 
such numher^r This renders th& tables more comjarehmsive. 



Again, //jlll^sidwng ill' numbers which, have tfee: panid 
^equence^'of figures, the number containing , iwo digits i^ tile 
integral part=10.^, ulid therefori^ the eharaqteristijt} of its' 
logarithm is 1. .^ '. ,'i^ .* :. *^ 

Similarly the number containing »» JM». in the iutegial 
iart=10" . Aj and therefore the oharac^Rc jaf its logarithra 

■ ■ ' . , .. ^," '^. ■■■ 
' Also numbers which have no digit in the integral part ancj, 
pnei cypher after the decimal point are equal to -^i . 10"Vand 
A .10-2 respectively, and therefore the characteristics of their" 
logarithms are - 1 and ~2 respectively. . 

Similarly the number having m cjjfpWa following the dcciinol ' 
point == ^ . 10-*"+»; - 

.*. the characteristic of its logarithm is -(m+l). 

Hence we see that thtj characteristics of the 
~wamGefs conl^ detmiuite^^ iit^ctton and 
reQ>i$ered. Tim renders the tablu less htUky, ,| 



# »■ 




/': 



J 
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469. !Kie methad of using Tables of Logarithms . does 
not Ml within the scope of this treatise, but an account of 
it may be found in the Author's worft on Elemjcijxahy 
TmaoNOMETRy. • . . i 

. ■ ■■' ■ ■ >::---'^"- ■/■^"■^ ■ ' : -/:''--■' " ".-}■: 

( 470. We proceed to give a short explanation of the way 
in which logarithms are applied to the sdlutiori of questions 
relating to Compound Interest; • , • " ." " " * 

471. Suppose r to represent the interest on £1 for a year, 
then the interest on P pounds for a year is represented by 
Pr,.and the amount of P pounds for a year is repj^sented 

. 472. To find (Iia um(mnt vjf a given sum for any time at 
eonipo%nd interest, • . - 

Let P be the ori^nal ptineipal, . 

f the interest on jCI for a year, . '^ 

,11 the number of years. 

Then if Pi, P„ P, ... P, be the amounts at cue end of 
1, 8, B7., n years, "s " 



m 



P,^P +Pr'>P (l+r), ^ 
^ .^Pn-^P/^Pt(l-^f)''P(^ + ^ 

:' ; ; ^*» " ;v" ••„ 

%- ^ ■ P.-P (i+iO*. ^ , ^, 

4^ Now suppose P^, P and r to be.^ven : then "by the aid 
of Logaritlun* we canTfinicl n, for ^ 



■aUr" 



X 



t 



^log^-log{P(l+r)-| ^ . 



\f 



luuP,-WP 
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itlMhs . does # 

account of 
lL£MXl$[XAliY 

of the way 
of questions 



1 for a year, 
resented by " 
rep;:esented 



any time at 



^ 



tne en^ «f 




• V . 




> 

« I 


X 


■<!V 




n t>y tlie aid 


*i 


ii ■ ; 


•= 







r-474 If the interest be payable at intervals other than a 
year, the formula P^=P(1 + r)" is applicable to the solution of 
the question, it being observed that r represents the interesl^ 
on ^1 for the period on w|iich the interest is calcurlated, half- * 
yearly, quarterly, or for any otiher period, wa^ftrepres^ts the.. 
numbeT'of such periods. , - ' ^ . /' 

For example, to find tlie interest pn P penhds for 4 y^Kni 
fA. compound inl^rest, reckoned quarterly, atf6 per cent p«t. 
annum. . . 

Here - 



^ 1 » 5 

•'==4^^.100' 



1-25 
100 



•0125, 



'\¥ 



n=4x4=16; 
v. P,=P (l + -0125)w 



#■ 



EXAMPLES.— Clxii.- - /v 

, KB. — The Logarithms required may be found from the 
extracts from the Tables given in pages 329, 330. 

1. In how many years will a sum of money doable itself 
at 4 per cent, compouijd interest 1 . , 

2. In how many years wlil a sum of money double itsplf 
at SpeFcent. comjpound4iltei-e8t? . - r 

3. In how many years wijl a sum of money double itself 
at 10 per cent, compound interest? f \ 



4, In how many years will a sum of money £roLle itaol| 
at 5 per cenl^ compound interest t .. ' 



// 



5. If £P at compound interest, rate r, double itself in «i 
years, and at rate 2r in tuyewrs: show tliat m : n ia greater 
than 1:2. ^ ' " ,; ' ' ' , • 

6. tti how many yeais 'will jglOOO a^oti^l9^£liiB at 
6 per cent, compound intjerest ) 

7. In how many years will £P double itaulf at 6 per oeiit» 
per aniu oomprtmd^mleKarpi^^^ -^ 

~- A--- - •--■-. - - -. -*— :-^- 



W^^^' 






..4' 
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476. "IPhb following la another method of proving the prin- 
tAj^l theorem in Permutations, to which reference is made in 
the note on page 289. *- 

To prove that the nurnJMr ofperinutationttifnthingt tahm r at 
a«tm<?Mn.(n-l). (n-r+1). ,,, . 

Let t^ere be n things a, 6/ c, ({ ..«i.. 

• ■ « ^ ■ 

If t» thingtM'bo token 1 at a time, tlie number of permutations 

is o£ Course «, 

%■ , . ' ■ 

Now take any one of them, as a, then n - 1 are left, and 
any one of these may be put after a to form a permutation, 
2'at a time, in whicli a stands first : and hence since there are 
n things which- may begin and each gf these n may have n.r- 1 
put i^ter it, there are altogether n(n-l) permutations of m 
thii^ token 2 ftt a time. 

Take any one of these, as a&, then there are n -.:^ left, and 
any on<s of these may be put after a&, to form a permutation, 
3 at a time, in which, ah stands first : aiid hence since thera 
are n(|i - 1) things which may begin, ^d each of these n(« - 1) 
may have n - 2 put after it, there are altogether n{n — 1) (n - 2) 
permutations of n things token 3 at a time. 

If we take any one of those as a6c, there are n-3 left, and 
so the number of permutf^tions of n things taken 4 at a time is 
n.(n-l)(n-a)(n-3). 

So we see that to find the number of permutations, taken 
r at a time, we must multiply the number of permutations, 
taken r—\ nl^i^ time, by the number formed by subtracting 
r-* 1 from n, since this will be the numbfer of endings any one 
or these permutations, may have. , 

Hence the number of permutations of n things taken 6 at a 
time is " ■■:-■;,—■;<;;;■,;',.. , ,. ■,»''■ . '.'-MMS:;:; / ' • 

n{n- 1) (i-S) (rv-3) x (n-4), or n(n-l)(n-5S) (n~Sij (n-4); 
and since eagh time v^ multiply by an additional factor the 
number of factors is equal to tlie number of things talccn at a 
time, it follows that the number of permutations of » Uuu^s 
time is tlie 
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r pennutations 
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I permutation, 
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t(»-l)(n-2) 

n - 3 left, and 
. 4 at a time is 



(n-3)(n-4)j 
>nal factor the 
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is of » tliiugs 



^1. (PagoK).) 
I. 6a-|-7&+12e. % a-t-364-2c. 



I. 2a + 



;**?- 



2htu» 



4. 8a + 2&+2c 
7. 126 -fac. 



5. 2x-7%t-36-2. 6. Oi 



^SpSM.^ 



^^^ii. (Pago 10.)- 



r 



I. 2a. X 2a + 5A .. 3. 3a-3x. 4. Ssc + Sjf. 



7. 4. 8.<iac^y-e>, 



5. 4a+6 + 2c. 6^* 2a. 

9. 10o-76-«. . v^ . 

>' ill. ^Page m> . 
I. 25. 2. flE+2y. ^. o^-f-Sc-fd. 4. Sy-t-Sk 



5. ar. ,, 6. 26 + 2c. 7. a-3&-e. 



8. 3y + a. 



iv. (Pag6 1L) 



I. 4a-A. 



a. 4k 



> «?!•&- 4a 4. ttk 



■■:S^ "'^'Ht-:^'- ^*tit^m . 7i *hifc 



9. ^^K 



la 9a. 
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'SPr ^^ 



13. 29a-27& + 6c 
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I. 7a -26. 
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It. 9k 

1. 



Id. «+3a. 



V. (Page iC.) 



3, -105 + 6c 



4, -06-5c-f3(i s» 8g- 



3. -llx^8y-QL 
6. ~2g~2tt+6-l-4». 



V>-l>#-4i. I. 7a-»+:^ V ^ -%+J 
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# ■' , '•^ 
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5; '?(r^lG&+20c 
II. 12p-9g+2r. ' 



3. 2tt-26 + 2c 
6. 6a- 36 -8a; 
9. ll«*7y+4«. * 



3a^. 



I2a^6d^, 



Vi. (Page 20.) J 

a. 12*1/.' 3. 12xV. 

6. ^.^7-^7; iBaSis. 



Ip. , 28aT6cio. II. I 
. ' 14. ^laft^c^. 
" 17. 80W. 
2a 33o»6»«iiAiv 



8. 36o«6c*. 

12. 20a<6^. 

15. 48x«|/»V. 

18. Om*»«y. 



I. 

4» 

6. 

8. 

10. 

12. 



ji3 + a6-«^ 2. |j|t' + Ga6-8oc 



9a« r 15«* - 18a3 + 2|i^. ^ 5. 
3a»6-9a«6»+3a«6*.:* -V f, 
18<»«6 + 8a*6« - 6a46' + 8a'«S«. 9. 
w'n - 3m'n'+ Sron' - n*. ri. 
104a!V - 136a^« + 4>f}xS^ - Sot/. 



3. a^+Sa'+^r** 
o56-^t26«+o6'. • 

144a«6« - 72tt<6» + COa^i'. 
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4- 
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««+««- 20. 
. a;*-x* + 2«-l. 



vUi. (Pago 27*) 

1. ««+8»-105. 

s. 



(^«8a-fl5. 



3. x*-2aB-iaO, 
6. i[* + 7y-t8. 



8. 8C«^12as' + 60a;«^84« + 45. 



16, SB* -»!»•. 



17, a^-lGi*. 



la t<k4*-ia 
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19.- 
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28. 
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33- 

37. 



# + x«y - 9a;3y2 _ 20jc V + 2a^^ 4- 1 Tiy\ 
t*^i^ 3p. #r»*- 31. a^-sB*^ 



^ 



32. .^47. 
"3$. -60t 



■L 



ix. (Page 28.) 



r. ^^ 2. -06. . * 3.^ -am ^ 4; 12(M 

5. " - Z^-f. 6. - a» + a»6 - aW. 7. -60* - 8a< + 10<A 
8. 'a« + 2tt' + 2a'+a. 9.— -6x'V+!By+7V-12y*. 

la 5m« + w^ - 13mn» + 7»A f t, WISj-^ - 22»4 + 90r + 13ft, 

12. ~7iB« + «3i8 + 8a28;2 + 9as3^^.^/ - ,, 

13. ,a^+«y. . ^ ii|. a:* + 2«8y-fc2x«y'+2a!y»+y<. 








7.' o«+2a«6» + 6». y a «^-2<»^fi^. 

M.- m* + H* +)>» 4- 1*+ 2mtt - 2mj» - 2^f - 2np - 2nr + ipr. '. ; ^ 
I'" I* ««+4ai*-2a!«-12x + a. 13. *•- 12iB» + 6na«-8to+lflt 



■«••-"■'« , : • ■ i . 
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17. ao'l 68 + <« + ^|»634 2aV + 26»A 

r^ «a + 4|/^9a2+^-6a»-l%i8. i^: 
^ + %* + 25»« 4f!/' + i^ajl^ 2(^ 











M- p^ - 3a«c + 6a6c - 3S^<;#^ - 3^. 





30. tn,*:\ 



t-2mn»-t^^ 



^f Xi; (Pag^34.) 
16aW^^ > 8. ^21m%y, 9. 12a'S. . lo- 8a%». 







; :^ , Xii, (Pa^ ad.) .^ / - ' 

4. VV + TOjji^ + wi^^. $/4ay-ta; + JB^. 6. 8iY-4xy-2j: 
7.. 27my - X8m4* + 9nipi » 8* ?ajV - 2xy3 1 y*. 
0. i3U»6-9a6»-^76.'-> v l' la ' IDft^c* + 126V - 76A 

•^ ■ K. ":. ■.■"■4: -^-.V ■• .' ■,: ♦.. .. . 
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7. a?^+«fL 



9. -12a^d|^-8y^'' " '' I 



|. a^+TjB+ia. 



6. a^-l. 
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Ii; o^-as+l. 12. x3-2a:«+8.' , A3-s«*+3yV 

i6» aj«-6a;-h6. . : 17, a^<^2a%+^^-^j^. 

18. 2aa^-'2khi+a^ 19. ««~a+i. .3^ aS-o*. 
21. \ x+Si0 22. as*-a;^ + a;V-ay'+y*. 

23. .*»+aj*y+ai3y»+a;V + xy«+y6. j^ a4vJ-& , 

25; ~6 + 26«-^W. •• i. a-ft+e-A * 

27. a:V,iy-a» + y2-3/!!l+a2. 28. a;"-a!^«+aJV-aV+y'. 



30. a*-o'6+a«t*-(jJ8 + 6*. 
32. 2ac^-3x^+2x. • ' ' ' 
34. F + Jfe* + jfe. ^^ '^ ^ 

38. SarHlSax^-lSa^c-Sya^. 



29. pi-iq-r. ' ^, 

31. a!f+«ay + aV+«y3 + y«, 
33. a* + 3a3^+ 9a« + a7a + 81. 
35. i»^-9«-10. 
37. 6fc2-7^ + 8. 

39^ 27a;3 - 3Qaa^ + 48a<c - CM .^ ' . 40. 2a + 36. 
41. a: + 2a.- \ 42. a2_46a.' . V^^ ig2_3^ 

44 a''-3a«/-27/.^ ,' 45. a?* + Sx^y + 9rc|^2 + 07^^^ 

46. . a3 + 2a26 + 4«62 4-863. •47: 27a»-.i&f2j+^l2a6a-86». 

48. 8x3-12xV + 18a;y«-27y» '.- ' ''^^ 3a^26 + ft ': 
50. a^-2a£+4x^, ; 51^ .a«+iy + y». 52. 16iB»~4flcy+y5j. 
S3. 4+af-tV ,'54. a^+4a2a; + 2a3. 55. a- as. = 

|3|. 8««- X + 2. 58. 4 -6x + 8a!» -l(te». 

6a oas + iy-aft-jBy. -^•'61. JBB+ay. 



62. a* - oa; + 6V 

I . . '■■■ -^ F% W- 



.1 'W^ 



I* wf^4•ftSB+6, 



,«!»■ •■■ p 



fv."''P^age40,) 

^5. «^-(ft+d)/f 6ii: 

* - . • ■ *■ ' J*. 



3. a*4df+»t 
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7. (aB^-4)(jB»-3). 



8. (a6-26)(a5-I); 
la {xyz- 11) (xiiz-2)» 
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I. (as -1-12) (a; -6). 

4- (a + 20) (a -7). 

7. (a:*+4)(a<-l). 

9. (w* + 20)(m«-6). 



XXi/ (Page 46.) -0: - : ,| 

2. (a; + 15)(a:-3): > (a+12)(a-l). 
5. (6+26)(6-12). 6. (6 + 30)(6*&), 
8. (a!y+X4)(jcy-ll). ■ 
la (n + 30)(n-13). - 



■ ; j ' ,. .> xxii. (Page 46.) ,.\ ':^' -'■• :'--r^::Jv^:-;^; ; 

J, 0«-ll)(» + 6). 2. (x-9)(a; + 2). 3. (m-12)C»ii + 3), 
4. (n-l«)(n+4), 5.'(y-14)(y + l). 6. 0»-2O)(« + 5> 
7. (a:»-lt))(a^+l). g. {cd - ZO) (cd + 6). 

9. (wi»n-2)(m»»+l). 10. (pV-12)(j?«j«+7), ^ 



xxiii. 



r. («-3)(a!-12). 

3. (06- 18) (06 +.2). 

5. (y'+10)(y»^9). 

7'. a;(cc'+3aa; + 4a2). 
-r (y*-3)(y»-l> 
ii. (x+a)(x-h), ^ 
13. (a6-d)(6-c). 



I. '|(^+9)», 
5^ (»+ 100)« 
»+12)». 



(Page 47.) ■ 

2. (aj + ^i(«-6). 

4- («*-6m)(«« + 2i^). 
6. (i»«+10)(a;2_^ii)t 

8. (aj+»i)(x+n). r 

10. (ajy-a6)(«-c). 

.12. (aj-c)(a;+(f). 

1^ i.(aj-4y)(a;-3j/). 







%. iB+i3)i 

6. (a;«+7)». 




(3Ni^ 48 ) 

^. (ar+l7)«. 
7. (aj+6y)«. 



'^- 



10. (ay+ai)*. 



4- (y+i)< 

8. (w*+8n2)> 



^-4y% 



XXV. (Page 48.) 

^ (g-14)«, ^ (a?~tR)«. ' 4 (y-^Q)! 



5. (»-6a|j 6. (a,«-ll)». 7. (»-lW. a (m='-16n«)«. 

A9- i^'im 







v,''*-^' 








io. ;(9«+ 8y) {Bla^-nmr-i- 6iy^. 
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12. («+l)(si?-« + l)(as-l)(««+a!+l). 
13- (a + 2){a«-2a + 4)(a-2)(a8 + 2a + 4). 
'4. (3+2/)(9-3y+3/8)(3'-y)(9 + 3y + y«). 



j xxviii. (Page 61.) 

+K ] ' 2. Take 6 from a and add « to the reault. 
4. a --6. .5. aj+1. „6. «-2,«~l,{B,as+l,«+g. 
0.' 8. a 9' da. la «r^ -f*;^»^f. 12, 9 -y. 
366f6!B. .' ■':|p i-ila 

A has 05 + 6 shillings,^ Jm» y - 6 shiffings, 
a5-8. 18. ajy. 19. 12-as-y. 20. nj. 
y-26^ 23. 256to«. 24. 46. 25. aj-6. 
:??-y«. 28. (»+y)(a;-y). 29. 2. 

28. It 32, 7; . 33. 23. 34. 5. 




3* 

13. 
i4 

17. 
22. 

31. 



15. « + 6a. 



21. 26 -a?. 
26. y + 7. 
30^ 2. 
35* la 



1- "I 



xxlx. (Page 63.) 



t. 
2. 

3. 
4. 



6. 

7. 

8. 
9. 



From the squall of a talke the square of &* 

To four times the square of a add the cube of ft. 

Take four, times the sum of the squares of a 

From the square of <a take twice 6, and add 
three times 0, 

To a add the product of m and 6, and take c from the 
«<»sult. 

To/||, add m. From h takfr c. 
together. 

Take the square root of the cube of «. 

Tak^ the square root of the sum of the squares of x and y. 




Multiply the results 



10. Add ta o t w ic frthe e acc e srof ^ abo v ei r 

f I.; Multiply the sum of a and 2 by the excess of 3 above 0. 



eife'*- 
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12. Divide the sum of the squares of a and 6 hy fouiy'tiines 
is^ the product of a and 6. , l^- ■ .? 

13. ITTom the square of x subtract the square of y, and take 

the square root of the result. Then divide this result 
by the excess of x above y. 

14. To the square of x add the square of y, and take the 

square] root of the result. Then divide this result by 
the square root of the sum of x and y. 



■ ' XXX. (Page 53.) ^ 

I. 2. 2.0. 3. 17. 4^ 31. 5. 20. 6. 33. 

7. 105. 8. 27. 9. 14. 10. 120, ii. 210. 12. l458. 
73. 30. 14. 6. .15. 3. .16. 4; 17. 49. 18. 10. 

195 12. ao. 4. 21. 48. 22. 20. 23. .29. 24- 41536. 3$. 52. 



XXXl. i(I*age64.) ° * . 

I, a 2. a 3. Soli > 4. 2xy. ] 5.0^+61 

6. 4«*. + C6W - 6n) «• - (4m* + 9«wi + 4n*) a;* 

+ (6m% -:^^mn») 0! + 4m%i> 

7. or» + <?r+«. * •- .8. -o«-6*-c* + 2a262+2a«c« + 26V. 

When c«8 0, this becomes -a*-6* + 2a26*. When 
5H-c=a, the product becomes 0. .When a=6=»c, it 
becomes 3a^ 9. 0. 10. 34. 

i^ (a) (a + 6)a*+(c + <i)«. 05) (a-6)aj»-(c + d-2)x5'. 

(7) (4-a)«'-(3 + &)x'«--(5 + c)a. (8) aa-62+(2o+26)a!. 
(e) (m»-n*)a5* + (2«tg-2ng)a:'+(2wl--2»)aA 

13. a?-(a+* + c){B2 + (a6 + ac + 6c)a;r-a6c. 

14. flc8 + (a + 6 + c)a6' + (a6+ac + 6c)«-l-a6c. . 

15. (a + 6 + 6)8«-a' + 3a26 + 3a6« + &' + c' + 3a*e 

-6a&c-36«<5 + 3ac»+36i;2. 
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ide this resttlt 
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(6 + c - a)»- - a» + 3a«6 - 3afc2 + fts + c8 + 3atc 



r 



- 6a6(5 + 36«c - 3a6» + 3il«, 



<«4- a - ft)'< = a' - 3a«6 + 3a6« -ijs + c» + 2ah 



- 6a6c + 35^(5 + 3ac« - 3ftc". 



17. a 



l1«. 



-«»•. 



The sum of the last three subtracted from the first gives 
. 24a&c. , I - 'it 

16. 9a* + 6ac - Zflh + 4&c - 6^. 

18. 2ac - 2ftc - 2arf 4^ 26d. The value of the result is - 26c; 

19. a& + a!y + (6 + l + 2a)a; + (2a-6-l)y, M : ^ ,_ 

20. d. 
22. 2. 



21. a6 + x2 + (a-6+i)a;-(a + 6+l)y. 
X^3- (7«*>4n + l)a;+(l-6»&-4wi)y' 



25. 4a> + 6ac + 2a6 + 96c - Gft*. 



26. 3; 128: 3; lia 



27. 9. 



28. 44. 



29. 20. 



30. 35. 



31. la 



imn')a!+4m'n'. 

a+2a2c* + 262c2. 

2a2R When 

len a=6=c, it 

10. 34. 

-62,+ (2a + 26)». 



6'e + 3<«}»4-36<:>. 
,62<5 + 3ac2+'36c2. 



xxixii. (Page 60.) 



I. 3.^ ^.2. 3, t -4.5^ 



/5' . 3tvV.u'' .Ifi. % 



8. 4. 



9. 9. 



ip. .^tw. 64. 



II. 2. 12. 9. * 13. 9.- 14. -7i . 15. 3. 



17. SL 18. 8. 



19. 10, 



26.^ 0. 



33» ^ 24- 16. a^S- 1. , » 26. 2. 
29-. «. 30. -l^<^ i 



21. 4. 

V. 3. 



7. «. 



16. 7. 

22;. la- 

i8. 4. 



XXXiii. (Page 62.) 

i. TO, 2; 48. J^^ ^4.7,21; 5.36,26,18,12. 

6. 12,8.v 7. 60i|^p^8. i(^ 14, 18, 22, 26, 3a 9. £m. 
10. 12 shilliiiga, ^siiUrfngs. , n. .62. 
't2. A has ;ei30, B ^£150, (7 ^£130, D J90. 
13. 162 met, 76 women, 38 children. ^4. ^£350, ^6460, ^£720. 
15. 2X,13« 16. M I6i. 17. 84 Sia 18. g2,gflL 

J%^ wife ^eiOpO, e^ son, ^lOGO, each ^«^ter -e6oa" 
ab. M gallons / 31. £li, X24. £38. \ 22. 31. 17. 
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9. 5, 10, 15. 



10. 30aV. 
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H^ 



■'3*^' 



2x» 






?; 



I^^ 






■f,v.^ 



28. 



^-5 ■' ^i- 
a -3* - 

2a;*+3a;-6 

jB-2* , 

« + 3\ 

{&—& - — 
2a; + 3* 

ae» + g- 12 
3x + 6 • 

a«-5o + 6 



31. 



34- 



37. 



4p. 



8. 



daf 
8a»c> 
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^ (7x-4)(3a;-2)(!B2_3)/ ; ^ («'+»*)(«+»)(«-y). 
It. ^-6«)(« + 26)(a-2i!»)..' ; ■• 



... Xlvii. (Page 94.) _ 

i. (a-2)(x-l)(x-3)(x-4)i^ 2. <xt4)(x + l)(x4-3> ' 
3. (x-4)(x-5)(x-7). 4. ($c-2)(2x + l)(7x--l). 

^: (^^1)^-1) (x+ 3) (3x - 2) (2a!^t).^ ^ _- . ^^ ^^ 

6. («-.3)(x» + 3x + 9)(x-12)(x2-2). 
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.37« 



ANSWERS. 



i r ['. I j.i.i.n' 




I. asaSO or 10 
^slOorSO. 

4. x=22 or -3. 



xciii. (Page 187.) 

2. x=s9 or 4 
— y=4or9. 



3. a!=25 or 4 
y=4 or 26. 



5. ajsi50or-6 6. 35=100 or -1. 



y= 



'3 or -22. 



j^»&or -60. 



y-lor-lOa 



I. fls«6or -2 
y=2 or -6. 

4. »=4 
y.4. 



XCiv. (Page 187.) 

* 2. as=13or -3 

• y=3or-13. 

* S. »==10or2 
y=2or la 



3. fls».26or-6' 
ya.6oi^-2a 

6. a!«40ord 
y»9or40. 



I. «««4 or 3 
' y>«3or4. 

M-2 or -4. 



XCV. (PageJ88.] 

3. 9=36 or 6 
y=6 or 6. 



y=»3 or -6. 



3. flsAlOofi 
y«=2 or 10. 



y»4or -7. 



MNSWEHS. 



ift 



I. caafi or 4 



xcvl. (Page 189.J' 



2. asM4 OIL 



fr 



? 



or4r 



3. «> 






^ * 8 



„« 






2 "* 3* 



y=3. 

4. a;»±8 
10. 05"= ±2 

'y=±3. 



xcvil. (Page 191^ 

2. a;=±e "'^ 

/.5i. a; ==6 ord'''-';:- • 
y=3ortt. 



I3.a5«l0otl2 14; a5-4ot?5 



^:i0| a^esS^or — 

^ ,y«^2or-. 
9. a!-.±2 

=3nrll 
6 

17 

16* 



15 

28 

33 

TV 



12. »a3 or 



f*-2or 



y=»12 




:o. 



8 
y»9or^. 



15- «=±9c* ±12 
y^±12or±9. 



I. 72. 
6. 29. 13. 

II. 18. . 



2. 224. 
7.30 

12. 17. 16. 



xcviil. (Page 193.) 



3. 18. 
8. 107. 



4. 60, 1$» 



/• 



16. 2601. 17. 6,4. 18. 12.5. 



13* 1- % 14. 1298. 



5. 86,7a 
lOk 2&. 6. 

15- 687.^ 



ai. 7, 8. 22. 16, 16. 



19: 12,7. 20. 1,2,3? 



26. ;e2,6». 27. 12. 28 



23.10, 11, 12. 24. 12. 



6. 



2$. 16. 



aL-IQI ydfl. andaoo^ydfl. 52. 6 ^ 



29. ^6. 30. 6 and 7 bom«. 



/' " 



-I^ 



34.16yd8.^2||te. ^,9t. 



S3..e*lt.,46|t. 
36. 100. 37. 1076, 



.■i^- 



^ 



1 



'¥^ 



378 



ANSl^ERS. 



-r-T- 



XCiX. (l»age 199.) 



I. «—.8 %. i6-»5 

4. a 
7;.a;-0,7,1^21,28 



3/s»90, 71, 63...downto 14 
y-0,13;26 up to 52/ 



7,2 5. «» 3,8, I2i..r 6. «-91,76,ei...downtoi: 
1, 4. "^ y«7, 21,36.*/ • . y-2, 13, 24 ...... uj^o^ 



LjLio'ee. 

8. ««:20,39..; 9.'««=40,49m. 



f-3,7.„ 

la «»4>ll...uptol23 II. as-2 

f - B3, 50 .'!. down to'L _^X, f 



0. 



y=13,33... 

12. 9E»92,83....2 
% y-1, 8^*^71, 



\>.N 






14. Trand 



W- 



^^«^jg. ts.3way8,vi«. 12,7,2; 2,6,1a 



16. 7. .17. 12, 57, 102... • -^18. 8. 19. «. :^ ^ 

21. 19 oxen, 1 aheep and 80 hens. There is but on^^j^t^er 
solution, that is, iar the case where he bought n<^ (kkn, 
and no hens, and 100 sheep. ^ ^,. «. v > 

, 22. A gives B 11 sixpences, and £ gives A 2 fouipenny pieces. . 

23. 2,106,2^ ^ V 24. 3. ^^:-:'!-J: i :/■':'-■ 

25. ii gives 6 soveSreigns and receives 28 dcdlaiai 



26. 22, 3 ; 16, 9 ; 10, 15 ; 4; 21. 27. 5. • 

29. 82, 18; 47, 63; 12, 8a • 30- 301. 



28. 66, 4i 



... 0- (P^205.). • /: ; 

(1) I. «*+y+aJ. *. a. «^y+«^*+xV. 

(2) I. ar*,+aar*+Wr«+3aBr*. 2. «^-*+3x|f-»+4y-*. 

3. ?V^+5^+^v.. ' , ■ 



gyg-* ^ arV* 



3 



4-»-V^' 



/ 



^^ 







Ssr? 



9p'^9flBy-«"^6^- 



\ 


3*. 


-.* f 


( 


' A- 


> 


^ 


^^# 


~ 3-v 



"■■/ •■■>&,■ 



„ t 



AirSWERS. 



m 



3' ^-ti-o -< 



"^"^is".-^ 



V 



f 



3»~*y"i» a-*6' 



W i.^ a)ya!»+3^(ajy«) + 



oHiFi' 



ajyi" 












«c-< 






^ «y+ar^*.y>*»-«-.«Y»-y*»-iHH» 



7. ai**+asV^.HhV*. 



/ 



8. a**-a^5^+i/^cf+.a^. Ji-V.^ ji-»"fi'+a'*^c»^ » 



:.^; 



^ 



V -I>1U; (Page207.) 
3. l^¥^*V+aiV+a^y*'4a!'y*'+yH 



^ 



1 






«**+ 



•81. 



6...a*'-2a'V + 4ai*'. 



2U 



7. 2-a!' + 3ai** 



8. 4ft''<f»-Bg!L 



I, ^' a""+3a^+3o'*-H. 



la d^+ft-j^f^ 



r--/ 



^- '-.y ■ 



-■^^-""Tv 




180 


'^Tv 


'''.-:'. '» 




.:.:;■;■;' 4t- 


o+j+c-a 


6, 





ANSWERS. 



cili. (Page 208.) 






a. y 



-1. 



3. a' 



5. 10a!-ll»*y* + 6a5^y<- 
8. leo + 8aV + lOa^^ + 18a^6^ - 24a^6^ - 12^*5^ - 160 



-27& 



!» + 2a»a*4.at: 






10. K'-2a«a'+a* 
12. a*+2a6* + 6*. 



J3./» 



14. 



-&^+iaB^-12as^+9. 
4a^ + 12*^ + 26aBf + 24»^ + 16. 
1 5. «*,- 2x'y» + 2a;»a» + y*^ 2y'2» + «* 



civ. .(Page 209.) 



I. «»+yt. 



2. a 



4. a' 






5. «*-«*y* + «*y» -«*y*+y*. 



6, f»'+m 



n* + m*n» + w'n* + mfin^ + n' 



\ • 



«• + 3»M + ^y ' + 27«^. 
8. |7<i*+18«^i*+lSaii*+86*. 



*-.*. 



10. «« + 8i»*+9»»* 



II 



:"^+ 



tia 



+ 27m» + 81. 
13. «»+4. 



14. 



«^ - nr y* - «M-»* y* + «» - 



9. a 



13. -6+2^-6*. 



1;. aP~9g^vaa 



1 6. m»4-TO^M*4-n*i 



.1 



18. «»-y»-«», 



...« 



19. «»+y". 



x^. 


■ I. <r^- 


21y: 


W '4.(iN^ 




1 7- 1+a 


^ * 
»" 


fl 9. ior* 




1 10.. 6dH 



I. 


ft 


4. 


(^^(? 


6. 


r*-^- 


8. 


1^. 


16. 


a-<-i 



■ fttm* [ ; tiiTiiii 



AI^SH^^m 



* 



16ol 



^ CV. (Page 210.) 

Ji -12/^ 6 +6- . 



1. »-«ri 



4. y+c^rf'^+cM'^+ttf-^+d-^. 



6. a7«+a-»6-»+6-«. , 
8. jar»-6ar»+lar»+9. 



H cvi: ■'(i^age 211.) ,, ^ 

5» a'r"*+^*y. 



7. *«ir*-2+arV. 

• 6 

9. a%-fr^ii-V. 



Id ar«-a-»6-»-a-»<ri+H»-6-»ir.i+ff^. 



evil. (Page 211.) 



I. «»-2«»y» + 2y. 






3. « 






4. -->■ V 



* 



9t a»+a»^^+6t 



n. air*. 



II. m«n« 



12. 






>^. 



'''*£''■ 



3«> 



Answers. 



u 



. . ^ A.^. . , p. ■■— ■■ -..- - -, . _-->,-.^ 



30. a"^ + 2a-+*-*.6««?-a«^'6%c'-a"^*-^c%5». 



21. aj'<*-^-»«<»-». 
1 



22. a' 



23. a^-y*^ 



H s''*- *>' 1« 



26. sC - a^»-w* - {(^••-wy +^. 
26. a; + 3a;^ - 2a}» - 7a* + 2a;"*. 



cviii. (Page 216.) 



1. ^, X^ 

3. 4^(5832), 4^(2600). 

6. ^(a»+2a6 + 6«), ^(o»-3a«6 + 3a6»-6»). 



2. W024), jya 

4. V2", "^2-. 5. "^^-lyft". 



•■•-« 



Clx. (Page 217.) f 

I. 2V«. 3- 6V2. 3- 2aV<». 

5. 4«V(8»i). 6. lOV(lOa). 

8. 42:;^(ii«). .9- ^A/y 

II. (a+a).Va. 12. (x-y)V«. J i3-^6(a-6). V2. 

14. (8<^-»).V(7y).. ^5. 3a«>y(26«). 

16. 2»y«.y(20xy). 17. 3mV^(4n). 

t8. 7a*6»/y(46). 19. (x + y).'^*. ' ao. (a-h).^(k 



4. 6a«rfV(6(i). 
7. 12c V6- 
10. a«^J-. 



-f*- 



6. ^ 6. V(9«). 




T 



ex. (Page 217.) 

3. 4^(1126). 4- -yW. 

7. V(48a%;). 8. V(3a»x). 



9. V(»i^-*»). 



la 



(r^?- 



»• (ivi) • 



«'- 




ANSWERS, i 



lfi% 



ITie numbers are here arranged in ordei^ & liidiest on the 



Ze^hand. 



6. 2^/87,3^33. 

8. 6^18,3^19,3 4^82. 



a. Vio, -yi6. 



3- 3V2,2V3. 



5. 3V7,4V3. ' 

• ■■■■-' 

7. 3^7,4V2,2V2i. 
9. 6-^2,2^14^34^ 



\ 



cxil. (Page 219.) : 

I. 29^3. a. 30V10+164V2. 3. (a« + i>+fl>)^/a 



4. 134^2 

8. 48^2. 



5. 33 ^^2. 
9. 4^2. 



6. V«. 
la 0. 



7. 5V3. 
II. 4^3. 



2. 2V(7Q). 13. 100. 14. 3a6. 15. 2a5 4^(12*) 



6. 2. 



17. v. 



18. 



V 



X 



\y 



I^ 



Vs* 



l+aey 



I. 

5' 
9. 

16. 
1. 


CXlil. (Page 220.) ^ 

^/W. 2. ^/(«y-y»). 3. »+y. 4. ^^^i/i), *' 
1808. 6. 661^+1). 7. 90Vi:jB»-i»X & 2a?Va^ , 
-a. loTl-as. ri. -iiaa. 12. 6a. 
-^/(»»-7«). 14. 6V(a!" + 7x). , 15. 8(a«-lX 

-6a«+12a-ia k ' 

• •'■ -■ '■ ■•■ , ■ " ■ ' ■ 

CXiv. (Page 221.) \ , * i- 
«+9V«^+14 2. »-2J»-16. ; r fl. 


4. 
8. 


^-'^^ 5.-a«-»-6-^«-8a 6. e»-64 7, ^^ 

V(ft»' + 3^+ VX6*^-:3*)- ./(6tf -^^ 



<J^T 



ANSWERS, 






g./tj{<tx) + V(«5 - x^ - V(** - oa;) - o + «. 



/ 



id 3+X+ V(3aJ+a!^. 

/I2. 2a5 + 2^/(<M5). 

14. 2« + 11 + 2 V(a!' -hllla + 24). 

16. 2«-6+2V(«'-8*) 

18. 2x-2V(««-y«). 

2a acf+l+sfV(«^-*)' 



11. «-y+» + 2Va». 

13. 432 + 42 VC** -»)+«'* 

15. 2x-4 + 2V(»*-*to). 

17. 4»+9-12is/«. 

19. aB?+3x-l-2V(aB'-«). 



cxv. 



(Page 222.) 

3. (c+V<0(''-V<0- 
— 4rti+>/y)a-Vy). 



5» (1 + »jZ.x) (1 - /s/a.as). 6. ( /s/6.r» + 1)( V^.m - 1). 

7. |2a+V(3«)||2a- V(ft)|. 8. |3 + 2V(2n)( j3-2V(2n)|. 
9. 1V(n).«+4HV(ll)^-4(. la (i) + 2Vr)(i»-2Vr). 



16. 2+V2- 



*^ 0-6 • 
17. 8+2^3. 



19. 



at. 



a+£+2*/W 



a-x 



aa 



12. |a7+6'||a"-6^|. 

15. 24 + 17^2. 

j8. 3~2V2. 
1+X+2V* 



1-x 



M- V(a'-"«^ 



X 



23. a«^-l+2aV(«^-l). 



32. m*- V(*»*-l>./ 

2a*-x' + 2a/s/(a«-x') 
34. - »^/ 



■**■ 



I. tft. 



CXVi. (Page 224.) 
% U. 3; 8-26V(-iX 



4. 5-4-^/3. 



5. tt-Si^W-UM. 

8. a«+i3^ 9^ A 






.z 






I. 


40. 


7. 


• i 


13. 


12. 


17. 


I 
3. 




[«. 



#' 



--*' ■• 






.' :■'■" • ■ ■'■"■ -/■■..■,.■■-■ • 

'-'-'^ ^ 



3«S 



■I III! Ill llg-^' 



;^XVll. (Page 224.) 



\. 






/ 






5. «"- V2.^+a*, 



r 



/, ■ ' -, • 

/ " ' ' a— 6 



a'c 



9- ■T-+cd-2ac 



^1 



la aVS-.2 + 



II. 



2i^ 

/ 



12. V(i-;b). 



'i 






•I 



/«• 



X8. a+74^3. ,9. 4V(3ca;). jo. a:4^(3p«). 

1 ./ 



/ 21. iv'(-4»«). 



22. (9n-10).V7. 



iij. Ol 



cxviii. (Pago 228.) V 

I. ^/7-{-V3. 2, Vn+ -vAi. ^ ^/7- V2. 4.''7-8V5. 
V 10 - y3. 6. 2 V6 - 3 V2. 7- 2 V3 - V2. 8. 3 VU ^t 

.3V7-2y3. 10.3 V7-2vfaii.|( vio-a). 12.3 V5-a-A 



t. 49. 

7. 2T»^. 
13. 12« 



CXlx. (Page 229.) 
2. 81. 3. 26. 4. 8. 5. 27. 6. 256. 

8. 66. 9. 79. 10; 163. 11. 6. ' 12. 36. 

IS- ft. 



,4, ^_jZ_. 



lOi & 



^7.8* 
[a.A.1 



a la 



19- 



6-o« 
3« * 



aa -io- 



ta 



r 



1 f 



38^ 



ANSWItT^S. 



cxk. (Page231.) 



4 -m. 



*rii 9. 2. 26. 3. 49. 4. 121. 1;. 1^; 6. 8,0 



9* 



^ 0, -8. / (!^;. ~ o.(!!i±i) 



la 5. 



I, 25. 

a 12a 

o. — ir~* 



CXXi. (Page 231.) 



- ■ <"^ 36 

2. 25. 3. 9. . 4. 64.' 5. ^. 

■ 1 ^ - ' -.. 

7. a. 8. 7 or 0. 9. 64. 10. lOa 
4 » ■ 



, cxxii. (Page 232.) 



i 10,1* 



2. 81,25. 



3. 3,2|. 



4. 10, -13. 



5. '5,5. 6. -4,-32. 7. 9, -3|. .8. 28,i^|^ 
9. 49. 10. 729. II. 4^-21. 12. 1 or 5. . 3^.24. 



14. 5 or 221. 15. 5 or 



145 
121* 



25 
16. 5or0. 17. :^. 18. 25. 



19. ±9V3. 
22. -2a. 
; 1276 



20. ± V65 or ± V5. 



36 



24. 4. 



21. 2a. 



2S. ;s 



27. y. 28. ±5or±3V2. 29. ±14. 



30. 6or--^. 31. 1. 32. ^ 33. 2or0. 34. Oorj^, 



8 



it«' 





cxxiii. 


(Page 235.) 


t. 2,5. 


2. 3, -7. 


. 3. -9, -2. • 4. 6a, 66 




, 227 
^- 10 ' 


83 4iH llH 
"14* ^'^6' "a" 


' ' ■' - "., -z: ■ 


- -^ 


■ ' . 


-■} -■*.. 




■ , '■ ■ . t: ,■ - ■' ,- ^ 



*".'■ 




If . 'i 


9 .■-' ,- ■ 




^ ■ ■■ 


■ ■ 


8. - 2a, - 3a an* 


fc ■ 


2a- 6 6-3a 


6. 8,0 


, oc » be 


xa 5. 





% 



7 ?« 

5- 6* 



10. loa 



10, -13. 

2252 

i8. 25. 

2a. 

Jl_ 
IS . 

19. ±1-*. 

9a 



) or 



16' 



lU 
6' 



ANSWERS, 



38; 



3a, 4a. 



9. ±2,0. 

12. i tr 



la 0.5. 



CXXV.* (Page 239.) 



I. «* - 1 1« + 3D = 0. 2, x'+ a; - 20 = 



4. 6x«-7a; + 2 = 0. 

7. «*-2ma; + m2-h*=0. 



0. 3. »»+9aj+14»a 



S. 9x2 -58a; -35=0. 



6. a;8-3=0^ 



8. 



. :> + ^ 



« + ■ 



9. a^^ 



a» 



1^.. 



^'"■'^ 



•0. 



«-l-.0^ 



en 



cxxvi. (Page 240.) 



I. («-2)(a;-3)(*-6). 



3. (x- 



2. (x-l)(x-2)(x-4). 
1- V5> 



(x-10)(x+l)^x + 4). 4, 4(x + l)(x+i::^'^)(aj + l±^\ 



5. (x + 2)(x+l)(6x-7). 

6. («+y+»)(x* + y«+a«-xy-a»-j^). 

7. (a-&-c)(a*+6*+c«+a&+ac-5c). 

8. («-l)(x + 3)(3x-7). 
10. (x + l)(3x + 7)(5x-3). 



9. (a^-l)(«-4)(8x + 6). 



cxxvii. (Page 242.) ' 
I. s/13orV-l. 2.>-2or4^-i2. 3. ^- 1 or 4^-21. 



6. 26ori 

4 



6 « ^ • 

y. --^^^^^y »• (5) »r(-|.)" 9. lQrl±flVia.V - 



la 3,r-Jo,»±yi3!» 




38ft 



-'Wk' 



ANStVhRS, 



11. a + 2, or - 



a + 6 a±2V(a'-3a) 



or 



12. 0. or a, or 



■'t 



tt±V(o'-16«+16) 



^#- 



<" 



cxxviii. (Page 245.) 



1. 6 : 7, 7 : 9, 2 : 3. 

3« The second is the greater. 



2. The second is the greater. 






ad-6c 
o-d* 



«f 



5. lO: 9 or 0^10. 



y. 



g * cxxix. (Page 246.) 
I. 2:3. 2. 6:a. • yh^-d-.a-c. \.±>JQ-\:l, 



5. 13 : 1, or, - 1 : 1'. 



6. ± V(»»'' + 4»2) - m : 2. 7.-6^-8; 



8. 12,14. 9, 35,65. 10. 13,11. 11. 4:1. 12. 1:5. 



CXXX. (Page 247.) 



15* ' 

wt'-mn- f w' 



8 






r& + < 



^ /.6- 



(a; + 2)y 



6- (y-4)» 



CXXXii. (Page 255.) 



6. «->4 or 0. , 
II. «-30,y=2p. 



8. 440 yds. and 352 yds. per minute. 



13- 



d' 



9 



16. 60, 75 and 80 yards. 

1 ' 
19. 1 5 miles per hour. 



I7» 180, 160, 200 yards. 
". 20. 1:7. 



11. 160 quarters) JS. 

24. Je20. 25. 90:79. 



23. 180. 23. 160. 

26k 45 miles a^d 30 milca 




ANSWERS, 



389 



4. 16g. 5. 6. 



9. A 



oc 



0». 



108 



CXXXiii. (Page 262.) 
6. 12. 



7 al 8. * 



2 



10. 6. II. A=^B. 12. 64!B»=9y*. 



13. a!-=-3-. 14. 40:3=27^*. 18. y=3 + 2x + a5». 19. 18^ 



/6- 


1:1. ■ 


f. 


%y%, 1 


13. 


1:5. 1 



I. 60. 



5. -2g. 



cxxxiv. (Page 266.) 



2. 200. 



6. 40. 



9. aB2 + y«-2(n-2)a^. 



I. 5050. 

5. 24. 



7n' - 5 n 
2 • 



2. 2550. 



6. -31^. 



3. lOj. 



7. 117. 



10. 



> -32i- 



8. a 

3an-2&n-2a+6 



CXXXV. (Page 268.) 
' 3. 820. 
n !*i(!*±i) 



n~l 



la — ? 



2 



a+b 



8. 



4. 30. 
3n»-i 



m 

ill 1 

■V 



I. -8. 



$. -2. 



cxxxvi. (Page 269.) 



*• "25* 
6. -1? 



8* 



t 



I '^a 



i.^fn >-4g. 



CXXXvil. (Pago 269.) 
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T„EfolWzng_p.persare from those set at the MatricnlatioB 
Examimttions of Toronto. Victoria, and McGill Universi- 
ties and at the Examinations for Second Class Proyincial 
Certificates for Ontario^ • 
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UNIVERSITY OP. TORONTO, 

— <— -■ 

' Junior Matric.y 1872. Pa88. 

1. Multiply Ja;'-Jay + y«byJa:« + Jay. y.. 

hv .r?'^'^^^ i " ®^*' by a ± 36 and (x + a)> - (y - 6). 

2. What quantity subtracted from a? + px + ^ will 
make the remainder exactly divisible by x^af^ 

Shew that 

-3a6c = 3(fl^ + 6);(6 + c)(c^-a). '. 

3. Solve the following equations : 
(a)}(2a:-3) + i(6a:-7) = J(a:-J). 

403 — 7 3a; — 6 

1 1 1 1 



= 20. 






('')«-^^=i.^ 



x+2 11 
'5 '^is- 



i. In a cortain ooiiHtituencT are 1,300 voter.. • 
>" 1 two candi,I.U«, ^ u.ul 7/. '^ ^ «Cto<l b/t 



IH^I 



P;! 



&.;, '.. '^-jJ-./i- 



ii 
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cftrtain majority. But the election having been de« 
ciared void, in the second contest (^1 and B being 
again the candidates)', B is elected by a majority of 
10 mote than -4 'tf majority in the first election ; find 
the number of votes polled for each in the second 
'election; having given that, the number of votes 
polled- for B in the first case : .number polled in the 
second case J I 43 I 44. 



Jimior MaPi-ic.j 1872. Pms and Honor, i^ 

' . . ■ " . -.'■-■■,'.- » ■ ^[ 

1. Multiply a; H y +V - 2yh «i + 2^i a^ rMy^ l>y 
X + y -h- z^ + 2y^ «i— 2«i oc^ — 2xi «/*, and 
gj r.clfcde a» + 86» + 27 d'—lSabe by »» + 46» + 9 c«~^ 
W;;-' 2ab — 3'ac — Qbc. 

i. Investigute a rule for finding the H. C. D. of 
two algebraical expressions. ' 

- if a: + c- be the H. C. D-. o(af+px + q, and a? + 
p' a? + j', dbiow that 

<gr ^ q'Y ^p {q -y') (p -p') + q{p -.y)» == 0. . 

^. Shew bow to find the square root of a binomial, . 
one of whose terms is rational and the oijjier a quad- 
ratic surd. What is the condition that the result may 
1)0 more simple than the indicated square root of the 
given binomiall Doe3^^the reasoning'apply if one of 
the terms is imaginary T Show that V "~ 4m* = ^m 

• ', • • . • 

i* Shew how to solve the quadratic equation cia^-i' 
5a; + = 0, an# discuss the results of giving different 
values to the coefficients. ,. ^ _ _ i- 

If the roots of the above equation bo as |> to 3 
(p + qY- 






•" 
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6. Solve the equations 



'mmmftm^ammf 



!"• li:. i D il i li il iiii 



iit 



2a5« + 3a: 



V 



(4 2 + v^^+^«-3=l4}- 

(c) -Itl^lj g ' + 6g+6 a:«+6a; + 4 
a!*+6a5 + 4 «» + 6 a; + 8 "" a;» +15¥^6 
a*_-h6_a; + 8 

(c?) 6 a;* - 5 aj* - 38 a;' ~ 5 a? + 6 « a 



6. She# how to find the sum of n terms of a geometric 
series What is meant by the sum of af infiniS 
senesi When can such a series be said to have a 

* ■ 

Sum to infinity the series 1 + 2r + 3 ^ ^ <fec 
and^find the series of which the sum of n terms- i^ 



a' 



a-1 



7. Find the condition that the equations 
»! aj + A, y ~ Ci « = 0. 
may be satisfied by the same values of x, y, z, 

of tork'ZS?'^^ ^rso^s were engaged tq do apiece 
X r ^^ ^^ ^'^"^'^ ^*^® occupied I them m hoiL if 
they had commenced at the saLe iime : Lt^of 
doing so they commenced at equal inteJvals^ndLfh«n 

rs w""^ ^' *^^ wLet:Tnid,*th: 

SI ?^« ^?* proportional to the work doni by 

l^ .'findfW '°'^'" receivedr times aa much as tho 
last : ^tmd the tmie occupied. 



• M 
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^ tin 
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itr?' 
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Junior Matric.f 1872. Htmoff* 

i. There are three towns, -4, 5, and G ; the road 
from 5 to -4 forming a right angle, with that from B 
to G. A person travels a certain distance from B 
towards A^ and then crosses by the nearest way to the 
road leading from G to A, and finds himself three 
miles from A and seven from G, Airiving at ,4, he 
finds he has gone farther by one-fourth of the distance 
from B to C than he would have done had he not left 
the direct road.. Required the distance of B from A 
and (X 



2. Ifoy + Jaj cx^az hz-\-cy 



a 



5 



, then will 



» 
e 



3. Solve the equations.a;'— y« = a', y* — OB = &',«* - 

-^ 4. If a, 5, and c be positive quantities, shew that 
" a« (ft+c) + 6» (c + a) + c» (a -f 6) > 6a5c. 

5. Find the values of x and y from the ec[uations 

5y + 3 

= 1> > 



2y + 



ojr 



0? + 5a; + «' («r^^ = 24. 

6. A steamer made^the trip from St. John to Boston 
via Yarmouth in^^ hours ; on her return she made 
two miles an hc^ur less between Boston and Yarmouth, 
but resumed her former speed between the lattey place 
and St. John, thereby making the entire return pas- 
sage in If of the time she would have required had 
her diminished speed lasted throughout ; had she 
made her usual time between Boston and Yarmouth, 
and two miles an hour leas bqj^ ween Yarmouth and 
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St John, her return trip would have been made in 
^ of the time she Would have taken had the whole 
of her return trip been made at the diminished rate. 
Find the distance between St. John wid Yarmouth 
and between the latter place and Boston. 



1. 



Jp/nior Matric.f Jffonor, ) 
Senior Matric, Pass. J 

Solve the following equatioiuy 
(a) ....|«^-2a«y + 2y«^a^. 



1874. 



'r^C 



%. 



(^) 



w 



f 4a;-3ajy = 171. 
t 3y~4ary=150. 

1 I I 

a? xy ^'* 

1 1 1 « 

,+ -, = 133. 



X* fljy. y* 
And find one solution of the equations : 

2. Find a number whose cube exceeds six times tho* 
next greater number by three. ' 

3. Explain the meaning of the terms Highest com- . 
mon measure ai^d Lowest common multiple as applied 
to algebraical quantities, and prove the rule for finding 
the Highest common measure of two quantities. 

4. Reduce to their lowest tej-ms the followinff 
ftactions : * ®; 



!«) 



^ 



r 99a;^ + 117^-^ 257a;» — 32 5a?~>-50 
*-' " I 3ar» + 4a« — 9aj — 10. -— r" • 

^+1 0ff ^ + 35r'i- 50a; -t. 2 4 



i 



as*+ 18a3» + 119a;» 1 342a; + 360 



}fi| 



% 

V. 
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^ 6. Find the sum of n terms of the series^ A, i ^ 
t, <kc., and t]tif «th term of the series * • 



- X -f 1 



X 



i, (fee. 



. -■ ,'V;';^_'-.,.--:J^ • ';.. , OJ — P X — .1' X — r 

^, Kh^^he relations between the roots and co- 
efficients of the equation aa^ + »a; + y = 0. 

Solvef the equatiqn ^ 

7. A cask contains 15 gallons of a mixture of wine 
and water, which i|, poure4 il;to a secorid cask con- 
taming wine and water in the^oportibn of two of the 
former to one of the latter, a#|li the resulting mixture 
the wme and water are found'to be equal. Had the 
quantity in the second cask originally been only one- 
h^f of what it was, the resulting mixture would have 
been in the proportion of seven of wine to eight of , 
water. Find the quantity in the second cask* 

•8. What rate pS^;c.ent. per annum, payable half-"*^ 
yearly, is equivalent iso^ten per cent. p4r ammm, pay- 
able yearly. / *^ "^ 

9.^ A is engaged to do a piec^ of work and is to 
receive $3 fol' every day he works, but is to forfeit 
one dollar for the first day he is" absent, two for & 
second, three for the third, and so on. Sixteen dkys 
elapse before he finishes the work and he receives $26. 
Find the number of days he is absent. 

Change the enunciation of this problem so as ^ 
apply to the negative solution. 



■X* 



V Junior Matricy 1876. Paaif, * 

1. Explain the use of negative and fractional in- 
dices in Algebra. 



Multipl y,-^ bv \ h\ and t.hft 



^V^ 



byj^ 



pro duct by JJ 



B /g". 
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®^^^^ ^^1^^ ■writing tlie^t<^ all in one ' 



line. 

% Multiply together) <^« + ax + aj«, a + « «• - a^ u. ^ 
a-x, and divide the product by ^!-^^:^'^^^^ 

3. Divide 1 by 1 - 2 j; + a;" to aiv +x»,.«,« j • 
th^re^ainder. AUo d4t ^7^1 r^Tj ^3»^™ • 

'> . , ■■..■■..,'■ '': 

4. Multiply a +6 by&;' +6^"^" .-^V , 
6. Solve the equations : - - 

_3a; + 4 7a;~3 a:- 16 ^ 



r """ 



(1). 



-T» 



,„ (»'& + «) = 24, 
(2;- •J2' (« + «!) = 45, 



Jumar liatric., 1876. iToW. 

thi'tit^ ;7r"^ ^"^ *'^' <i»rf^ the firat-Wf <rf'> 

^fe T&i S^JZ "^^ TT ^" «>- *ttht ■ ,: 

.a. at .e .^tfCtT'a^Vj ^l^ :. 

t'r WrtL ":<* «P afterward.,, it tlkr^^Z ^ 
r ou aown. jfmd the length of the oourae. ' 

e A^I^t^^^' ^ ^^ ^-^^ «- wm^..e, '. 
Also, if a, 6, c be in.^.P., then will v^- 



! •II 



1 
If . 



a + 



6ein ZT./^ 



RT' 



.fei 






c rv> 
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3. If « = a + 6 + c, then i> 



4. If.ai + aa+ +a.=r''j-, 



then 



^¥ :^^ ■■■ ■.-. i\ {--i-- . . • :.t ■ 

5. If the fraction-^j — —^, when' reduced to^ a re- 

2n + 1 

petend, cqntains 2n figiu-es, shew how to infer the last 

-n digits after obtaining the first n* ° - ^^^- 



Find the value of tV ^^ dividing to 8 digits, 
6. Solve the equations ' ' 






. I Junior MatriCf 1876. ffonor, ' 'j 

1. Shew that the method of finding—the square 
root of a number is analagous to that of finding the 
"square root of an algebraic .quantity. 

"* Fencing of ^ve?i len^tib is ^aced in the form of 

^a rectangle, so as to include |he greatest possible area, 
which is found to be 10 acres. The shape of the 
field is then altei-ed, but still remains a rectangle, and 
it is found that with 162 yards more fencing, the 
same area' as before may be enclosed. Find the sides 
of theJatter rectangle. 

2. JProve the rule for finding the Lowest Common 
Multiple of two compound algebraic quantities. 

Find the L.C.M. of a»- 6'+c'+3a6c and <i.\b+c) 
~6»(c+a)+c»(a + 6)+o6c. ^^^^^^^^^^^ - t ^ > ^^ 

3. If o, ^ be the roots of the equation a?+px+q = 
Ov sliew that the equation may be t-Kr^wn into tlie 

* fom(aj-a)(a*-/3) = 0. 






■ \"v.- 



■^rr 
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IX 



' 3 + y/2 Is a root of the equation x*-6se'+2si^+x 
> 7 « 0: find the other roots. 

i-v ,; " " ■"'- ^ . 

,4. (1) Shew how to extract the square root of a 
. binomial, one of whose terms is i-atioQal, 
- - and the other a quadratic surd. " 

. (2) Find a factor which will rationalize ar* -^. 

6. a, b are the first two terms of an H. P., what is 
the ^^A term? , ., 

" " If a,^ ' " 

• 6»(a - c)8 = 2c»(6 - a)« + 2a«(<j - 6)«. 

6. A and B are to race from *M! to N and back." A 
moves at the rate of 10 miles an houi-, and gets a start 
of 20 minutes. On A's Tetuming from N, he meets 
. B moving towards it, and one mile from it ; but A is 
overtaken by B when one mile from M. Fmd the 
distance from M to N. \ 

7i Solve the equations 
(l).V + 8 = 2a;2 + lla;+U. 

(2) jy-^'"^' ■-. ^ ^ 

X ~ 12 "icy* 






Second Class Certi/idates, 1873. 

" ■ * '* ■ 

1. Multiply «+! + lb »+*_X. - 
6 a ' ^ h a, 



2. Shew that 



a« _ Zah + 26» a' - 7a6 + 1 2i« 



a -26 



a- 36 



oau be rednoed to the form 36. 
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3. Rfeduce to its lowest terms tlie fiuetion, 

5^ I S- : ^ 



^' + 12 + 9 



^-" -^4-9 

4. ■ (a) Prove that re- - y is divisible by « - y m th> 
out remainder, when m is any positive integer. 

(6) Is there a remainder when a**- 100 is 
'hvidedbya;-11 If so, write it down. 

5. Given cLx^hy- 1, 

a; y 1 
and - +, =-T- 
. a h ah 

' Find the difference between x and y. " ^ 
■'6. Given3-^i^2(m-J)i f(^4)_^. 

Find a; in terms of w. 

7. Given - = -x . Find the value of ^^7. 
, y «» 7y +24 ^ 



8. Given 



and 



2 6_ 

?K-3/ «J+y" * 
6, 10 



«-y ic + y 



= 3. Find a; and y. 



9. There is a number of two digits. By inverting 
the digits we obtain a number which is less by 8 than 
three times the oi-iginal number ; but if we increase 
each of -the 'digits of the original number by unity, 
and invert the digits thus augmented, a number is 
obtained which exceeds the original number by 29, 
Find the number. 

10. A stutlent takes a certain number of minutes 
to waljc from his reaidence to the Normal School. 
Were the dist ance Jlt . h cX a. mile g r e Ht e r , h e 



need to increast his pace (number <^' miles per houi 




^.ikiii 



^S 
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by 4 of a. mile in the hour, in order to reach the 
school in the same time. Find how much he would 
have to diminish his pace in order still to reach the 
school in exactly th^ same time, if the distance wei*e 
^j of a mile less than it is. 



Second Class Certificates, 1875. 

1. Find the continued product of the expressions, 
a + b + c, c + a - 6, 6 + c - a, a + 6 - c. 

o a- i-r »' + «*^ a(a-b) 2ab 

2. Simplify ^,^---^3- - f^^^^ - -^^^, 

. 3. Find the Lowest Common Multiple of Sa^ - 2of- 1 
and4ar'-2a:»-3a;+l. 

4. Find the value of x from the equation, ax — 

a'—'dbx ,, ♦ 66x— 5tt* bx + ia 
— a6* = bx + 



a "' '" ■ 2a 4 

6. Solve the simultaneous equations, 



m, 



a b 

— + — 

d 

- + - =r n. 

X y 



6, In the immediately preceding question, if a 
pupil should say that, when nb = md, and bc^ad, the 
values of x and y obtained in the ordinary method, 
have the form f, ariU that he does not know how to 
interpret such a result, what would you reply I 

7. Two travellers set out on a journey', one with « 
$100, the other with $48 ; they meet with robbers, « 
who take from the tii-st twice as much as they take 
f^'om the second;. and what remains with the first is 

3 times that whichr: remains with tfi« second. How 
much money did each trayoller lose 1 



■w 



Bf ', 



Xll 



APPENDIX. 



8. A and B labor together on a piece of work for 
two days ; and then B finishes the work by himself 
in 8 days ; but A, with hja,lf of the assistance that B 
could render, would have finished the work in 6 days. 

^__Jlji what time could each of them do the whole work 

alone % \.' —^ 

. ■ ■ &- - , ' 

9. P and Q are travelling along the same road in 
the same direction. At noon P, wlio goes at the rate 
of wi miles an hour, is at a point A; while Q, who 
goes iat the rate of n miles in the hour, is at a point 
B, two miles in advance of A. When are they to- 
gether 1 - 

Has the ajiswer a meaning when m—n is nega- 
tive % Has it a meaning' when m-n^ If so, 
state, what interpretation it must receive in these 
cases. ^ 

10. P is a number of two digits, x being the left 
hand digit and y the right. By inverting the digits, 
the number Q is obtained. Pro|^ that 11 X« + y) 
(P— Q) = 9 (a;-y) (P + Q). 



^eoond Class Certificates, 1876. 

1. Divide Yl + m) a? — (m -i-n) xy (oo—y) — '{n — 1) y' 
by a^ — scy + y, 

> 

Shew that (a + a^bi + by — (a— a*6* + 6)' is ex- 
actly divisible by 2o46i 

2. Resolve into factors as* + 2xy (x* — y') — y*, 

f a«/6 — c) + 6*(c — a) + c»(a~ 6), and 25a^ + 

■ 2:: 6ar^aj-rl. ■ -' ■ ^ - 

3. If a?+pa^ + qx + r is* exactly divisible bya^ + 
»naj + n, then n<7—^»" = rm. 

4. PrOTA that if m be a common measure of p and 
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1^ 



<7, it will also measure the difference of any multiples 
oi p and q. ^ 

Find the G. 0. M. of x*:-^a? 4 {q—l)a? -hpoB^ 
§- and aj*— g'ar' + (p — i)off^ + qx—p and of 1 + 

x^ + X + X* &nd 2x + 2x^ + Za? + Sx^' 



5. Prove the^rule for multiplication of fractions. 

Simplify f-^f'L- X ^~<^>' •■ ^-(*-*'>' 
\y + zy — or 



(z + xy-y '*(a; + y)W 



and — i — -a — - 
2o» w 



a' 



1^ 



a" 



_6«-^ (a_6)-(a*4.6«)- 



«63 



6. Wliat is the distinction between an i<fentUi/ and 
an equation ^ ^ If a? — a = y + b, prove jo— 6 = y + a. ' 

Solve the equations (2 + a;) (?w — 3) = — 4 — 2?nx, 

and ^.^^"^^^ 1?*Z:^^ 32a?— 30 2Cav-2 4, 

. -* 4a>— 3 "*■ 8a>— 9 ' ~ 8aj— 7 "*" 4aj— 5'" 

7. What are simultaneous equations f Explain why 
there must be given as many independent equations 
as tihefe are unknown quantities involved. If there 
is a greater number of equations than unknown quan- 
tities, what is the inference 1 

■ Eliminate x and v from the equations ax^hy 
= c, o'aj + 6'y = c , a"® + t^y = c'i 



8. Solve the equations — 

(1) Vn+a;+ Vn — x 

(2) 3a; + y + «=13 
3y + a+aj=16 
a8 + a;+yr-17 



m 



9. A person has two kinds of foreign money ; it 
takes a pieces of the firat kind to make one £, and h 






*>flfe«id ot» d6^ fbr=fp 



pieora, how many [tieoes of each kind murit he take t 



11 



IS -w - 



rir 
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-^ 10. A peijpn starts to walk to a feilway station 

. lour and a-hdf nules off, intoi^ding to arrive at a 

. certain Ja^e ; but afwr walking a. mile and a-lialf he 

IS detamed twenty minute^, in consequence of whicL 

he IS obliged to walk a lAile and ahalf an hour raster 

t^l:^^±^!^^^^ appointed time. 



.Find at, what jjace he started. 



a 



(a\ Tf ^ ^ *K Ml ^ +c* a'c" 

{b) Find by Homer's method of division' the 
valuoof 

af + 290a;^ + 279ar'— 2892a:«— 686aj-3 1 2 when 

(c) Shew without actual muUiplioation that 
^ (a + 6 + cf—la + 6 -^t;) (a»— «6 + b'-^bc + c«— ^c) 
•— 3a6c=^3(a+6) (6+c) (c+a). 









1fiUi&^ 



d 



J V 



N . 



.' ■» 






McGILL TTNIVBRSITY. • 

— *- — . ' . ■ ■ 
nrst Tear Exhibitions, 1873 

two sal'^^T'^Jf*"?".*' »>??«*«"'"* and the 
re^peSlyffi^/JgfSl^ triangle a., 3 ^6. ' ■ 

6. Solve the equations ' 

_a> «+l 13 . . . 

* «+!"'" a; "^ 6' i 

. «+ 4 3a; + 8 



'■►. ^ 



3a; + 6 



2a: + 3 



6. A cwtemcan be filled by two pipes in 24' and 
30 respectively, and emptied by a third in 20' -^n 
what time would it be fil Li if «Ji ^h^ '.^^ 

togetlier. . ' " P« ^*e«» « wi three Were runmng 

•7. Shew that 



V — 



* 












XVI 
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' 8. Prov& the rule for finding the greatest common 
measure of two quantities. * 



^ i 



i^ 



.First Yc'a/r ExhiUtiom, 1^1 i. 

«An "^^ ^^^ot IS^terms.of an arithmetic neries is 
600,- and thQ common difference is 5;- find the first 
term. i v ' 

' ' • " ' ' ■ ■ 

2. Find the last term- and the sum to 7 tei-ms of 
the series __ 

,- '1-4 + 16-&C. ' > 

; 3. Find the arithmetical, geometricj. and harmonic 
means between 3| and 1 J. . ' ' 

. 4. The difference between the hypotenuse and each 
of the two sides of a right-angled' triangle is ^ and 6 
respectively ; fii^d the sides. ' , 

B. Thp sum of the two digits of a certain number 
is six timflij th^ir difference, and the number itself 
e3;ceeds six times thwr sum by 3 ; fincj it. 

6. Solve the equations : — • 

aj-y=l; ar'-y=19 
v. 3a; -7 4a;- 10 



X 



x + b 



- = 3i. 



1 



«j-^(y-2) = 5; 4y-i(aJ+10) = 3. 



232^+1' 83; + 5 
3a; +1" ■*■«"! 



52. 



7. A man could reap a field by himself in 20 hours, 
but' with his son's help for 6 hours, he could dd it in 
1 6 hours ; how long would the son be in reaping the 
field by himself 1 . 

8. Fintl the value ia its simplest form of " 



«+y 



%o 



X' 



Y 



-a;? 



. y x + y ary-^ 




common 



i series is 
the first 



terms of 



barmonic 

and each 
>^and6 

, number 
)er itself 



10 hours, 

d6 it in 

|)ing the 



9. Find the greatest common measure of 
^^ 4- 3a^- 16« + 9 and 3x' + 3aP ~ 21a;« 



— dx. 



First Yem ExUhitiom, 1876. 
1. Solve the equations 

+ _ 1 - -; - + -=!+_, 
« * c a h ^ 

% Reduc^ to its simplest form the expression •- 
7V64 + 3Vr6 4.J^2---5^l28. t, 

3, Knd^thtfgreatest common measure of - 

- 2aj» ■fa;' — 8a; + 6 and 7a:" -- 12^+6. ♦ 



»>i" + n' 



4. Simplify-^ 



M 



n 



m' — ??• 



w 



l^ft-'^^"?"''^'' oo^is^of two digifei, of whiok tho 
M«. twice the right, and the 8„Sof the d" 
^ne-seventh of the number itoelt. Find-the n'™W' 

6. Solve the following : \ 

'^ y X z y z 

« * a c 6 

, ' ' ■ ■ 1; 1 , - •. __■ u ■ V 

, - + -=2, a:+y=2. 

. * y 

^7.^Find the sum of n terms of the series J^ff. 



■A 



rrr^-^^r^y^^^so-Pi an^consftcntiv o four U ji mb aiw 'n 
^armomcal proportion. -^^^^^ *— -.^o, «„ *!* 



*. 






t**©! 



M^^ 
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Mati'iculation, 1873. ^ 

1» "What is the " dlmeasion " of a term 1 'WEea is 
an expression said to be "homogeneous ** 1 '"-^'Y i. ' 

2. Remove the brackets from, and simplify the 
following exi^ression :-— ^^ . — 

(2tt — -Sc + U)-\U — (m + 3a) j + { 5a — (— 4 

3. Prove the " Rule of Signs" in Multiplication. 



4. Multiply a— 



d^ + a? 



a 



byaj + 



o' 



iB' 



a; 



6. Divide aa? + ha? -^cx^-d by x,-^ r. 

6. Divide 1 by Ij + aj. ^ 

7. Find the Greattesf^Ct innaon Measure of 6a* — 
cftV — 12aj and 9a'' -r 12(iV — 6aV— 8ic*. 

8. From 3a— 2as — ?-^^^^ subtract 2a — » — 

. ar — 1 



as -»- r 



9. Given 






to find a; and y. 



10. Divide the numoer a into four such parts that 
the second shall exceed the first by w, the thii-d shall 
exceed the second by n, and the foui'th shall exceed 
i^B third hj p. 

11. A Bum of moae^ pat out at simple iittereso 



\ 



aniouu 
to 6 d( 

12.^ 

13. 

the qu 
be to ti 
asf to 

■ u. : 

their pj 
squaiea 

15. ( 

46. 1 
and if 'l 
ho wou] 
he buy \ 



1. F 

10a6» + 
nicnsti-ai 

2. A 
2i 

3. Dj 

and redu< 

4. Qiv 
= 10a4 ] 

5. A.m 
sons. Ay 
e-xoetded 



■*':. 



# 
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•At 



t<'6dolj«. Keqmred the 8um and rate per cent 
12.-Givena.' + ai = 5»;«,tofindthevaluesofx. 
13. Dhide the number 49 into two such narta tlmf 
the quotient of the greater divided byle k^nmy 
be teethe .juot^t of the leas divided I, J^^^^l 

*t '■*■ ^'J"** *'"' nnniW 100 into two such nai-ts th„i 
aSe's;"''"*. -^^ be equal to the diiiiiJt.^'aS.ltS 

IS. Given j ; [tofind^aluesofxandy. 

«u]l>tt:7T '^"8|* """tal*^ of sheep for t80, 
wici 11 he had bought four more for the same monev 
he would have paid $1 Um for eud. HoTm^;Z' 



,■ ! 



i 



\ 



Matriculation, 1874. 
Vn h ^i"l*^® G'-eatest €ommon Measure of 2b'^ 
tooiiflti'ate the rait. ' ' ana ae- 

2. Add tcge|blier a — a? + 




3. Divide . _ 

, l+jB l—a; '' I — X 1 + jy 
and reduce. 

in ^'7f. f ^f -- «) - 1 -5 (2i - 36) ~ } (a^a^ 
= 10a 4 116 to find aj. / av -'/ 

5. A. sum of mone^^ was divided among three T,er. 
e-xoetded 4 of the 8hii.se of h and >>v $120 • tii 



I 






-«■'?'■*( 



/N. 



Tip 4rv>ifi^X ^ i^ ^^<*^ 
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share of B, | of the shares of A and C by $120; 
and the share of C, ^ of the shares of A and B by 
$120. What was each person's share 1 



6, Given 



{a^ + V + xi/(x + y) = 68 ) . /. 1 i 
,;. + |^_3i^_3/ = 12 I to find « and ,j. 

7!' Shew that a q^uadratic equation of one unknown 
quantity cannot have more than two roots,' 



■8. Given!^2 = *-^ 

i+ V X y/x 



X. 



to find the value of x. 



9. Theie is a stack of hay whose length is to Ha 
breadth as 5 to 4, and whose height is to its breadth 
as 7 to 8. It is Woth as mtiny cents per oiibic foot 
as it is feet in b-'eadth ; and the whole is worth at 
that rate 224 times a^ many cents as there are squaie 
ieet on the bottom. Knd the dimensions of the stack. 



x + y 
2 



y/xi/ + 6 



10. Given ^ o^ ^ to find x and y. 

-— =>/xy-^A 
x+y . \ J 

11. In attempting to arrarge a number of countei'S 
in the form of a square it was found, there werp seven 
over, and when the side of th« square was increased 
by one, there was a deficiency of 8 to complete the 
square. Find the number of counters. 

12. Reduce to its simplest form 

(a + ^i» — 6» (a + by — c' (6 + ^T — «'* 

13. A and B ciin do a piece of work in 12. days: 
in hew rajuiy days could each do it alone, jf it would 
take A 10 days longer than B 1 



14. Given 



X z 

y ^ 

X — y = 4 



to find 

Xy y, a, 
a^d to. 



* I / 1 t' 1 w ' ^cai; 



m, 






16. Wriio OiW^^he oxprnsion of | a; — U ' 
, '•*'^ri^°^ "•''^^y o.:iroiT,nb scrains may be niriff on 






,# 
( I 



\- 



^**Wi*r«M»'«« 



-.v:. 



%•' 



>n 



.*' 






^ 






.--•I 



11 



>9 



.% '■:% 



..) t.A. . 



■^ 



ANSWEP?.; 



Junior Matrio., 1872. Pass^ ^ 

{x + ttY + {x+a){y-b) + {9/-by. 2. a'+op + y. 

3. HlJi (?)>!*; (c),4i; W,i, J. 4. 640, 660; 



Junior Mcttiicy 1872.- Pass mid Honor, 

1. |«i + (.i^-yi)r j^ — (a:* — yi)]^* = 
|a* — (a*^*'*)«l'; a + 26 + 3<>. 2. We i 



^ — pC'^q — and c" — p'c+q' = 0/ froir 
, irhich to oiimjoiato c. 

,_#£ ... . . - . - ■ 

4. If /3 be one root, ~1\^ b{i +^-\ - = iS^^, 

# V qJ (^ q 

and, eliminating^ <>, — _ )P — ^1 . --T 

6. (a), 4, — 7, i(— 3±n/277) ; (6)/3, 2, ; — 3,— 2 



-|- i2. (d), Divide tbrough by a? and put y 

1 .^^ .0 «. o. 1 „ ' 

6 



for 



a; + - , and .*. ^ — 2 for «*+--, tL^n y i= 



10 
-- or 



and a; = 3 j^. — j <i' — 2. 




.•'■•^''•■■*f?''-:'f,; 



ANSWERS. 



xxiii 






Junior Af,ttric.,\^1 2, Ilomyr, 
1. 8 ?lu.l 6 nul(,s. 2. Each of the first set of 

UactiojLS may be s^own equal to 
a? 

2a&c « 



or 2a5c t» 



or "2a&c 



c'' + a«-6^' 



8 




o^ + 6*^:?" '^^''''^' ^^""^ therefore eqi|i. ' 

3. Multiplying the equations successively by v - > 
and z, X, y, we obtain g'x + a«y + b4 = i)/ 

¥x + (?y + a'« = 0; thence ^— = ^ _ 

a<-6V b*~cW ~ 



andai 



±a (a* - 6»o») 



4. d« + 6^ > 2a6, .-. c(a^ + b'') > 2abc, &c. 

6. 3,0;-2,-5; -3,8; -8, 1. 6. 90and24aml4 



I <H. 



"; ■; !||'^ 



Junior Mairic., Honor. ' ) ^ . f " 



Junior Matric., Honor. 

1. (a), From first a; = 2y orj^, and then solutions are^ 
J^, ^ i; -3,^J^21, v/21r-3V21,-V2i: 

^ - 4» -i ; 4, i ; - i - J. (</), 4H is. . : 2.-'3: 



33;^*+Glaj-K -t6- 



a' + adj-i-jf 



v; 



» 4 



«•(«). 



a: + 2 



(*). ^ 



x'+lI:^T3ff . 



KxlV 



ANSWERS. 



6. « — 2 &nd a; + 5 are factors, and roots are, 2, —5, 
J (-3*^/35); 7. 7Jgal8. 

8. 4.88 percent. - 9. 4 days. 

lie receives $3 everyday the work "continues; 
he returns nothing the first' day he is idle, 
I ' |1 the second, and so on, and the number of 

days he works is 16. 



# 









^^ 



Junior Matric.y\^TQ. Pass, 

J. a'; ct^^b""'^ c-^d. ^a«-a:«i a*-\-3?. 

3. l^+ 2aj+ Sar* + 4a^ + 5a;* + Qx^ + ...... ; rem. 7a? 

\.,i-'Qx'. 9ar^-6a?+l. . • 

4.4V + (a6)"* "4. (aft) + 6^. : 

t'(l), 2. (2), 2, 5, 7; or -2,-5,-7. 



;'A 



•^^ 
'•'^%-' 



Junior Matnc.y 1876. Honor, 

1. 35 mis. 2. (2), These quantities are in II, A if 

j&c, are in -4 .P., ».«., if a, 6, c 



6+c 



oft + ac + 6c 

are in A.P, - / 

4 6. It may be shewn that the remainder at the nth 
decimal place is 2» ; hlfnce if the nth digit be 
increased by unity, and the whole subtracted 
ifrom 1, the remainder is the remaining part 
of the period. 

6. g «:^ C a; = 2 or -3, y = 3 or~2; g = - 1,0? := 2 ife y/lO, 
y«-2* 710. 



ANSWERS, 



XXV 



Junior Matric., 1876. Hmon 

1. 121 and 400 yardsT ; ,; ' 

3. Irxational roots go in pairs... S-^^Jis aW- ' 
and other roots a--e J ( — 1 drv/IIs). ' 

■ 6 4 (n—lTToIIft)' 6. 3 mis* ^, 

are--J, 24.V/7. (2), a =.3, y = 4 or ,4; 0; = 
— 3, y = _-4or— -4. . 



4jaconc? Class Certificates, 187^ 
2. (a- 6) -(a -46) = 36. : 



3. ^(^+i)"r(T)" «^+a^J . 



4. (J), -99. 



z*' 



,6. (a-6)>-y) = 0; ;. if a be not = |J, «- j^ = Q : 
It a ^ 6, a; - y may have any ralue. 

. 43- 14m \, ■ ^ - 

14y/»- 13* ^* h provided aj be not = - 2f ; - 

^ i *^e» fraction becomes f and is indeterminate. 
8 JL 1 



^- 13, JO. ^ of a mile per hour. 



" H 




xxvl 



ANSWEnS. 



-W" 



t ' " ■ " }-. 



Second Class Certificates, 1875. f%& 



h 2(a«6' + W + cV)=- {a* + b* + c*). 
#<3i|B+l)(4a?»-2iB»-3a;+l). " 4 






4a -36 



■ he ■ — ad _bc- — ad^ ^ 

•o- ^- 1 — :»» y~ • 

no — ma mc — na 

6. X and y are indeterminate : there is but ones ^ 
equation. 7. $88, $44. 8. 14 days,, 11 §. days. 

2 
9^. In — — iirs. ju — n negative means that they 



2 



were together hrs. before noon, m^^ftt, J|| 

I they are never together, 

10. Each side equals 99 (aj? — y"). 






Second Class Certificates, 1876, . 

1. (1 + m)a; - (1 - n)y. 2. (a; + y)' (a; - y) ; (a - 6) 
^ (6 _ c) (c- a) ; (5«> - 1) {5x^ + x+\). 

3. Let the other factor be aj + a; multiply and equate 
co-efficients ; eliminating a,nq^n* = rm; other 
condition is »n *- mn = r. 4. « — 1 : 1 + «*, 

. 5. (ag-*-y-g>(a?~y + g) (y + z-x) . 1 
. ** (aj'+y + «)* ' 0-6' 

"J^ 6, - J; 1. 

7. ar(b'c - be') + 6*(ao' - a' a) + (f(a'b j ab') = 0. 

a (1,) Cube, and 3(n + x)^ (n-oj)* (»») = w»*-2n. 



a-6 a-6 



10. 3 miles an hour. 

■ • • « 



■.i'^ 



•'■'•1-- 



JtATSH^gK^. 



■'-.-/ ■••"-. ■■ . zzvii 

n. (a), See §359. (6), 2,000. (c). Substitute's;;; 
cessively-6, -c, -a for a, b, c, in the left 
Hand side, and it appears that a + b, b + c 
c + a are factors, and .-. expression is of form 
Jy{a + b)Jb^(c + a)', puttiiiga = 6 = <,= !, 
we get iV^=3. , , * 



, First Tear FxUbitioru, 1873. __' 

Iv 8, 15, 75, 375. 2. 9 and Ij or ^ and- jf. 4. 9, 12. 
,5. (a), 4,-3; -3,4. (6),2,-3. {c),4,~6,6. ^,-4, 



6. 40\ 



7 - (^ + ^)' 
2ab 



rH 



First Tear Fxhibitions, 1874. 

1. 6. 2. (--4)«j 3277. 3. 2,^; ^; 2rV 
4. 9, 12. 5. 76. ^ *' '^ 

6: W, 3, 2; ^2,-3. <6),7or«lf (c),5,3. (c^),14. 

7. 30 hours. 8. _JL. 9.3(a; + 3). 



First Tear Exhibitions, 1876." 



1 
o 6.1 



1 

b 



g. — 12V2. 8. a»^l 



ft' c« o« ^ """ Ji* 



ft. 21, 42, 63, or 84. 6. o, i/ 2c ; 1, 1. I ^, 



'« 



n. ( 1* (-3** 



ANSWERS. : ' 



8. 

110. 
11. 

13. 
14. 
15. 



, Matrici4ationf 1873. ' 

Xla -— 3e-'->5d.-\- m, ' 4..— aaj. 

oaj' 4- (or + ^) a; 4-,(ar' + 5r 4'c) + 
aif + 6r ' + cr 4- c? 
" a?-- — r^ * •• . 

1 — aj f x*-;—x^ f ,, ... 

(a — a:) (»»^2.) 
a,'-l ' 

J (o — • 3m — 2n — jp), <feo. 

mb — na 1200 (^ — b) 
,m — n ' mb — na^ 

d=W^- • 13. 28,21. 

50(/5'— 1), 50(3— ysK 

a;=:^10, y= =1^10; a; ^±4%/ 2, 3/=^± 3i/2» 

16. 




9. 144,216. 



1. a — h. 



Matriculation, 1874. 
4a» + a^x — 2aa;« + r*:' 



2. 



a;* — a' 
5. 600, 480, 360. 

8. 4or 9|. 



• 8. 4« 



4. _6a — 36.. 

6. 2,4; 4, 2. 

■ 9. 20, 16, 14 ft. 10. 40, 10; . 10, 40. if. 56. 

12. 1. 13. 30 and 20 days. 

,14. 6, 2,4i, lJ,or^2,-6,-li;-4i, . . 

15. 100,2550. ' , • . 

1,6, «' 7a^ + 21a:' 35.i? + 36«-* 21a?-*> IflC^ 






a; 



-T 



■k 



17, 1023. 



''^'" 



' . « . 



;^?mi8iUet 
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NEW PUBLIC AXIOMS 

(AnthorlKd by tbe Minister ot Ediuftitioo). > 

MASdN'S ENGLISH GRAMMAR->With A^ 

pendixhy W. Houston, M.A.I ....... 24t^ Ed. $0 W 

PLEMING'S ANALYSIS -With Examination 

Papers by W. Houston, M.A. Secoiid Canadian "•' 

Edition..; .*..,.♦.,...,...,... 1 00 

HAMBLIN SMITH'S ABITHMEiio ^ By 

Thomas Kirkland, M. A., and W. Scott, 0^. A. .* 75 
HAMBLIN SMITH'S ALGBBRA-Wiih Ap. ' ' 

pendixT)y Alfred Baker, B. A, Mathtoatical 

Tutor, University College, Totonto.... ....8rd Ed. 90 

HAMBLIN SMITH'S GEOMET&Y — School 

Edition, vit^b; Examination Papers from the , 

Toronto and Majgill Uniybrsaieii and formal' ;. 

School, Toronto.„.,.4.......r.«,..,... .^ o 00 

HAMBLIN SMITE'S GEOMj:TBT-B<iokii' 'i ' 

and 2, with Explanation Papert^glotli....... . . SO 

HAMBLIN SMiTd'S GllO]M|pTB7~Book» 2 

and a, with Ibcamination Papers~Cloth... SO 

HAMBLIN SMITH'S STATIOS-With Ap^i 

dix by Thomas Kir)cland, M.A..,..i.. .......; 90 

5LAMBLIN SMITH'S HTOROSTATldS. ..... 76 

ELEipNTARY STATIOi-rBy Thomat Kirk. 

laad, M. A.; Science Master, Normal School, * 

^ : Toronto ., ;3rdEd. 1 00 

POTT'S ELEMENTS OP E0OLID...,^ 76d 

POTT'S E0OLID-Book. 1 and 2....^ o jo^ , 

LEWIflTHaW TO Ilfi^.......i........ ,,, 75 

^^S* ^^^^'^BOOK-KEEPING...:... 70 
HEALTH IN TBB iHOtTSE-By Catharine 

Baokton..* •.•••M.Ww......«....M...i.8rdEd* 60 
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SWINTON'S UNGUAGE LESSONS. 

Adapted to Canadian Schools, 
By J. A. MACMILLAN, B.A.> Ottawa, 

• - OOLLEaiATE INSTITUTE. 



Specially arranged cfo an 'inttodtustory Text Book to MASON'S 
QliAMMAB.'the authoriaed text book for Public Schools. The 

DBPpJIXIOl^'S, CriABBIFIOATION OP PnONOUNS, VkUBS and-GSNERAIi 

Trbatiment are nb-w brought into complete harmouy witii 
Mason's Larger Grammar. 

PRICE 25 GENTS. ' = , * ' 



rM,: 



PROM SOUTH HASTINGS' BOARD OP EXAMINERS. 
Miller's New " Swinton's Language Lessons," by Macmillan, is 
enpecially adapted to the wants of elementary clasKcs. The as- 
BimUatiou of the rules and defluitionsto those of the advanced 
textbook, Mason's Grammar, is a. decided improvouient and 
makes it-much preferab'e to any of theothereditioua. With this 
Edition of Language j,LeBsons m baud, the most inexperienced 
teacher may safely be entrusted with a crammur and composi- 
tion class B. DAWSON, B.A ,Pil.D.,H.M.H.S., bollevillo. 
H. M. HICKS, M. A., H.M. H. School, Trenton, 
JOHN JOHNSTON, P.S.I., South Hastings. 

WM. WILKmsON, M. A., peadMaster Model and Central School 

Bruntford. 

Your"5th Editionof Swiuton'a LanguagftLe88on8"by Macmillan 
is the most complete I'rimary Grammar I have seen. The editor 
desei-vea every prniso for making his definitions agree with those 
of Masons' Grammar, thus preventing the loss of time and con- 
fusion, that always result from learning two sets of defluitionp. 
He has aocomplishe J this without rendering the work ^a whit 
more difficult, or in any way destroying its peculiar choractor." 
I observe that ttie matter is so arranged that this edition can be 
usod in the same class as your other editions without any in con- 
venience. I wish for it as much succoss.as its predecessors have 
had, which since I speak from some months actual use of the 
book is, perhaps, the highest praise I con give it. 

0. CLARKSON, B.A., Head Mastei^, Model School, BrookviUa. 
I have examined oarefiOly your " New Swintoh'g Language 
Lessons," by Maomill an. The book is excellent. It was a decided 
improvement to bring it Into entire harmony with Miison's The 
only dilllculty I expei ienqe is to kkep it out of the Third clnss, 
for, which no text book is authorized." Pupils use the book mi- 
vtttely aa on aid to follow the oral touttbing. 



3 

■ 
ct 

t 

I 

« 

•r 

o 

i 



'd i ] 

SO 

•J" 



>Ai> 



3l 



Kij0 t 

e 



Is, 

TAWA, 



to MASON'S 
Ichools. The 

i-nd-QKNBRAIi 

rmouy witiii 



INERS. 

tfacmillan, is 
cs. The a8- 
iio advanced 
)vouient and 
8. With this 
uexperiencod 
nd comiinsi-' 
S., bellevillo. 
lool, Trenton, 
h. HastiiigB. 

ntral School 

yMacrpillan 
t. The editor 
36 with thofie 
me and con- 
f defluitionp. 
york ^ whit, 
ir charaotor. 
Ition oau be 
t any Incon- 
ooBBura have 
use of the 



Brookville. 

'i Language. 

v^as a docidod 
IiiRon's. The 
Third cUihb, 
the bookpii- 



3 



IS 
o 

■♦* 

cd 

n 

o 

•ft 

i 

« 



e 



I 

•I 



MtLLfik's NEW SWINTON's LANGUAGE LESSONS. 

'- ■ " .. ■■■. : — I.I, I. — - ^- I , I ■ II.. .1.1 I. I .—.ill ^... , „ i-i.i. ■■ I ,am 

W. E. St^AQUE, Head Master, Model and PubUo Schools, 

Cobourg. 

Miller's new "Swlnton's Lar guage Lossodb," by Macmillan, is a 
decided improvemant on either of tlie other oditiona. The defl- 
nitiouB are verbatim with thote in Mason's Gramjnar, which is ' 
certainly a very praiseworthy feature. The treatment of the 
Pronouns, Verbs, etc., etc., is in strict harmony with Mason'a 
text-book, and at the same time does not Interfere with the siib- 
ject matter proper— Language Lessons. It can be introduced 
liito classes already using any of Macmillan's former editions. 
It is very desirable that elementary and advanced text-books 
should a(rreo m the more essential points as Fifth Edition 
" Language Lessous " and " Masons Grammar-". do. 

JNO. H. McPAUL, Head Master, Model School, Lindsay. 

The objection urged against tlio former editions of "Swln- 
ton's Language Lessons," by Macmillan, was the want of conform- 
ity in tbodetinitiouH of the parts of speech, to those given in the 
, Standard Grammar. In the present Fifth Edition, the publffihers 
have not oi.lyri-placed the faulcy dehnitioua by those of Mason's, 
but have also given his clarification of the Pronoun^ and Verbs, 
thus rendering it no longer obligatory on the part of pupils to 
memorize one set of defluitionp in an elementary work, to bd 
abandoned for another set in a more advanced * treatise, a ftiot 
Vhioh must enhance thtt value Of and increase the demand fox 
the Fifth Edition. 



•^ • JNO. fRWm, Head itfalster Model School. Belleville. 

Miller's new " Swinton's Language Losfions," by Macmillan, is 
he best elementary grammar yet offered to our Cahadian-schoola. 
ne groikt hiult in the other editions, the waiit of harmony be- 
tween the elementary and advanced text-book, has been ^over- 
jd come^by making the aeflnitions and classifloatiou of verbs and 
9 prono'uns agree with Mason's Grammar. It cannot fail to bo 
S adoptecjl in all our pubUc schools. ~ 



J? I 5! 



THOMAS HISLOP, Principal .Model School , Haldimand. Co. 

, I have carefully examined " Miller's Language Lessons," by J. 
Macmillan, and oQpipared it with other works of the same kind, 
and I consider it superior to any. I think tl4R work contains 
many 6x,erciseB which ai'e admirably suited to pupils commenc- 
iiiguio study of English, as it js not o|ily an- excellent work for 
teaching composition to the junior classes, but ut thesanae time 
it^ivesull t >at is necessary in grammar to enable a pupil to be- 
gin the authorized text-book on that subject. A very important 
point is this, that wheiji the definitions in it have been prepared 
a part of Mason's Grammar ia also prepared, for the deflmtioha 
are the sam^ in both, . . 

■A. W^^RK, P^^fniDipal Model School, Sarnia. 

' t have no hesitation in saying that Miller's liew " Swlnton's 
Language Lessons," by Macmillan, is the only text-book I 
have yet seen that treats the subject as it ought to be presented 
to,a olhssof boginnors. It is certainly of the utmost, importance 
that an iutroduotory text-book on any subject shall be in har- 
mony "with the more advanced, thoref ore tne changes which have 
been made in this edition, in the definitions and the treatment 
d Pf the Verb and Pronoun In order to bidng it into harmony with 
1 «•*■ MMOn's, render it more valuable than trh^revious ones. I thln|c 
rod uoticu into all the schools in the rvoviuoe is ^atly to 
rtfe air e d. . ■ . 



• a of the Ve 
a •* MMOn's, 
a its 111 trod 
W b g duair ei 



"^ 



M 



, > 



1 



tttttft1l*B KbW SWlIttON*S LA^Ot^AGlfi LllBSONS. 



N. GOBDON, Hdad IdastMBr, Model School, Pioton. 

After a careful perusal and oompariRon of the Fifth Edition 
of "Swiutou's Language Lessons," by Macmi]lan, -with previous 
editions, I find changes of an important and highly bene- 
ficial char^pter, vis : — the definitions are the same as those in 
Mason's Grninmai , also the troatmont of the Verb, etc., this is a 
step in the right direction, as the text-books in all our Public 
Schools should he so arranged as tio .mak6 those nso^ in the 
junior classes an introduction to those '(on .the same subject) 
used in the senior <Mvistons, I consider the pliin highly com- 
mendable as the changes do not prohibit its use with your other 
edition of the same excellent little work. ' 




JAN, 



t!: 






JAMKS PUNCA/N, Principal Essex .Mo.del School. 

Have carefully' oxalnined the Fifth Edition of" Miller's Now 
SMiiton's Language Ldssons by Macmillan,"— The mat- 
ter idlpt]^ -in clear, concise and intevoHting langjiiago, an^ th ) 
subject IrKppt abreast of the age. I cojis'der it an invaluable 
auxiliary to the Public Sehool Teacher. It is as it profosbes to 
be *' an introductory work on Grammar," as well as a forerunner 
of Mason'sxaore adva|Qced text-book. 

W. J. SUMMERpT, Principal Kingston Model School. , 

To prevent the IqIss of much valuaTile time, the agreement of 
the elementary q,ud i^dvanced text-books, in all essential points, 
is an absolute necossiity, and I am glad to find that, in definitions 
and general treatu-ent, the Fifth Edition of " Swintbn's Lan- 
guage Lessons," hy Macmillan, isin haiiuony with Mason's Text- 
book. 

SAMUEL B. •vfESTERFELT.H.M.M.S. Mount Forest. 

" As the aim is td mak^ it uniform in definitions and glasifl- 
oaldon with Mason's Grammar, and as it is such an excellent 
Elementary text book, especially for the U80»of yqung teachers, 
I, would heartily recommend its introduction. 

W. F. RlTTENHOtJSE, Teacher, Central School,^IC'athariue8. 
I consider •• Swinton'a Lan','uage Lessons," by Macmillan, as 
the, best text book for teacliiug grammar extant, and the revision, 
making tho definitions correspond; with those in the advanced 
text book, leuves n<{>thi^g to be desifed. 

GEO. MIIJDEN, Head Master, M. S., Cornwall. 

Miller's now " Swinton's Language Lessons," by Macmil'an, 
I look upon as a)i admirable little work, well and carefully 
got up, and will render valuable assistance to those teachers who 
are engaged in preparing pupils for the coming examinations. 

ReV. J. MAY, I. P. 8., Co. Oarlton. 
I have examined " Swinton's Language Lessons, by Macmll'- 
lau,"and am of opinion thatlt wiU prove a very useful text-book 
iu our Bohoolf*. 

~ JAMES McBRlEN, Ins. P. S., Co. Ont. 

Miller's now " Swinton's Tiangnage Lessons" possesB too In- 
valualie characteristics, gradation and adaptatibn to youth. 1 
would like to 8e»it in all luy beat Bohoolfl. 
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NEW ELEBfOSNTARy AMTHMETIC 
OW THE UNITARY BffETHOD. 

9y Thomas Kirkland, M.A., Science Master Normal School, 
and WiLLUM Sooxx, B.A., Head Master Model School. 
Toronto. 

Intetifyd <u an Iniroduci&ry T^xt-Book to Bamhlin 8miW$ 

Aritl 



Ithmetio, 
Oloth Extra, 176 Pages. 



Price 25 Oenti. 



Ihare examined thl« book with increaaing p 
a*t>ftfrtn alxuoic nnqnailfldaf eoOSffiendauc 



r- 



W. D. DDfOCE, A.B., Head Master Provinbial Model Schools, « 

Nova Scotia. 
TheElementajry Arithmetic by Kirkland and Scott I can 
hetmily recommend to our teachers. As a preparatory Aril^ 
metio I have not seen its equal. The young pupll,T;y the arrange- 
ment of the principles presented and the exercises laid downria 
led almost u^iconsoiously to the great field of the unknown, by a 
■te^ tluiti inakes hio eariier arithmetical stadlei a pleasure and a , 

- A. H. MoEAT, Prindpti^rFlCtotr Academy and PnbUc Schools. '' 
_t have examined your Elementary Aritjtmetic on the unftary 
system by Kirkland and Scott, and haye no hesitation in saying 
that I consider it the heBt Elementary Arithmetie which I have 
\et seeh. It is admirabjly adapted to the requirements of grades 
Ist, 2nd and 3rd of our schools, as it oflfers, in addition to. our 
present text-book, a copious and well selected assortment of ex- 
ercises, a good arrangement and conciseness in deflnUion an^ 
expianatiQn. 

W. B. BPBAaUE,°Head Master] Model and Pnblio Bchoolf, ; 

Cobourg. 

Since failures in Arithmetic are mainly due to a. want 'of 
power in independent analysis— to a lack of knowledge of the 
unitary method and of skill in its application— this'volume which 
discusses the problems'on indepen^nt methods will be cordially 
welcomed by teachers. As a discipline of the mind in teaching ' 
the pupil to think and reaeon, Arithmetic is pre-emi«ent if tau^t 
by logical methods ; and this work places it in the power of the 
yonnger classes to be benefitted by such methods. A very praise^' 
worthy feature of the book is the large number of examples and 
problems peculiar to so smaU a work. •«*"4'wb »ua 

JAMES DUNCAN, Principal Essex Model and Wlndror Oentral 
, - SchooL 

Tr4,!lP®J ft thorough perusal of the Elementary ArlthmeWo hr ' 
KirMand & Scott, I have no hesitation in' saying that it ft 
better adapted to the schools of this country than any similar 
book that has come within the range of my twenty-seven years 
experience. The arrangement is natural and comprehensive.' 
The questions are in clear, terse, attractive language. 

W. B. BIDDBLL, B.A., LLiiT&c., Mith. Master Ottawa 
Normta School. 

I consider it weU adapted for the purpose for which it is is- ^ 
. cenaeo. 

JOHN DEABNE8S, PubUc School Inspector, East MIddleeexJ 

'lea su re a nd can 



opinion, the best elementary AiltUmetio I 



ion. It ii,Inlfiy" 
have examined. 
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ItntXtiAtm kSt> 80OTT*8 ELSMENTABT ARITHUlf 10. 

— . ! _ ii-» . 

OHAS. CLABESON, B.A., B. M. Model B., BrookrUle. 
This little work in its general arrangement closely fnlfila vaf 
ideal of what Buch a book ought to be. Its plan is logloair f ollow- 
ing the ooBBmon sense method of first deyefoplng fully the four, 
simple rules in all their applications to practice questions and 
to Iraotional quantities. I see fully acknowledged also the 
aidom that all arithmetio is rdftlly mental arithmetic. The in- 
troductory oral exeticises wiU smooth the path wonderfully for 
the litM^pupils. and at the same time determine an amount of 
iiitelleotual activity of greater educative power than myriads of 
the old-fashioned slate exercises in reduction and compound 
rules. I am glad to>aotice that the authors have had the wisdom ' 
to put these rules in the background and substitute questions 
siniilar to those actually Qccnrnng in the business of every^day 
life. This in itself is aVery valuable feature of the work. The 
book is immensely superior to any other eleii^entary arithmetio 
that has been used in the schools of Ontario for the last 25 years. 
It is written throughout with careful observance of the funda- 
mental principles of good teaching. Its introduction into our 
B<^ools will have the effect of eliminating, as far as a text-book 
can possibly eliminate, mechanical methods of teaching ele- 
mentary arithmetio, and the time-honored ding-dong-bell system 
of learning the introductory steps of th% science. The Ught of 
intelligence will shin* dearly in faces, where lately (me ooold • 
difloover only " the gloom of settled despair.*' 

\ A. BOWEBMAN, M.A., B. M. B. School, Farmersville. 

Ktrklaad uid Scott's Arithzhetic seems much better adapted to 
our Canadian Schools than the present authorized arithmetic, and 
probably contains much less that is cumbrous and needlessly 
difficult. . The oral exercises will be a boon to the mbst of our 
third-class teachers who are too often— I dont want tb beunohar- 
itable^unable to extemporise. This will start them. 
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Id. J. GOGGIN, Bead Master Model and Publid School, Port Bope. 
I prefer Eirkland ft Scott's Elementary Arithmetio to any I 
khave seen, on account of the common nense arrangement of the 
•ubjects, witl% their excellent sub-divisions, the introduction of 
each subject by oral exercises, the number, variety and practical 
nature of the problems, and the use of the Independent Method ; 
our schools require sucn an Arithmetio. 

N. GORDON, Principal Model and Public Schools, Picton. 

I think it is just what is required; if we wish to teach prop-> 
erly we must teach on this system, as no other with which I am 
acquainted will advance the pupil so rapidly and so thoroughly. 
It is well suited to form an introduction to Hamblin Sinith''8 
Arithmetic (revised), by the same authors, whiQJb is soon to -be 
used as cor text-book on tnis important branch, 



„ SMITB CUBTIS, Bead Master Model School, Madoo. 
The want of an elementary work on arithmetic, based on the / 
"Unitary Method," has been felt for some time. l%at want is now / 
happily supplied by the splettdid little treatise on elementary/ 
arithmetic oy Eirkland and Scott. The oral exercises at the bey 
ginning of each set of ekamples is one feature which alone gives 
it a pre-eminence above any other work of OtM kind that we hay/6. 
ItB neatmMit of fractions, Mnrangement; and choice of 
XH iHwnme ml It tow 
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